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Abstract. Let F be a number field or a p-adic field. We introduce in Chapter|2]of this 
work two reductive rank one F-groups, Hi , H2, which are twisted endoscopic groups of 
GSp(2) with respect to a fixed quadratic character e of the idele class group of _F if _F is 
global, if _F is local. When F is global, Langlands functoriality predicts that there ex- 
ists a canonical lifting of the automorphic representations of Hi , H2 to those of GSp(2). 
In Chapter|4] we establish this lifting in terms of the Satake parameters which parametrize 
the automoiphic representations. By means of this lifting we provide a classification of 
the discrete spectrum automorphic representations of GSp(2) which are invariant under 
tensor product with e. 

The techniques through which we airive at our results are inspired by those of Kazh- 
dan's in fK^, which introduced the trace formula twisted by a character In particular, our 
techniques involve comparing the spectral sides of the trace formulas for the groups un- 
der consideration. We make use of the twisted extension of Arthur's trace formula, and 
Kottwitz-Shelstad's stabilization of the elliptic part of the geometric side of the twisted 
fi'ace formula. 

When F is local, in Chapter|5]we provide a classification of the irreducible admissible 
representations of GSp(2, _F) which are invariant under tensor product with the quadratic 
character e of ^ . More precisely, we use the global results from Chapter|4]to express the 
twisted characters of these invariant representations in terms of the characters of the ad- 
missible representations of Hi(_F) (i = 1, 2). These (twisted) character identities provide 
candidates for the liftings predicted by the conjectural local Langlands functoriality. The 
proofs are inspired by |K| and rely on Sally-Tadic's classification of the iireducible admis- 
sible representations of GSp(2, F), and on Flicker's results on the lifting from PGSp(2) 
to PGL(4). 

In both the global and local cases, our results depend on the conjectural statement that 
there exist smooth functions on the groups which have matching (twisted) orbital integrals. 
In particular, these results depend on the validity of the (twisted) Fundamental Lemma in 
the context of GSp(2) and Hi, H2. We prove in Appendix |B]the Fundamental Lemma 
in our case, making use of Flicker's work on the twisted Fundamental Lemma for GL(4) 
and GSp(2), and Hales' reduction of the Fundamental Lemma to unit elements. 
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e-Endoscopic Groups 

Let F be a number field. Let £ be a quadratic character of the idele class group Cp 
of F. Let E be the quadratic extension of F which corresponds to s via global class field 
theory. The quasi-split e-endoscopic groups of G over F are as follows: 

(1) Hi = (GL(2) X RE/FGrrn) , where R 

E/F the restriction of scalars (from 
E to F) functor. The prime denotes the condition that the determinant of the 
GL(2)-factor is equal to the norm of the R^/jrCm -factor in G^. In particular, 
the group of F-points of Hi is 

Hi (F) = { (g, x) e GL(2, F) X F>< : det 5 = ^e/fx} . 

(2) H2 is the unique quasi-split reductive F-group whose group of F-points is 

H2(F) = (GL(2,F) X FX) /{(diag(^, 2), N^/^ z"!) : z G 

Global Lifting 

We say that an automorphic representation tt of GL(2, Kf) is F-monomial if it is the 
monomial representation 7r(0) associated with a character of Ce- For a representation n, 
let denote its central character. Let /p"^ denote the GL(2, AB)-module which is the 
base change of a GL(2, Ai?)-module n. 

1. Proposition. Let tt be an irreducible automorphic GL(2, AF)-module which is 
either cuspidal non-E -monomial or one dimensional. The packets tt (8)1 1 0/ Hi {^f) and 
Be/f'^ ®2 of H2(Air) lift to an unstable {quasi-)packet {11} c»/GSp(2, Air), which 
in turn lifts to the induced representation 1(2,2) (""i s"") c»/GL(4, Air). 

Remark. If tt is one dimensional, {11} belongs to a class of quasi-packets con- 
structed by Howe, Piatetski-Shapiro. 

For an automorphic representation r of GL(2, A^), let 'k{t) denote the GL(4, Ai?)- 
module which is obtained from r via the twisted endoscopic Ufting from R£;/irGL(2) to 
GL(4). let "^r denote the representation 

: {Qij ) ^ T{agij ) , y{gij ) e GL(2, Ais) . 

1. Proposition. Let vr be an irreducible, cuspidal, automorphic representation of 
GL(2, Ae), H a character of Cf, such that it ^ "^it and uJt^ = jio ^e/f- The represen- 
tation TT (g)2 A* c/H2(Air) Ufts to a stable packet {11}, which in turn lifts to the cuspidal 
automorphic representation 7r(r) c»/GL(4, Air). No discrete spectrum packet c»/Hi(Air) 
lifts to the packet {11}. 

2. Proposition. Suppose {11} is a global packet o/GSp(2, Kf) which is the lift of 
some automorphic representation/packet of one of the e-endoscopic groups. Then, {11} 
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contains at least one representation which is e-invariant. If {11} is a discrete spectrum 
global packet o/GSp(2, Af) which is not the lift of any discrete spectrum representa- 
tion/packet of the e-endoscopic groups, then {11} does not contain any discrete spectrum 
automorphic representation which is e-invariant. 

Local Lifting 

Let F, E now be local nonarchimedean fields, with [E : F] — 2. Let e be the 
nontrivial quadratic character of F'^ corresponding to JC/F. Let G = GSp(2, F), Hi = 
Hi(F),iJ2 = H2(F). 

Let Z be the center of G. For an irreducible e-invariant admissible representation tt of 
G, and a smooth function / on G, put 

(7r,/)^:=tr / Tr{g)f{g)Adg, 

JZ\G 

where A is an intertwining operator in HomG(7r, ett) such that A^ — 1. 

For i = 1, 2, let Zo{Hi) denote the maximal F-split component of the center of Hi. 
For an admissible representation tt^ of Hi, and a smooth function fi on Hi, put 

(TTi,fi):=ti- / ni{hi)fi{hi) dki. 

Jz„{H,)\Hi 

2. Proposition. Let r be an irreducible, cuspidal, non-IC-monomial, admissible 
GL(2, F)-module whose central character ujr is trivial. Let {tt"*", tt"} be the local packet 
ofG which lifts to the induced representation 1(2.2) ('''i ^t) o/PGL(4, F) according to IIF4II . 
There exist intertwining operators A'^ in HomG(7r'^, e7r+), and A^ in HomG(7r~, eTT~), 
such that the following holds for matching functions: 

{'^^J)a+ ^ {^^^-Oa- = {BK./FT®2i^T, /2) • 

3. Proposition. Let r be an irreducible, cuspidal, non-IC-monomial, admissible 
representation o/GL(2, F), x be a character of K,^ , such that: There does not exist a 
character e' of F^ such that "x/x = s'°^k/f andr = e'r. Then, there exist a collection 
[tt] of distinct e-invariant, irreducible, cuspidal, admissible G-modules, and an operator 
A{'k') G Homi3(7r', eir') for each tt' € [tt], such that the following holds for matching 
functions: 

n'e[7T] 

4. Proposition. Let r be an irreducible, cuspidal, admissible representation of 
GL(2,/C), not fixed by the action of Gal{IC/F), such that its central character lo^ is 
equal to ^ o 'Nf^/p for some character /i of F^ . Then, there exist a collection [tt] of 
distinct e-invariant, irreducible, cuspidal, admissible G-modules, and an operator A^tt') 
i«Hom(3(7r', eir') for each tt' € [tt], such that the following holds for matching functions: 

E (^'^f)A{n') = {T-®2^i, /2)- 

Tr'e [tt] 

Ping Shun Chan 
Febmary 2, 2008 
Columbus, Ohio, USA 
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Introduction 

1.1. An Overview 

1.1.1. Langlands Functoriality. In the 1960's, Robert Langlands conjectured that 
there exists a canonical (not necessarily one-to-one) correspondence between Galois rep- 
resentations and automorphic representations of reductive algebraic groups, and that this 
correspondence coincides with the Artin reciprocity law when the underlying group is 
GL(1). More precisely, for every reductive group H over a number field F with Langlands 
dual ^H, it is believed that each homomorphism from the Langlands group L f — a conjec- 
tural group generalizing the Galois and Weil groups — to parametrizes an L-packet of 
automorphic representations of H. 

Suppose there are two reductive groups H, G with L-groups ^H, ^G, respectively, 
such that there is a homomorphism from to ^G. Then, each homomorphism from the 
Langlands group to induces one from the Langlands group to ^G. Consequently, one 
should expect a canonical lifting of the automorphic representations of H to those of G. A 
more precise formulation of this principle is as follows: 

Conjecture (Langlands Functoriality). Let H, G be reductive groups over a num- 
ber field such that there is an L -homomorphism ^ of the L-group of^H o/H into that ofG. 
Then, for every automorphic representation tt o/H, there is a packet {11} of automorphic 
representations ofG, parametrized by the same Frobenius-Hecke classes at all but finitely 
many places, such that the Frobenius-Hecke classes in parametrizing tt are mapped by 
^ to those parametrizing {11} in ^G. 

Over the years, various examples of Langlands functorial lifting have been proved via 
the comparison of trace formulas, a technique introduced by Langlands and his collabora- 
tors (I JL|, in, MLLII ). We list here a few notable cases which are of particular interest in 
relation to our work. They are all examples of (twisted) endoscopic liftings (see BKSI ). 

• The lifting from RE/pGhi^) to GL(2), where [E : F] ^ 2, proved by Jacquet 
and Langlands |JL|. 

• Cyclic base change lifting for GL(2), proved by Langlands O, and for GL(?i), 
by Arthur and Clozel llACl . 

• The lifting from elliptic algebraic tori to SL(2), by Labesse and Langlands ILLL 

• The lifting from R£;/pGL(l) to GL(rt), E/F cyclic of order n, by Kazhdan 
llKl. 

• The lifting from R£;/pGL(m) to GL{n), where m[E : F] — n, by Waldspurger 

• The lifting from PGSp(2) to PGL(4), by Fhcker lF4l . 

• Endoscopic lifting for GSp(2), by Arthur I1A3L 

The first half of this work uses the trace formula technique to establish the lifting of 
automorphic representations of two rank one twisted endoscopic groups Hi and H2 to the 
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symplectic group of similitudes GSp(2) (4x4 matrices). At the same time, we show that 
the hfting provides a classification of the automorphic representations of GSp(2) which 
are invariant under tensor product with a fixed quadratic character. 

To a great extent, the conception of this project and the methodology employed are 
inspired by the work of Kazhdan's [K|, which uses the trace formula technique both to 
establish Langlands functorial lifting from KE/pGm to GL(n), where E/F is cyclic of 
degree n, and to classify the automorphic representations of GL(ri, Ap) which are invari- 
ant under tensor product with a fixed character of order n. In particular, he showed that 
each idele class character 6 of E lifts to an automorphic representation tt{6) of GL{n, Ap). 
Moreover, an automorphic representation of GL{n, Ap) is invariant under tensor product 
with an order n character e if and only if it is equal to tt{9) for some character 9 of the 
cyclic field extension E of F defined by e via class field theory. That Kazhdan was able to 
obtain these spectacular results is a testament to the power of the trace formula technique. 

In this work, we have an analogous situation for GSp(2), except that in this case 
there are nonsingleton (quasi-)L-packets, and there are two twisted endoscopic groups in- 
stead of one. Modulo the conjectural existence of matching functions and certain technical 
conditions on the local components of the automorphic representations, we show that the 
automorphic representations of the two twisted endoscopic groups {[E : F] — 2) 

Hi = (GL(2) X RE/FGrnY and H2 = {Re/fGL{2) x G,„) /Rb/fG^ 

lift to the (quasi-)packets of GSp(2) containing at least one automorphic representation 
which is invariant under tensoring with the quadratic character e associated with E/F. 
Moreover, all such packets are the lifts of the automorphic representations of the twisted 
endoscopic groups. Naturally, an important question is whether every representation in 
such a packet is invariant under tensoring with e, but that remains unanswered in this 
work. 

The presence of nonsingleton packets for GSp(2) also raises interesting questions 
regarding the stability of the packets. Thanks to the classification results of |.A3j and |F4] . 
we show that a packet containing an invariant representation is stable if and only if it is the 
lift of exactly one of the twisted endoscopic groups. 

Another interesting phenomenon is that each discrete spectrum automorphic represen- 
tation TT of GSp(2) which is invariant under tensoring with e in turn lifts to an automorphic 
representation 11 of GL(4) which is invariant under tensor product with the same character. 
Moreover, 11 is induced if and only if tt belongs to an unstable (quasi-)packet. 

It is also worth mentioning that the lifting from H2 to GSp(2) may be viewed as 
follows: Let E/F he the quadratic field extension which corresponds to the character e. 
Each automorphic representation vr of 'H.2{Ap) may be constructed from an automorphic 
representation r of GL(2, A^;) whose central character is invariant under the action of 
Gal(£'/i^). Let ip : Lp GL(2,C) be the representation of the Langlands group of 
E which corresponds to r. Then, the representation of Lp (the Langlands group of F) 
induced from {p factors through GSp(2): 



Ind^>: Lp 



GL(4, C) , 




GSp(2) 
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and the automorphic representation of GL(4, Af) corresponding to Ind^^y? is the hft of 
TT. This is beautifully analogous to the construction of the monomial representations 7r{6) 
of GL(2) in (jLj! and [TTl. 

It should be noted here that automorphic representations of GSp(2) have received 
the attentions of mathematicians for quite some time. In addition to those cited above, 
it suffices to mention Siegel, Shimura, Weissauer, Howe, Piatetski-Shapiro, Vigneras, D. 
Prasad, B. Roberts, and R. Schmidt. Note that many mathematicians prefer to use GSp(4) 
rather than GSp(2) to denote the same group. 

1.1.2. Local Lifting. Langlands Functoriality as stated above has a local analogue. 
Namely, it is conjectured that, for any reductive group H over a local p-adic field F, the 
homomorphisms from the Weil group Wp (or Lp) Xo^H correspond canonically to pack- 
ets of admissible representations of H(F). Consequently, analogously to the global case, a 
homomorphism between L-groups should parallel the lifting of admissible representations 
from one p-adic group to another. 

Since each square integrable admissible representation is a local component of an 
automorphic representation, it is a general philosophy that one can derive a large class of 
local liftings from global liftings. Works in the past which establish global lifting using 
trace formulas typically also derive local lifting. More precisely, they express the local 
lifts in the form of trace identities among admissible representations. For example, for 
each admissible representation tt of GL(ri, F) which is invariant under tensor product with 
a character e of F^ of order n, Kazhdan establishes in |IK] an expression of the e-twisted 
Harish-Chandra character of vr in terms of the Galois orbit of a character of , where E 
is a degree n cyclic extension of F determined by e via local class field theory. 

The second half of this work is occupied with deriving local twisted trace identities 
among admissible representations of GSp(2) and those of its twisted endoscopic groups. 
We arrive at these identities using our global lifting results. 

1.2. e-Invariant Automorpliic Representations 

Let F be a number field. Let Kp denote the ring of adeles of F and Cp the idele 
class group F^\Ap. Let V denote the set of places of F. For each finite place v of F, let 
Oy denote the ring of integers of F„. Let H be a reductive algebraic group over F. Put 
H H(F), Hy H(^;) for any place v of F. 

For any element 7 of any group, let subscript 7 denote the centralizer of 7 in that 
group. For example, denotes the centralizer in H of 7. Let Z be the center of H. Let 
Zq be the maximal F-split component of Z. Put Z := Z{F), Zq :— Zo{F). For the 
groups GSp(2) and GL(4), which are F-spHt, there is no distinction between Z and Zq. 

Let u! he a character of Zq\Zo{Ap). Let L{'H.{Ap),uj) be the space of measurable 
functions 4> on H\tl{Ap) such that (f>{zg) = uj{z)(f){g) for all z E Zo{Ap) and 

/ \(l){h)f dh < 00. 

JZo(Af)//\H(Af) 

Let p, or to emphasize the dependence on cu, be the right regular representation of 

H(Ai?) on L(H(Ai?), lo), that is: 

{p^hm (g) = Hgh), ^h,g e H{Ap),<l>e L{H{Ap),u;). 

In particular, the restriction of the central character of p^ to Zo{Ap) is equal to w. We say 
that a representation of H(Ai?) is automorphic if it occurs in p^ for some character lu of 
Zq\Zo{Ap). Let ^(H, cu) denote the set of equivalence classes of irreducible automorphic 
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representations tt of H(Aj;-) with the property that their central characters restrict to oj on 



Write TT S -4(H, us) as a tensor product ^vev^^v of representations ir^ of Hy. Since 
Pui is continuous, tt too is continuous with respect to the topology on H(Ai?) (see |PR|). 
Consequently, at almost every finite place v, the local representation 7r„ is unramified , i.e. 
it contains a nonzero vector fixed by the hyperspecial maximal compact subgroup H(Oi,). 

As an H(Ai?)-module, L{li{Ap),uj) decomposes into a direct sum 



Here, Ld(ti{Ap),uj) is the closed span of the irreducible, closed, invariant subspaces 
of L{'H.{Af),uj) and Lc(H.{Ap), ui) is its orthogonal complement. Let pd, Pc denote the 
restrictions of p = p^^ to L(i(H(Ai?), w), Lc(H(Ai?), w), respectively. We call the H(Ai?)- 
module id(H(Ai?), w) (resp. Lc{a{Ap),uj)) the discrete (resp. continuous) spectrum 
of H(A_f). 

We say that the algebraic group H has the multiplicity one property if each automor- 
phic representation of H(Ai?) with central character cj on Zo(Ai?) occurs at most once in 
the discrete spectrum of p^. By the multiplicity one theorem for GL(2) and a result in 
flLLl . the multiplicity one property holds for the twisted endoscopic groups studied in this 
work. In the case of GSp(2), the multiplicity one property for automorphic representations 
with trivial central characters is established in |F4|. For arbitrary central characters, Arthur 
has announced in |A3| that multiplicity one holds at least for those representations which 
are associated with semisimple Arthur parameters. 

Remark. An automorphic representation is really a representation which occurs 
in the space of slowly increasing functions called automorphic forms . This space is 
not the same as i^(H(Ai?), w). However, the discrete spectrum of this space (as an 
H(Ai?)-module) consists of functions; thus, it coincides with the discrete spectrum 
of L2(H(Af),w); see |BJ|. 

For any place v &V, let C{Hy,ujy) be the space of smooth functions /„ on Hy such 
that fy is compactly supported modulo Zo,y and fy{zh) = u!y^{z)f{h) for all z in Zo^y 
and h in Hy . 

If V is finite, and H is defined over Oy, let Ky denote the hyperspecial maximal com- 
pact subgroup H(C'„) of Hy. Let T-C{Hy,ujy) denote the Hecke algebra of if^-biinvariant 
functions in C{Hy,ujy). The algebra Ti{Hy,bjy) is nonzero if and only if ujy is trivial 
on ^o.u n Ky. If V is archimedean, we fix a maximal compact subgroup Ky of Hy. Let 
TL{Hy,Ljjy) be the set of Ky-fmAe functions in C{Hy,ujy). 

Let C(H(Ai?), cj) be the span of the smooth functions / = 0y^vfv on H.{Ap) which 
are compactly supported modulo Zq{Ap) such that fy e C{Hy,ujy) for allv^V and /„ 
is the unit element in the Hecke algebra Ti,{Hy,u!y) for almost all finite v. 

Fix a Tamagawa measure (see |PR|) on ll{Ap). For any / e C{'H.{Ap),uj) and 
TT e ^(H, uj), let 7r(/) denote the following convolution operator on the space of tt: 



Zo(Af). 



Ld{ll{Ap),uj) ® L^{H{Af),uj). 




It has finite rank. Let (tt, /) denote the trace of 7r(/). 
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1.2.1. The £-Twisted Trace Formula. Recall that p^^ is the right regular representa- 
tion of H(Af) in L{H.{Kf)tOj). Let e be a homomorphism in Horn (H(Ai?), ) which 
is trivial on Z{Ap)H. Let tt be an automorphic representation in A(H.{Af) , uj) ■ Let Vt^ 
be the space of tt. By definition, vr is a subquotient of p^. Let en be the representation of 
H(Af) on the space of tt defined as follows: 

et: -.^ eig)?: : e{h)n{h), V/i G H(Af). 

Note that the space V^tt — Vtx of ett is a subquotient of _L(H(Ai?), w), but evr is not the 
right regular representation of H(Ai?) on V^-^. 

We say that tt is e-invariant if tt = ett; i.e. there exists an automorphism A on V-^ 
such that Aniji) = e-Kih^A for all h e H(Ai?). By Schur's lemma, is a scalar, and we 
normalize A (multiplying it by if necessary) so that = 1. By this choice of 

normalization, the operator A is unique up to a sign. 

Define an operator Puiis), or p{e) for brevity, on L(H(Af), w) as follows: 

ipUs)^){h) V0 e L(B.{Af),u;), h £ H(Af). 

The restriction of p{e) to the space is a nontrivial intertwining operator of ett into p. In 
particular, ett is equivalent to the automorphic representation p\p(s)v,r °f Ji{Ap). 

Assuming that multiplicity one holds for H, any two irreducible inequivalent sub- 
modules of pui in L(H(Ai?), cj) are either orthogonal or equal to each other, each being 
generated by p(H(Ai?)) from a single vector. 

Suppose TT is irreducible, and tt = en. In principle, p^^ (e) needs not intertwine tt with 
en, namely Pcj(e)V^7r may be equivalent to V,r as an H(Ai?)-module but different from it as 
a subspace of L(H, uj). However, since we assume that the multiplicity one property holds, 
we have Puj{e)VTr = Vt^- It then follows that the restriction of Pui{e) to V,r is a nontrivial 
intertwining operator in HomH(Ap)(7'', £7r). By Schur's lemma, Pui{e)\v„ is a nontrivial 
scalar multiple of A; hence, it is A or —A. 

For an irreducible automorphic representation n and a function / in C{G{Af),uj), 

put 

(7r,/)^ :=tr7r(/)p^(£) = tr p^{e)n{f). 
If TT ^ eTT, then the spaces V-^ and p^ (e) are disjoint, and hence (tt, f)^ = 0. Conversely, 
if TT is e-invariant, we shall show in Lemma 14.391 that the distribution / ^ {t^iI)^ is 
nonzero. 

By definition, p^ is the direct sum of all automorphic representations with Zo(Ai?)- 
character lo. If we could express {p^, f)^ as the sum (discrete plus continuous) 

7re^(H,w) 

then those automorphic representations which are not e-invariant would drop out from 
the sum. Thus, at least formally, the distribution {pui,-)e ■ / (Pw,/)^ on the space 
C {'H.{Af) , ui) detects those automorphic representations which are e-invariant. However, 
the situation is more delicate. 

For / G C(H(Air), cj), jO^(/)pw(e) is an integral operator on L{H.{Ap),uj). Let 
Kf^s : H(Ai?) X H(Ai7') ^ C be the kernel of Puj{f)Pu{£)- The trace {p^^, f)^ is obtained 
by integrating i4r/_e(/i, /i) over/i e Zo(Ai?)i?\H(Ai?). The function /i i-^ Kf^^{h,h) may 
be expressed as a sum over conjugacy classes in H, and also as a sum over automorphic 
representations of H(Ai?). For applications, we would like to change the order of summa- 
tion and integration in J'z„{Af)h\u{Af) -^f-^i^^ ^) However, this change of order is 
not justified unless H is anisotropic over F. Extending Arthur's results in ijAj, the authors 
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of IICLLI introduce a truncation Kj^{h) of Kf^e{h, h). They show that we may pull the 
sum out of the integral in J2,„(^Af)h\h(Af) ^JeW- e-twisted Arthur trace formula 
(or e-trace formula) is the following equality of two different ways to express the integral 

{O} {x} 

The left hand side of the equation is a sum of (weighted) orbital integrals over the set of 
semisimple conjugacy classes in H. It is called the O-expansion or the geometric side of 
the trace formula. The right hand side is a sum of traces of automorphic representations 
over a set of spectral data of H(Aj?). These are data which catalogue the e-invariant 
automorphic representations of H(Aj?). We call X]{x} "^x^if) x^cxpansion or 

the spectral side of the trace formula. 

1.2.2. The Case of GSp(2). Let J = ( _^ ) e GL(4), where w = ( / ) e GL(2). 
Let G — GSp(2), the symplectic group of simiUtudes of rank 2, be the algebraic group 
over Z defined as follows: 

GSp(2) = {ge GL(4) : *gjg = A(.g)Jfor some A(.g) € G,„} . 

We call A the similitude character. 

Let F be a number field, and consider G as a reductive i^-group. For any g E G, we 
call A(g) its simiUtude factor . The center of G is Z = {diag(2, z, z, z) : z £ G,„}. It is 
F-split. Fix a character uj of Z\Z{Ap). Let e be a quadratic character of G\G(Ai;') which 
factors through the similitude factor Since e is quadratic, and A(diag(z, z, z, z)) = z"^, e 
is trivial on Z\L{Af)- Consider the e-twisted Arthur trace formula for G{Af)- As a 
distribution on C(G(Ai?),w), the O-expansion X]{o} eif) °f e-trace formula is 
not invariant with respect to stable conjugacy. In [KSJ, Kottwitz and Shelstad express the 
elliptic regular part of X){o} "^o eif) °f which is indexed by the 

elliptic regular conjugacy classes O) in terms of stably invariant O-expansions of lower 
rank groups. We call these lower rank groups the e-endoscopic groups of G. We compute 
them in Chapter|2] 

On the other hand, Arthur's trace formula for the endoscopic groups equate their O- 
expansions with their fine ^-expansions. We impose in Section 13.2.11 a condition on the 
test function / G C{G{Kp), oj) so that all nonelliptic or singular terms in the geometric 
expansion of the e-trace formula vanish. Using Kottwitz-Shelstad's formula, we obtain a 
global trace identity relating the fine x-expansion of the e-trace formula of G{Af) with 
the fine x-expansions of the trace formulas of the e-endoscopic groups. We compute in 
Section lTTI the fine x-expansions of the groups, and we obtain in Section [33] a global trace 
identity relating these spectral expansions. We then use the global trace identity to deduce 
global lifting results in Sections [4.41 and |43] 

1.3. Local Character Identities 

Let k now be a local p-adic field. Let G = G(fc) denote the group of i^-points of G. 
Let e be a quadratic character of . Then e defines a character of G as follows: 

e(g):=e(A(5)), V.g G G. 

For any admissible (" OBZl ') representation vr of G, define a representation en on the space 
of TT by 

en := ei^n : g e{g)TT{g), ^geG. 
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We are interested in irreducible admissible representations of G which are £-invariant: A 
representation tt of G is said to be e-invariant if tt = en, namely there is an invertible 
linear operator A : V-^ V-^ on the space V-r: of tt such that A'K{g) — e{g)'iT{g)A for all 

We fix a character oj of the center Z of G. Let C{G, lo) be the space of smooth 
functions / on G which are compactly supported modulo Z and satisfy: 

f(zg) = u:-\z)f{g), ^z&Z,g€G. 

We fix once and for all a right-invariant Haar measure (|BZ |) dg on G. For any admissible 
representation vr of G with central character lo, the following convolution operator on the 
space of vr has finite rank: 

<f) / <9)f{9) dg. 

J Z\G 

Suppose TT is an irreducible, admissible e-invariant representation. Let A be a nontrivial 
intertwining operator in HomG(7r, en). By Schur's lemma ( IIBZI ). A^ is a scalar multi- 

plication on tt. Replacing A with (^^) A if necessary, we assume that A satisfies 
A^ — 1. Then, A is unique up to a sign. 

Put (tt, /)^ := tr J^^^TT{g)f{g)A dg. We call the distribution / i-^ (tt, /)^ the 
£-character of tt. The e-character depends on the choice of the intertwining operator A. 
Since A"^ = 1, the e-character is unique up to a sign. 

Chapter|5]is devoted to the classification of the e-invariant representations of G. More 
precisely, we utilize the global lifting results established in Chapter H] to express the e- 
characters of these representations in terms of the (nontwisted) characters of representa- 
tions of the twisted endoscopic groups. 

1.4. Statement of Main Results 

1.4.1. e-Endoscopic Groups. Let F be a number field, let e be a quadratic character 
of the idele class group Cp of F. Let E be the quadratic extension of F which corresponds 
to e via global class field theory. In Chapter |2] we compute the quasi-split e-endoscopic 
groups of G over F. They are as follows: 

(1) Hi = (GL(2) X Kp/pGm)' , where Ke/f is the restriction of scalars (from 
E to F) functor. The prime denotes the condition that the determinant of the 
GL(2)-factor is equal to the norm of the R£;/j?G„i -factor in G„i. In particular, 
the group of F-points of Hi is 

Hi(F) - {{g,x) e GL(2,F) xE"" :detg^ ^e/f^} ■ 

(2) H2: the unique quasi-split reductive F-group whose group of F-points is 

H2(F) = (GL(2,F) X F><) /{(diag(z, z), N^/f^z-i) : z e F><}. 

1.4.2. Global Lifting. The global lifting results are expressed in terms of global 
(quasi-)packets. A global (quasi-)packet consists ofadelic representations which share 
the same unramified local components (with respect to fixed maximal compact subgroups) 
at almost every finite place. Equivalently, a global (quasi-)packet may be expressed as a 
restricted tensor product of local (quasi-)packets. We say that a global packet is a discrete 
spectrum packet if it contains a representation which occurs in the discrete spectrum. We 
say that a discrete spectrum global packet is stable if all its members occur with the same 
nonzero multiplicity in the discrete spectrum. Otherwise we say that it is unstable. 
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Associated with any algebraic F-group H is an L-group, denoted ^iJ (see OBol ). It 
is a split extension of a complex Lie group by the Weil group Wf of F (see ID). Each 
unramified local component of a global (quasi-)packet of H(Ai?) is parametrized by a 
conjugacy class in ^H, called a Frobenius-Hecke class (see |Bo|). We compute these 
conjugacy classes for the e-endoscopic groups in Chapter l4!2l 

As we shall discuss in Chapter|2l associated with each e-endoscopic group H is an L- 
group embedding '■ ^G. We say that a global packet {H/f } of an e-endoscopic 

group H(Af) lifts to a packet {11} of G(Ai?), if maps the Frobenius-Hecke classes in 

parametrizing {11^} to the Frobenius-Hecke classes in parametrizing {11}. 

Let TT be an irreducible automorphic representation of GL(2, Aj?), x ^ character of 
Ge- Let V be the set of places of F. For any place v ^ V, let (g)i Xv denote the 
representation of Hi {Fy) defined as follows. 

T^v ®i Xv ■■ {g,x) i-> Xv{x)Trv{g), y{g,x) e Hi(F„). 

Then, TTy ^iXv may be a reducible representation of Hi(F^) with at most two irreducible 
constituents (iLLl). The set of irreducible constituents of tt^ (g)i Xv form a local packet. If 
TTy^iXv is reducible, we name its two constituents 7r+, tt^ . For each finite place v, let Ki^^ 
be the hyperspecial maximal compact subgroup Hi (O^), where Oy is the ring of integers 
in Fy. We say that a representation of Hi(i^„) is unramified if it contains a nonzero Ki^y- 
fixed vector. If tt^ ®i Xv is unramified, we let 7r+ denote its unique irreducible unramified 
constituent. If tt^, ®i Xv is irreducible, we put 7r+ tTv Xv and tt^ :— 0. From ILLL 
a global packet of Hi (Ap) has the form 

TT X := {i^y-Ky : TTy £ { TT , } , Vw; TTi, ~ 7r+ for almost all v} . 

For/ieC(Hi(Ai.),c^),wehave(7r®ix,/i>- J2 ^'^''-^i)' 

The group H2(Af) is a quotient of GL(2, Ag) x A^. Since rigidity, or strong mul- 
tiplicity one theorem, holds for GL(2) and GL(1), it also holds for H2. Consequently, 
each global packet of H2 ( A^ ) consists of a single irreducible automorphic representation. 
For any automorphic representation tt of GL(2, A^) and character /i of Gp such that the 
central character oJtt of tt is equal to o N^/^?, let tt 02 /i denote the representation 

TT (g)2 : (5, x) i-> fi{x)Tr{g), \/{g, x) € H2(Af). 

L4.2.L Summary of Global Lifting. We now give a summary of our global lifting 
results. For simplicity's sake, some of these statements are accurate only up to certain nu- 
anced conditions. We mark them with an *. The full, accurate versions of these statements 
may be found in Sections [4.41 14.51 and l4.6l 

A more concise version of this summary is in AppendixlAl 

We classify packets of GSp(2, Aj?) by stating what automorphic representations of 
GL(4, Ap) they lift to via the natural L-group embedding GSp(2, C) GL(4, C). This 
classification is not one to one. There are cases in which two inequivalent packets of 
GSp(2, Ap) lift to the same representation in GL(4, A^). 

We say that an automorphic representation tt of GL(2, Aj?) is L-monomial if it is 
the monomial representation Tr{9) associated with a character 9 of Gp, or more precisely 
with the induced two-dimensional representation Ind|^|/^ (9) of Wp (see ||JL| , IlKll ). The 
first global lifting result which we examine involves global packets of Hi of the form 
TTi = TT X, where tt is a cuspidal non-£^-monomial or one dimensional automorphic 
representation of GL{2, Ap), and X = M ° ^e/f for some character /i of Gp. From 
the way Hi is defined, tt fj, o Np/p is equal to /i7r 0i 1; hence, we assume without 
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loss of generality that tti = tt 1. Let cj^r be the central character of tt. Let Be/ft^ 
be the representation of GL(2, Ag) which is the base change of tt (see lO, WW ). Then, 

\.\. Proposition. The packets tt (g)i 1 o/ Hi(Af) ant/ Be/ft^ ®2 o/ H2(Af) 
lift to a packet {11} of GSp(2, Aj?), which in turn lifts to the induced representation 
^(2,2)(7r,e7r) o/GL(4,Af). 

Remark, (i) According to MA3I Sect. 5], the packet {11} is unstable. In the case 
where the central character of {11} is trivial, the instability of {11} is proven in fFT, V. 
10.]. (ii) In [A3J, Arthur denotes {11} by the symbol (tt K 1) ffl {en K 1) if tt is cuspidal 
non-iJ-monomial and calls it a Yoshida type packet. If tt = m1gl(2.Af) f^^" some character 
p of Cf, Arthur calls {11} a Howe, Piatetski-Shapiro type packet and denotes it by the 
symbol (/i H 1^(2)) ffl [e^ H 1^(2)), where v is the (normalized) absolute value function on 
Af. 

Let (T be the generator of G&\{E / F). For any character 9 of Ce, put °'d := 9 o a. 

1 .2. Proposition. Let 9,x be characters of Ce such that none of 9, 9x^9 
fixed by the action of G&\{E / F). LetT:{9), 7r(x) be the cuspidal monomial representations 
o/GL(2, Af) associated with 9, respectively. The global packets 

• 7r(6l)«)ix, 

• 7r{9)^i''x, 

• 7r(x) (^1 9, 

• Ax) ^1^0 

all lift to an unstable packet {11}, which in turn lifts to the induced representation 

q/GL(4, Af). Moreover, no discrete spectrum representation ofH2{AF) lifts to {11}. 

Remark. Under the notation of IIA3I . {11} is the unstable Yoshida type packet de- 
noted by {7r{9x) K 1) ffl {Tr{9 '^x) ^ !)■ 

For an automorphic representation t of GL(2, A^), let tt{t) denote the automorphic 
representation of GL(4, Af) which is obtained from r via the twisted endoscopic lifting 
from Rf/fGL(2) to GL(4) (see [|ACi Sect. 3.6]). 

L3. Proposition*. Let x be a character of Ce not fixed by Ga\{E/F). Let tt 
be an irreducible, cuspidal, automorphic representation o/GL(2,Af) which is not E- 
monomial. Suppose there does not exist a character e' of Cf such that xlx equal to 
e' o Nf/f o'^d TT = e'tt. The packet tt x W^s to a stable packet {11} which lifts to the 
cuspidal automorphic representation tt{xBe/ft) o/GL(4,Af)- No discrete spectrum 
representation o/H2(Af) lifts to {11}. 

L4. Proposition*. Let x be a character of Ce not fixed by Gai\{E/F). The one 
dimensional representation lGL(2.Ai!.) ®i X Ifts to a stable quasi-packet, denoted by 

{L{,,e,i^-'^Mx))}, 

which lifts to the Langlands quotient representation J{v^^^t:{x), i^^^^'^'^ix)) o/GL(4, Af). 
No discrete spectrum representation o/H2(Af) lifts to {L{ve, i^^^/^7r(x))}- 

For a representation vr of GL(2, Af), let °^7r denote the representation 

"t: : {g,j) ^ TT{ag,,), V(g,y) G GL(2, Af). 
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1.5. Proposition*. Let n be an irreducible discrete spectrum automorphic repre- 
sentation o/GL(2, As), /i a character of Cf, such that it ^ "t: anduj-^ ~ fio Np/p. 

• Ifn is cuspidal, the representation 7r(8)2 M o/H2(A^) lifts to a stable packet {11} 
which in turn lifts to the cuspidal automorphic representation tt{t) o/GL(4, A^). 

• Suppose TT — x1gl(2,Ae)> where x character of Cp such that X ^ "X o^nd 
'^x/x — ° ^E/F for some nontrivial quadratic character e' of Cp. Let C, be 
either e' or ee' . Then, tt (8)2 xIa'^ ' C ^^'ft^ ^o a stable quasi-packet {11} which in 
turn lifts to the Langlands quotient representation J(i/"'^/^7r(x), J^^^^^7r(x)) of 
GL(4, Kp). We denote {H} by {L{veC, v-^/'^tt{x))}- 

In either case, no discrete spectrum packet o/Hi {Kp) lifts to the {quasi-)packet {11}. 

Additional global lifting results involving parabolically induced representations of 
G{Ap) are stated in Section l43] 

1.6. Proposition*. Suppose {11} is a global packet o/GSp(2, A^) which is the lift 
of some automorphic representation/packet of one of the e-endoscopic groups. Then, {11} 
contains at least one representation which is e-invariant. 

If {Tl} is a discrete spectrum global packet o/GSp(2, A^) which is not the lift of any 
discrete spectrum representation/packet of the e-endoscopic groups, then {11} does not 
contain any discrete spectrum automorphic representation which is e-invariant. 

1.4.3. Local Lifting. Let fc be a local nonarchimedean field. Let e be a nontrivial 
quadratic character of fc^. Let JC be the quadratic extension of k which corresponds via 
local class field theory to e. Let G = GSp(2, fc). Let Z = {diag(2;, z,z,z) : z ^ k^} be 
the center of G. Let 

(1) Hi = (GL(2,fc) X IC")' = {{g,x) e GL(2, fc) x IC" ; det g = Njc/kx} , 

(2) 7f2 = (GL(2,/C)xfc><)/{(diag(z,z),N^/feZ-i) tze/C^'}. 

Recall that the character e defines a character of G via e{g) := e{\{g)), Vg E G. For any 
representation tt of G, we say that tt is e-invariant if tt = ett. 

Fix a character uj of Z. Recall that G{G, uj) is the space of smooth functions on G 
which are compactly supported modulo Z and transform under Z via uj^^. We fix once and 
for all a Haar measure dg on G. For any irreducible e-invariant admissible representation 
TT of G with central character uj, and for any function / £ G{G, uj), recall that 

('r,/)^:-tr / 7T{g)f{g)Adg, 

J Z\G 

where A is an intertwining operator in HomG(7r, e7r) such that A^ — 1. 

For i — 1, 2, let Zo{Hi) denote the maximal fc-split component of the center of Hi. 
We shall see in Section |24l that Zq (i/^ ) is isomorphic to Z; thus, uj is defines a character on 
Zo(i?i). Let C{Hi, uj) denote the space of smooth functions on Hi which are compactly 
supported modulo Zo{Hi) and transform under Zo{Hi) via uj^^. Fix once and for all a 
Haar measure dhi on Hi. For any admissible representation vr^ of Hi, and for any function 
fi G G{H,,uj), put 

(7ri,/i):=tr / TT^{hi)f^{hi) dhi. 

JZo(H,)\Hi 

Using global lifting results, we deduce in Chapter|5]local character identities relating quan- 
tities of the form (vr, /)^ and (tt^, fi) for matching functions /, fi. Functions are matching 
if their orbital integrals are compatible with the norm correspondence between G and its 
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e-endoscopic groups. We shall discuss norm correspondence in Section 12.41 In general, 
the existence of matching functions is conjectural. It is related to a conjecture called the 
Fundamental Lemma. We prove the Fundamental Lemma in the context of G and its e- 
endoscopic groups in Appendix iB] 

L4.3.L Notations: For a character 6 of /C^, let tt{6) denote the cuspidal monomial 
representation of GL(2, k) associated with 9, or more precisely with the representation 
Ind|^^/J^(0) of Wk. If is invariant under the action of Gal(/C//c), tt[9) is induced; 
otherwise, n{9) is cuspidal ( ||JL| ). 

Let V be the normalized absolute value function on k; that is, v(x) = q-°^'^^^ where 
q is the cardinality of the residue field of k and ord x is the p-adic valuation of x. 

Let Pq be the minimal upper triangular parabolic subgroup of G. It has a decompo- 
sition Po = TN , where T is the maximal diagonal torus of G and N is the unipotent 
component of Pq. For characters /ii , /i2 , /i of fc^ , let /ii x /i2 xi /i denote the representation 
of GL(2, k) (normalizedly) parabolically induced from the following representation of Pq: 

fj-i 1^ fJ-2 ^J■ '■ i ^ \/b ] n 1-^ ^i{a)fi2{b)fi{X), Wa,b, X e k^ ,n e N. 

\ \/aJ 

Let Pp be the standard Heisenberg paraboUc subgroup of G containing Pq. Its Levi 
component is 



M0={\ g I :aeA;^5eGL(2,fc) 

dot g 
a I 

Let iV^ be the unipotent component of P^. It is a Heisenberg group. For a character /i of 
A:^ and an admissible representation tt of GL(2, k\ let ^ x tt denote the representation of 
G (normalizedly) parabolically induced from the following representation of P^ : 

^®7r:(^ 9 7iK^//(a)7r(5), Va £ fc^ , g G GL(2, /c), n G iV^. 

L4.3.2. Summary of Local Character Identities. Below is a summary of our twisted 
character identities for the e-invariant representations of G = GSp(2, k\ 

\. Let r be an irreducible, cuspidal, non-/C-monomial, admissible GL(2, A:)-module whose 
central character lOt is trivial. Let {tt^, tt"} be the local packet of G which lifts to the in- 
duced representation /(2_2) (''■, et) of PGL(4, fc) according to |F4|. There exist intertwining 
operators in HoniG(7r+, £7r+), and in HomG(vr^, evr^), such that the following 
holds for matching functions: 

(7r+,/)^++(^-,/)^_ =(t®i1, /i), 

- = {BK./kT<»2i^T, /2) ■ 

2. Let 9, X be characters of /C^ such that none of 9, x, 0%, 9 '^x is fixed by the action 
of Gal(/C/fc) — (cr). Suppose (6'x) I fcx — (0'^x)Ux = e, then the distinct /C-monomial 
representations Tr(9x), vr(6' "'x) ^re cuspidal with trivial central characters. 

Let {tt+j tt^} be the local packet which lifts to the induced PGL(4, /c)-module 



/(2,2)(^(^X), ^{d'^x))- 
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There exist intertwining operators ^+ in Home (tt+j e7r+), A in Home (tt , £7r ), and 
a constant e = ±1, such that the following holds for matching functions: 

(tt+J)^^ - {n-J)^_ = e (7r(x) ®i 9, /i) • 

3. Let X be a character of /C^ not fixed by Gal(/C/fc). Let 7r+, tt^ be the two inequivalent, 
tempered, irreducible subrepresentations of 1 xi tt{x) ( OSTI ). There exist intertwining 
operators yl+ in HomG'(7r+, £7r+) and in HomG(7r~, evr"), such that the following 
holds for matching functions: 

(^+,/)^^+(^-,/)^_ =(7r(x)®il, /i). 

4. Let I2.1 (I = k, JC) denote the nontempered trivial representation of GL(2, 1). Let St2j 
denote the square integrable Steinberg representation of GL(2, 1). 

Suppose e is unramified. Let ^ be a (possibly trivial) quadratic character of fc^. 
Let S = (5(;/^/^eSt2,/c, be the unique square integrable constituent of the in- 

duced G-module iy^/'^eSt2,k x i^'^/^f - Let 6^ = {iy^^'^eSt2M, i^^^^'^O be the cuspidal 
member of the local packet containing S. In particular, the local packet {S,6^} lifts to 

/(2,2)(eSt2,fc, £5St2,fc)0fPGL(4,fc). 

Let L = L{ve,s>iv~^^'^^) be the nontempered quotient of j/^/^£l2,fc x ( ||ST| ). 
The local quasi-packet {L, 5^} lifts to I(2.2){£,^2,k, £^l2,fc) of PGL(4, k). 

There exist intertwining operators S HomG(_L,eL), A^ € Homo {5, e 6), and 
A^ G HomG((5~, 6(5"), such that the following holds for matching functions: 

(L,/)^, + =(a2,fc0il, /l), 

(L, f)^, - {S-J)^_ = ((e o N^/,) i2x ®2 1, /2) ; 

{SJ)^s-{S-j)^_ =(CSt2,fc®ll, /l), 

('J, + {S'J)a- = ((^ ° Nyc/fe) St2X ®2 1, /2) . 

5. Let r be an irreducible, cuspidal, non-/C-monomial, admissible representation of the 
group GL(2, k), x ^ character of /C^, such that: There does not exist a character e' of 
k^ for which "'x/x = e' o ^ic/k ^nd r = e'r. Then, there exists a collection [tt] of dis- 
tinct e-invariant, irreducible, cuspidal, admissible G-modules, and an intertwining opera- 
tor A{Tr') E HomG(7r', stt') for each tt' G [tt], such that the following holds for matching 
functions: 

tt'G [tt] 

Remark. From the proof of the above twisted character identity, one should expect that 
[tt] is a subset of a local packet which lifts to T^ix^ic/k''')^ the cuspidal GL(4, A;)-module 
which is the twisted endoscopic hft of the representation xBjc/k''' of GL(2, JC) (see | AC|). 

6. Let X be a character of K.^ which is not fixed by Gal(/C/fc). Let L = L{ue, i^^^^^Trix)) 
be the nontempered quotient of the parabolically induced G-module //e x: i>^^^'^n{x)- Let 
S = S{iye,i'^^^^n{x)) be the square integrable subrepresentation of ve x i^~^/^7r(x). 
There exist intertwining operators A^ in HomG(L, eL), and A^ in HomdS, eS) such that 
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the following holds for matching functions: 

(LJ)j^L = (l2,fc «)i X, fi) , 
{6J)^s = (St2,fc(^ix, /i)- 

7. Let T be an irreducible, cuspidal, admissible representation of GL(2, /C), not fixed by 
the action of Gal(/C/fc), such that its central character ujr is equal to n o N/c/k for some 
character ji of . Then, there exists a collection [tt] of distinct e-invariant, irreducible, 
cuspidal, admissible G-modules, and an intertwining operator A{tt') in Hom(3(7r', en') 
for each tt' G [tt], such that the following holds for matching functions: 

7r'e[7r] 

Remark. From the proof of the above twisted character identity, one should expect that 
[tt] is a subset of a local packet which lifts to 7r(r), the cuspidal GL(4, fc) -module which is 
the twisted endoscopic hft of r. 

8. Let r be a cuspidal non-/C-monomial, or one dimensional, irreducible, admissible rep- 
resentation of GL(2, k). There exists an operator A, intertwining the induced G-module 
£ X T with e x: er, such that 

(e XI Da = {Bk/ut ®2 ujtS, /2) 

for matching functions. 

9. Suppose the field extension /C/fc is unramified. Let x be a character of /C^ such that 
X^'^X and °x/x = ° ^K/k for some nontrivial quadratic character e' of fc^ . Let C = s' 
or e'e. Let L = L{eC,v, f^^^^^'''(x)) ™d ^ = H^C'^: '^^^^^"'(x))- There exist intertwining 
operators in HomG(i, eL), and A^ in HomG((5, £(5), such that the following holds for 
matching functions: 

{L, Dal = (xl2,/c ®2 xlfcx • C, h) , 

(<5, = (x St2,K; «)2 xlfcx ■ C, /2) ■ 

Additional character identities involving parabolically induced G-modules are stated in 
Sections |533]and|5321 

1.5. Assumptions and Restrictions 

Before we continue further, we list here the assumptions on which this work rests and 
the restrictions on our results: 

Assumptions. 

(1) The multiplicity one theorem for the discrete spectrum of GSp(2). As men- 
tioned earlier in this chapter, the multiplicity one theorem has been established 
for PGSp(2) by FHcker in |F4|. 

(2) The results of Arthur's announced in |A3|, including the multiplicity one the- 
orem for the automorphic representations of GSp(2) which are associated with 
semisimple Arthur parameters. 

(3) The existence of the transfer of functions from GSp(2) to its e-twisted endo- 
scopic groups, and the precise forms which matching functions take (see re- 
marks after the proofs of Theorem 14. 1 01 and Corollarv l4.16b . In the nontwisted 
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case, Waldspurger has shown that the Fundamental Lemma impHes the trans- 
fer of functions BWall . In all likelihood, the twisted analogue of Waldspurger's 
theorem also holds. 

Restrictions. We are only able to classify those discrete spectrum, e-invariant, auto- 
morphic representations of GSp(2) which have at least two elliptic local components. The 
restriction "two elliptic components" could presumably be reduced to "one elliptic com- 
ponent," through a technique developed in [F2| which involves a class of test functions 
called regular functions. It also seems likely that the work of Arthur's announced in |A3] 
contains a method to do away with any restriction on the automorphic representations. 



CHAPTER 2 



£-Endoscopy for GSp(2) 

2.1. Endoscopic Data 

In this chapter, F is either a local field of characteristic zero or a number field. If F is 
a number field, let Cp denote the idele class group of F. For a reductive F-group H, let H 
denote the identity component of the L-group ^i? of H (see [Bo |). Let G be the reductive 
i^-groupGSp(2). 

Kottwitz and Shelstad have defined in IIKSI the endoscopic data attached to a triple 
(G, 6, a), where 9 is an automorphism of G over F. We now recall this definition in the 
special case where 9 is trivial. 

2.1. Definition. The quadruple (H,W,s,^) is a set of e-endoscopic data (or in the 
terminology of |KS|, the endoscopic data attached to the triple (G, 1, a)) if it satisfies each 
of the following conditions: 

(1) H is a quasi-split reductive group over F. 

(2) 7i is a split extension of Wp by H such that the L-action p-^ of Wp on H 
determined by this extension coincides with the Weil group action determined 
by (see lIBoll '). 

(3) s is a semisimple element in G. 

(4) ^ : 7i — > is an L-homomorphism satisfying the following two conditions. 

(a) Int(s) o ^ = a • ^; 

(b) ^ maps H isomorphically onto the identity component of Cent(s, G), the 
centralizer of s in G. 

We call H an e-endoscopic group of G. 

Remark. The action p of Wp on H determined by H may not fix any choice of 
splitting for H. However, there exists a set {h^ E H}^^Wf such that the action p-j-c : 
w t-^ lnt{hu,)p{w) does fix a choice of splitting for H. As such, p-u constitutes an L- 
action. For our purpose, H may be taken to be ^H; hence, condition 2 is largely moot. 

2.1.1. Elliptic £-Endoscopic Data of G. In general, an L-group is a semidirect prod- 
uct H X Wp. As we shall show, every group considered in this work is split over some 
quadratic extension of F. For simplicity, we let denote the finite Galois form H xi 
Gal{K/F) of the L-group, where K is the smallest extension of F over which H splits. 
In particular, since G is _F-split, we let ^G denote G, which we identify with GSp(2, C) 
(see ma, ED). 

Let r be the absolute Galois group Ga,l{F / F). Since Wp is dense in F, the action of 
Wp on any group H extends to an action of T on H. A set of endoscopic data {H, 7Y, s, ^) 
is said to be elliptic if ^{Z{H)^)'^ is contained in Z{G) (Here, upper denotes identity 
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component). We may take F to be Gal(A'/ F) if H splits over some finite extension K of 
F. 

Two sets of e-endoscopic data (H, H, s, ^) and {H' , H' , s' , are said to be equiva- 
lent if there exists g E G such that: 

(1) gan)g~'^C{n'), 

(2) gsg-^ = s' mod Z{G). 

With regard to the appHcation of Kottwitz-Shelstad's stabiHzation of the trace formula, we 
will compute elliptic endoscopic data only up to equivalence (hence the earlier remark that 
we may take Htohs^H). 

Let e be a nontrivial quadratic character of if F is local, or of Cf if f is global. 
Let Wf denote the Weil group of F (see [|T]). As explained in jKSl , corresponding 
via Langlands correspondence to e is a cocycle a in H^{Wf,Z{G)) if F is local, or in 
H\Wf, ZiG))/ker\WF: Z{G)) if F is global. 

Let E be the quadratic extension of F which corresponds to e via local or global class 
field theory (see [La|). Then, Si\wE is trivial, and we identify a with a representative in 
H^{Ga.l{E/F),Z{G)). 

Since G is F-spHt, the Galois action of Gal(£'/F) on Z{G) = is trivial. Let a 
be the generator of Gal(£'/F). The cohomology class of a consists of a single character 
a € Hom(Gal(F/F),C^), defined by a(cr) = -1. 

Suppose (H, H, s, £,) is a set of e-endoscopic data. Then, for any h^^ E H with image 
w in Wf, we have: 



— s ifw^cr mod We, 
s otherwise. 



Since we shall hst the sets of endoscopic data only up to equivalence, we may as- 
sume that the semisimple element s lies in the diagonal torus T of G. Since = G, if 
£,{hw)~^ s£,{ht^) — —s for some S H, then Int(^(ft,^)) must correspond to an element 
of the Weyl group W = W{f, G) of f in G. 

Given any t = diag(a, b,X/b, A/a) in T, let the numbers 1,2,3, 4 represent the entries 
a, b,X/b, A/a, respectively. Then, the actions of on t are represented by the following 
set of permutations on {1, 2, 3, 4}: 

{1, (12)(34), (23), (3421), (2431), (42)(31), (23)(41), (14)}. 

Hence, W is isomorphic to D4, the dihedral group of order 8. 

By going through all possible images of s under W, we see that, up to equivalence of 
endoscopic data, s must be equal to one of: 

(1) si =diag(l, 1,-1,-1), 

(2) S2 = diag(l, -1,-1,1), 

(3) S3 — diag(l, —1, —d, d) for some d ^ ±1. 

2.2. Claim. No elliptic e-endoscopic data is of the form (H, 7i, S3, i^). 

Proof. Suppose (H, 7i, S3, ^) constitutes a set of endoscopic data. Then, II is iso- 
morphic to 

Cent(s, G)" = f = {diag(a, 6, A/6, A/a) : a, 5, A G }. 



By condition I4al in Definition 12.11 if u; g Wf is equivalent to a modulo We, then the 
action of w on must correspond to the permutation (12)(34). If w is not equivalent to a 
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modulo We, then the action of w on H is trivial. Consequently, 

Z{H f = = {diag(a, a, A/a, A/a) : a, A G }, 

which is connected and not contained in Z{G), which means {H, Ti, S3, ^) is not elhptic. 

□ 

In the following sections, we consider the e-endoscopic data (H, H, s, ^) where s is 
equal to si or S2. It turns out that there is only one quasi-spUt H such that (H, H, s, ^) is 
elliptic for each choice of s. 

2.2. Endoscopic group Hi 

2.2.1. The data (Hi, Hi, si, ^1). We now construct a set of elhptic e-endoscopic 
data (Hi , Wi , si , ^1 ), where 

Let 

Hi = (GL(2,C) xC" X C") / {{dmg{z,z)-\z,z) ■.zeC''}. 

Fix a splitting spl^^ = {Bi,Ti,{Xi}} of Hi, where Bi = {((**),*,*)} is a Borel 
subgroup of Hi, Ti is the diagonal torus of Hi, and {Xi} is a singleton consisting of the 
image of the vector Xi = (([] J),0,0) G fll(2, C) x C x C in the Lie algebra of i?i. Here, 
lower case, gothic type denotes the Lie algebra of a Lie group. 

Let a be the generator of Gal{E/F). Define an action of Wp on Hi by 



w{A,x,y) 



{A,y,x) ifw = a mod We, 
{A, X, y) otherwise. 



This defines a semi-direct product Hi = Hi x Wp- Since the action of Wp fixes splj:^^, 
Hi is an L-group with Hi as its identity component. 

Let e = _i). For any A e GL(2,C), x,y G C^, let d{A,x,y) be the element 
( yeAe ) in G. Then, d induces an isomorphism 

d: Hi^Csnt{si,Gf. 

Define an L-embedding ^1 : Hi — > G by ^1 1 j:^^ = d and 



6(1 x" w) 



(e*) if w = CT mod W^;, 
1 otherwise. 



Let Hi be the unique quasi-spUt reductive group over F whose -L-group ^Hi is equal to 
Hi. One can check to see that (Hi, Hi, si, 6) is a set of elliptic £-endoscopic data. 

2.3. Claim. Up to equivalence, (Hi, Hi, si,^) is the unique elliptic e-endoscopic 
data attached to si. 

Proof. If (H,H,si,^) is another set of elliptic £-endoscopic data attached to si, 
then ^(H) = ^(Hi). It follows from the definitions that (H, H, si, is equivalent to 
(Hi,Hi,si,6). □ 
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2.2.2. Explicit Description of Hi. We now describe explicitly the quasi-split reduc- 
tive i^-group Hi. Let a be the generator of Gal(£^/i^). Recall that Jix = Hi 'A Wp, and 
the action of Wp factors through Wp /We = Gb1{E/F). Consequently, Hi must spHt 
over E. 

To construct Hi, we make use of the fact that there exists a maximal torus Ti of 
Hi dual to the maximal diagonal torus Ti of Hi; namely, X*(Ti) — X*{Ti), where 
X,(Ti) := Hom(G,„,Ti) andX*(fi) Hom(fi,C^). We have: 

X*{fi) = {{x,y;z,t) eZ^ xl.^ : x + y ^ z + t}, 

where (a;, y; z, t)(diag(a, 6), c, d) := a^b^c^d^ for all (diag(a, 6), c, d) € Ti. 

The Galois action of a on Ti is given by (T(diag(a, 6), c, d) = (diag(a, 6), d, c). This 
induces an action on X*{Ti) and consequently on X*(Ti), namely: 

a{x,y;z,t) = {x,y;t,z), \/{x,y;z,t) £ X^{Ti). 

We conclude that 

Ti = {Gm X G„i X Kp / pGm)' , 

where /pGrm is the F-group obtained from on restricting scalars from E to F, and 
the prime indicates that the product of the first two factors is equal to the norm of the third 
factor in Gm- 

The algebraic group Hi is defined by its root datum, which is the dual of the root 
datum of Hi (see | |Sp) ). Having found the dual of Ti, it remains to find the dual of the root 
lattice and make a choice of splitting. We skip this routine procedure. The resulting group 
is 

Hi = (GL(2) X RE/pGmY, 

where the prime indicates that the determinant of the first factor is equal to the norm of the 
second factor in G,,, . 

Since Hi is split over E and the group of i?-points of Rp^pGm is E^ x E^ , the 
group of i?-points of Hi is Hi(£') — 

{GL{2,E) xE"" X E"^)' := {(,g,7,(5) e Gh{2,E) x E"" x E"" : dct g = jS} . 

For any j E E, put 7 := aj. For g = {gij) E GL(2, E), put g :— {gij). The action of a 
on Hi{E) is induced by the action of cr on Hi, namely: 

a* : (g,7,<5) ^ {g,ll) , V(<?,7,^) e {GL{2,E) x E"" x E"")' . 
The F-points of Hi are the elements in Hi (E) which are fixed by a* ; thus. 



Hi(F) = (GL(2,F) X E" 



{{g, 7) e GL(2, F)xE'' : dot .9 = Ne/p^/} 



Suppose F is a number field. The norm mapping Ne/p ■ E F induces a norm mapping 
N E / F '■ ^ on the adeles , and the group of Ai?-points of Hi is 



Hi(Ai.) = (GL(2,Af) X A^)' := {(5,7) e GL(2,Af) x A^ : det g = N_e/_f7} 



At each place v of F, the Galois action on Hi as an Fy -group is compatible with the Galois 
action on Hi as an F-group. At a place v which does not split in E, Ey := E (E)p F„ is 
a field and Gal(F„/F„) embeds isomorphically into Gal(F/F). Consequently, the F„- 
group Hi splits over E^ and its group of F^, -points is as follows: 

Hi(F„) = (GL(2,F„) X E^y := {(3,7) e GL(2,F„) x E^ : detg = Ne/pi} • 
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If V splits into two places vi , V2 in E, then Ey^ = Ey^ = Fy and the Galois action on Hi 
as an F^-group is trivial, i.e. Hi is split over Fy. We have Hi(Fv) = 

(GL(2,F,) X F^^ X F^^)' := {{g,a,b) e GL(2,j;) x F^^ x F^^ :detg = ab} . 

2.3. Endoscopic group H2 

2.3.1. The Data (H2,H2,S2,^2)' We now constract a set of elliptic e-endoscopic 
data (H2, 'H2, 82,^2), where 

/ 1 

S2 = 



-1 

-1 
1 



Let 

H2 = {{A,B, A) G GL(2,C)2 X : det A = detS = A} . 
Fix a splitting spl^^ = {i?2, T2, {-'^a, -''^f)}} of ^2, where 

{{{*:),{* I),*)} CH2, 

T2 is the maximal diagonal torus of H2, and 

^a = ((n),(n):0), ^6 = ((88).(8J).o) 



are elements in the Lie algebra of H2. 
Define an action of Wp on H2 by 



w{A,B,X) 



{B,A,X) iiw = (T mod We, 
{A, B, A) otherwise. 



This defines a semi-direct product Ti.2 = H2 Wp- Since the action of Wp fixes spl^_^ 
W2 is an L-group, with H2 as its identity component. 

We define an L-group embedding ^2 : W2 — * (5 as follows: Put 

fa h\ 



{ih) 



e / 
g h 



Define the restriction of ^2 to H2 by 

^2\hM^B,X) = [A,B], y{A,B,X)GH2. 
Then, H2 is isomorphic to Cent(s2, G)° via ^Ih^- Put := (1 M ^ GL(2, C). Let 



6(1 X w) 



("'"^J ifw; = a mod We, 
1 otherwise. 



Let H2 be the unique quasi-split reductive group over F whose L-group '"H2 is Ti.2. One 
can check to see that (H2, W2, S2, C2) is a set of elUptic e-endoscopic data. 

2.4. Claim. Up to equivalence, (H2, W2, 82,^2) is the unique elliptic e-endoscopic 
data attached to 82- 

Proof. As in the case of si, if (H,7i, S2,0 is another set of elUptic e-endoscopic 
data attached to 52, then ^(H) = 6(^2). It follows from the definitions that (H,7i,s2,6 
is equivalent to(H2,W2,S2,6). □ 
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2.3.2. Explicit Description of H2. We now give an explicit description of the quasi- 
split, reductive F-group H2. The action of Wp on H2 factors through Wf/We = 
Ga\(E / F). Consequently, the group H2 is split over the quadratic extension E. 

To find H2, let T2 be the maximal torus of H2 which is dual to the maximal diagonal 
torus f2 of H2- Thus, ^^(Ta) is equal to 

X*(T2) = {{x,y;z,t;w) e x x Z}/{{n,n;m,m;-n- m) : m,n€ Z}, 

where 

{x, y; z, t; w){dia.g{a, b), diag(c, d),X) — b"^ c^' , 

V(diag(a,6),diag(c,(i), A) G T^. 

The action of a on T2 induces an action on X* (T'2); namely, 

a{x. y; z, t; w) — [z, t; x, y. w), V(z, t; x, y; w) € X*(T2). 
We conclude that T2 is a torus whose group of i?-points is 

{ ((^'C^) ' (^'72) ,??) : Ci,C2,7i,72,?? e Ex}/{(a/2,/3/2, {afi)-') : a(3 e E^}, 

where I2 is the 2x2 identity matrix. Put 7 := (77 for 7 e .B. The action of a on T2 gives 
rise to an action of a on T2 {E) define by: 

(T*(diag(Ci,C2),diag(7i,72),r?) = (diag(7i,72),diag(Ci,C2),??)- 

Having found the the dual of T2, we conclude without going through the details here that: 

H2(^) = (GL(2, E) X GL(2, E) x E"") / { {ah, Ph, {a0)~^) : a, /3 e £^ } . 

For g — (gij) G GL(2, E), let g = (gij). The Galois action on H2 induces an action 
on H2 {E) defined by: 

<J* ■■ {91,92,0 ^ (32,51,0, V(5i,52,C) € ^2{E). 
2.5. Claim. The group ofF-points 0/H2 is 

H2(F) = {{g,g,c):g€ GL(2, E),c€F'< }/{{zl2, zh, N^/^ ^"1) : z & E""} 



(GL(2.r) X F") /[{zh.^^^FZ-'-) : G F^} 



Proof. The group of F-points of H2 consists of the set of equivalence classes rep- 
resented by (5, h, C) G GL(2, E) x GL(2, E) x F"" such that {g, h, () = {h, g, () modulo 
{(a/2,/3/2,(a/?)-i) -.a, (3 

Suppose ((?, h, C) = {h, g, (), then there exist a,p G E^ such that 

ag = h, 
I3h = g, 
{a(3)-\ = C. 
This implies that a = and /J~^C € F^ . Since 

{g,h,0 = {g,g,b-\) = {g,h,0{l,f3,f3-') mod {{al2,l3l2,{ap)-')} , 
the claim follows. □ 
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Suppose F is a number field. The norm mapping N^; /p : E ^ F induces a mapping 
Ne/f : — * Af. The group of A^-points of H2 is: 

H2(Af) = (GL(2, As) X A^) /{{zI2,'Ne/fz-^) : z € A^}. 

At a place v of F which does not spht in E, the Galois group Gal{Ey/Fv) is isomorphic 
to Gal(£'/F). Consequently, we have: 

H2(F,) = {GL{2,E,) X FJ<)/{(^72,Nb/f0-1) : ^ e i;,^}. 

At a place v which splits in E, H2 is split over Fy, and H2(i^w) is equal to 

{ (51, 52, c) e GL(2, Fy) X GL(2, F,) x } / { {ah, bh, {ab-')) : a,b € F^^} . 

2.3.2.1. Summary. In sunomary, we work with the the following quasi-spUt reductive 
F-groups: 

• G = GSp(2) := {g G GL(4) : *gjg = X{g)J for some X{g) G G„} , where 

• Hi = (GL(2) X Kp ^ pGni)' , whose group of F-points is: 

Hi(F) = {{g, 7) G GL(2, F) x F^ : detg = ^e/fI}- 

• The reductive group H2, whose group of F-points is: 

H2(F) = (GL(2,F) X FX) /{(^Ja, N^/f^-I) : z G E^}. 

2.4. Norm Correspondence 

Let F be a local field or a number field. 
Terminology: 

• For any algebraic F-group H, we say that two elements h, h' in H(F) are conju- 
gate (or F-conjugate) if there exists an element 5 G H(F) suchthat (7~^/i(? = h'. 
A conjugacy class in H(F) consists of all elements in H(F) which are conjugate 
to one another. 

• We say that h, h' G H(F) are stably conjugate (or F-conjugate) if there exists 
an element g G H(F) such that g~^hg = h' . A stable conjugacy class in H(F) 
consists of all elements in H(F) which are stably conjugate to a given one. We 
say that a conjugacy class is stable if it coincides with the stable conjugacy class 
which contains it. 

• For our purpose, an element in H(F) is semisimple if it is diagonalizable over 
F. A semisimple element is regular if its centraUzer in H(F) is a maximal 
torus. 

• A torus in H(F) is elliptic if it is not contained in any proper parabohc subgroup 
of H(F). An element in H(F) is elliptic if it is contained in an elliptic torus. 

The goal of this work is to relate admissible representations of G(F), Hi(F), and 
H2(F) if F is local, or automorphic representations of G(Ai?), Hi(Ai?), and H2(Ai?) 
if F is a number field. To do so, we need to introduce the notion of transfer of stable 
conjugacy classes from Hi , H2 to G. 

Let H be an ^-endoscopic group of G with F-group embedding ^ : ^ ^G. Let 
CLss(H), CLss(G) denote the set of stable conjugacy classes of semisimple elements in 
H(F), G(F), respectively. 
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Let T = {diag{a, b,l/b,l/a) : a,b,l £ Gm} be the maximal diagonal torus of G. Let 
Th be a maximal torus of H defined over F. Let A be the unique map from X* (Th) to 
X^, (T) such that the following diagram commutes: 

X*{Th)^^X*{T) 

x4fH)^^x4f) 

Here, the vertical isomorphisms are given by the correspondence between root data and 
dual root data (see IIBol ). 

Any semisimple Sh S H(F) is F-conjugate to some tn G Th(^^)- Likewise, any 
semisimple 6 G G(F) is F-conjugate to some t e T(F). Let 5h € CLss(H) denote 
the stable conjugacy class of 6h G H(F). Let S denote the stable conjugacy class of 

SeG{F). _ 

Define a map .4h\g • CLss(H) CLss(G) as follows: Aii\g{Sh) = (5 if there 
exists tH e Th(F), t e T(F) such that 

• tn is conjugate to Sh in H(F), t is conjugate to 5 in G(F); 

• x(te) = (A(x))Wforallxe^*(TH). 

2.6. Definition. We say that 5^ e H(F) is a norm of (5 e G{F)if5 = Aii/g{Sh)- 
If F is global, we say that 5h — {5h,v) G H(Ai?) is a norm of (5 = ((5.„) G G(Ai?) if 
(J/f^u e H(Fu) is a norm of 6^ £ G{Fy) for every place v of _F. 

In general, Ah/g may not be one-to-one. Moreover, a regular element in H may be 
a norm of a non-regular element in G. If e H is a norm of a regular element in G, we 
say that Sh is G-regular. (Remark: A G-regular element in H is necessarily regular). 

Note that Ah/g is equivalent to a map 

N : Th(F)/M/h -> T{F)/W, 

where W, Wh are the Weyl groups associated with T(F'), Th(F'), respectively. More pre- 
cisely, given any class tn £ T^-h.{F)/Wh represented by tn £ Th(-F'), the class ^(tn) 
is represented by some t £ T{F) such that {\{x)){i) = xi^n) for all x e X*(Th). We 
shall describe N explicitly in the next two sections. 

In this work, we identify G with GSp(2, C) (see iBo)). Write: 

X*{T) = {{x,y,z,t) £ l}}/{{m,~m,-m,m) ■.m£Z}, 

where {x,y,z,t)6 := a^hyil/hYil/aY for all (5 = Ai&g{a,b,l /b,l/ a) £ T. Write: 

X,{f) = {{x, y,z,t)£l^ ■.x + t = y + z}, 

where [x, y, z, t)C := diag(C^ C*) e T for all C e 

The isomorphism i : X* (T) ^ X^, (T), determined from the identification of G with 
GSp(2, C), is defined as follows: 

i : {x,y,z,t) 1-^ {x + y,x + z,t + y,t + z), 

: {x, y, z, t) 1-^ {x ~ z, z, t, 0). 

For i = 1, 2, let denote the maximal diagonal torus of Hj. Let Wi be the Weyl 
group of T, (F) in (F). Let denote the map N from (F) /W, to T(F) /W defined 
above. 
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2.4.1. Norm Correspondence for Hi. Recall that 

Hi = (GL(2,C) X X C^) /{(diag(z,z),z-\z-i) : z e C''}. 

We have chosen the embedding : Hi ^ G Xo be : {A, u,v) ^ { ^^^^ ), where 
e := (1 Write: 

X*(Ti) = {{xi,yi;zi,ti) G Z^}/{{z, z,-z,-z) -.zgZ}, 

where 

(a;i,yi;^i,ii)(diag(a,6),c,rf) := a^'^W'^ c^"^ V(diag(a, 6), c, rf) e Ti. 

2.7. Claim. The map Ni : Ti(f')/W^i T(F)/W is given by 

Ni : (diag(a, Z/a); 6, Z/6) diag(6, a, Z/a, 

Proof. The lattice X*(Ti) is isomorphic to X*(Ti) in the following way: For any 
{xi,yi;zi,ti) e X*(Ti), its image in X*(T'i) is the homomorphism which maps any 
C e to diag((C''i , C^' ), C''' , C*' )• The embedding of X*(fi) in X^{f) is given by 

6 : 1-^ {zi + xi, zi + yi,ti + xi,ti +yi). 

The map A : X*(Ti) ^ X*(T) is therefore given by 

A : {xi,yi;zi,ti) ^ o 6(a;i, yi; -Zi, ii) = {zi - ti,ti +xi,ti +yi,0) 

Suppose an element ti = (diag(ai, li/ai); bi, h/bi) in Ti(F) is a norm of an ele- 
ment t = (a, b, l/b, l/a) in T(F). By definition, this means that x(ii) = {^{x)){t') for 
some t' conjugate to t and for all x € X*(Ti). Without loss of generality, assume t' = t. 
We have: 

ai'^'ili/aiy^bi'mi/bif' = ai^i-^i&^i+*nV&)*'+^' = a^'-'^b'^^-y^il/by^+y^ 

for all {xi,yi, zi,ti) € X*(Ti); hence, a = bi,b = ai,l = h, which completes the 
proof. □ 

2.4.2. Norm Correspondence for H2. To compute the norm correspondence be- 
tween G and H2, we carry out the same procedure employed for Hi. Let I2 be the 

2x2 identity matrix. Write: 

B.2{F) = (GL(2,i^) x GL(2,F) x F><) /{(a/2, 6/2, : a,6e F^}. 

A typical element in T2 (F) is represented by 

(diag(a,6),diag(c,d),l) e GL(2,F) x GL(2,F) x F^. 

2.8. Claim. The map N2 ; T2{F)/W2 T{F)/W is given by 

N2 : (diag(a, b), diag(c, d), 1) 1-^ diag(ac, ad, be, bd). 
Proof. We have: 

X*{T2) = {{X2,y2;z2,t2) e : X2 +2/2 = ^2+^2}, 

where 

{X2, y2] Z2, i2)(diag(a, 6), diag(c, d), 1) := 6"= c^^ d*^ 

V(diag(a,6),diag(c,d),l) eTa. 

The embedding of (f2) = X* (T2) in X^ (f) is given by 

6 : {X2,y2;Z2,t2)^ {X2,Z2,t2,y2)- 
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Thus, A : X*{T2) X*{T) is given by 

A : {X2,y2;z2,t2) t-^^{x2,Z2,t2,y2) = {^2 -^2,^2,^2,0). 

Suppose an element t2 — (diag(a2, ^'2), diag(c2, c?2), 1) in T2(-F') is a norm of some 
t = {a,b,l/b,l/a) G T(F). Then by definition we must have x(i2) = iKx))it') for 
some t' conjugate to t and for all x G X*(T2). Without loss of generality, assume that 
t' = t. We have: 

a^^6fc^^4^ = {a2C2r^{b2C2f^{d2/c2Y' =a^'-'-b'^{l/b)y- ^a''^b/aY-{l/b)y- 
fol^ arbitrary {x2,y2, -^2,^2; w) E X* (T2) (The first equality is vahd because of the condi- 
tion that a;2 + y2 = Z2 + t2)- We conclude that: 

a ^ a2C2, l/b = 62C2, b/a^ ^2/02; 
hence, t = diag(a2C2, a2d2, 6202, 62^2)- □ 

2.4.3. Norm Correspondence for F-Points. Let G = G{F), H, = H,(F) {i = 
1,2). We have described the norm correspondence among the F-points of the groups. 
We now describe the norm correspondence among non-elliptic or central elements in G, 
Hi,H2- Knowing the norm correspondence for these types of elements is a prerequisite to 
stating certain useful character identities in Chapter |5] The norm correspondence among 
elliptic regular elements is addressed in AppendixiBl 

Recall that E is the quadratic extension of F which corresponds to e. Suppose E = 
F{^/A) for some element A E F^ ~ F^ . For any element 7 = + b^/A in E^ , where 
a,b E F, put 

0^(7) :-(^ ^fleGL{2,F). 

The (not necessarily distinct) eigenvalues of (t)^{j) are 7,177, where a is the generator 
of Gal{E/F). Observe that det0^(7) = - b'^A = Ns/^7, and (f)"^ defines an em- 
bedding of E^ onto a maximal elliptic torus in GL(2, F). Moreover, (f>^{aj) is equal to 



, -1 



2.9. Claim. Let 61 — (diag(a, 6), 7) be an element in Hi. Then, 5i is a norm of 



e G. 



Proof. Theimageof (5i inTi(F) is (diag(a, 6), 7, 0-7). The rest follows from Claim 
l2Jl □ 

Note that since norm correspondence is defined up to stable conjugacy, the elements 
(diag(a, 6), 7) and (diag(a, 5), a^) in Hi are both norms of the same element in G. 

2.10. Claim. Let (diag(a, (3), c) be an element in GL(2, E) x F^ , and 62 its image 

in H2- Then, 82 is a norm of c0'*(q(t/3) ) G G. 

Proof. The image of 82 in T2 {F) is represented by 

(("/3),c("".,3),l)€GL(2,F)xGL(2,F)xF^ 
The rest follows from Claiml2.8l □ 



Note that the elements (diag(a, c) and (diag(aa, a/?), c) in H2 are both norms of 
the same element in G. 
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2.4.3.1. Central Elements. The center of G is Z — {diag{z , z , z , z) : z g F^}. The 
maximal i^-split component of the center of Hi is 

Zo{Hi) = {(diag(z,z),z) ■.zeF''}. 
The maximal i^-split component of the center of H2 is 

Zo(i?2)-{(diag(l,l),z)^:zeF><}, 
where lower * denotes the equivalence class of the element modulo the group 

{idia.g{x,x),'NE/FX'^) : x e E""}. 

2.11. Corollary. The elements (diag(2:, z), z) in Zo{Hi) and (diag(l, 1), z)* in 
Za{H2) are norms q/diag(z, z, z, z) G Z. 

2.4.3.2. Split Case. Suppose _F is a number field. Let w be a place of F where £y — \. 
Then, Hi(F„) = {(5, a, h) e GL(2, F„) x F^ x F^ : det 5 = ah}, and H-2{F.,) is 

{(5i,52,c) e GL(2,^;) X GL(2,F„) x F^} / {{ahM2.{ab)-^) : a,beF^f}. 

2.12. Claim. The element 61 — (diag(c, d), a, b) G Hi(i^i,) /i a norm of the element 
diag(c, a, 6, d) G G(F„). 

Proof. This follows from ClaimlZT] □ 

2.13. Claim. The element 82 = (diag(a, 6), diag(c, d), 1)* G H2(-Fi,) is a norm of 
diag(ac, ad, be, bd) G G{Fv). 

Proof. This follows from ClaimlZSl □ 

2.5. Matching Functions 

Suppose F is a local field. Let G = G{F). Let e be a quadratic character of F^ . 
Fix a character u; of the center of G. For any regular element t E G, let Zoit) denote the 
centralizer of t in G. In particular, since t is regular, ZQ{t) is a maximal torus. Let C{G, uo) 
denote the space of functions on G which are smooth, compactly supported modulo center, 
and transform under the center of G via lo^^. For / G C{G, lu), put 

OaU^t) := / ng-^tg)e{g)dg. 

JZG(t)\G 

Let H be either Hi or H2. Let H = H(i^). The character uj defines a character of 
Zo{H) = Z. Let G{H,uj) denote the space of functions on H which are smooth, com- 
pactly supported modulo Zq{H), and transform under Zq{H) via uj~^. For any G-regular 
element tn E H and function fn G G{H, uj), put 

OHUH.tH) / fHih~HHh)dh 

JZH{tH)\H 

and 

SOaifH.tH) :=^0h(/h,4), 

where the sum is taken over a set of representatives for the conjugacy classes of elements 
t'u G H in the stable conjugacy class of tn- 
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Let H' denote the subgroup of G-regular elements in H. A conjecture of Langlands 
asserts that there exists a function Ag / h on H' x G with the following property: For every 
/ G C(G, uj), there exists a function /h G C{H, uj) such that 

(2.1) SOH{fH,tH)^J2^G/H{tH,t)OG{f,t), ^ tn e H' , 

t 

where the sum is over a set of representatives for the i^-conjugacy classes of regular ele- 
ments t £ G. We say that /, /h are matching functions if the above identity holds. The 
function Aq/h, called the transfer factor, is defined in ILSJ in the standard case (where 
£ = 1) and in MKSI in a more general twisted context. In certain special cases, one may 
find a description of it in flTl, [Hl |. The transfer factor is expected to satisfy a host of 
properties (see liKSl ). A full discussion of the transfer factor is beyond the scope of this 
work, but we do specify it explicitly in the unramified case, which is needed for the Fun- 
damental Lemma (see below). We list here some properties of which are of interest 
to us: 

• Ag/jLf (f/f , i) = if tn is not a norm of t. 

• For all g e G, A{tH, g-Hg) ^ eig)A{tH,t). 

Note that, without the second property, the right hand side of (12. Il l is not well defined. 

Suppose now that is a number field. Let e be a quadratic character of Gp- Let 
H be an elliptic e-endoscopic group of G over F. Let G — G{F) and Gv — G{Fv) 
for any place v of F. Define H,Hv likewise. Suppose / e G{G{Af),uj) and Jh G 
G(H.{Af),uj) are products of local functions fv, fH,v, respectively. We say that / and fn 
are matching functions if and Jh^v are matching for all v E V. 

2.5.1. The Fundamental Lemma. An ingredient in the conjecture on the existence 
of matching functions is the "Fundamental Lemma", which is actually a conjecture. Let F 
be a local field. Let e be a quadratic character of . Let H be an elliptic e-endoscopic 
group of G over F. Let O be the ring of integers in F. Assume that H is defined over 
O. Let K = G(C'), Kh = H(0). Let n{G) be the Hecke algebra of smooth, compactly 
supported, A'-biinvariant functions on G. Define Ti-iH) likewise, with K replaced with 
Kh- The L-group embedding f : ^ G induces a map 

■.n{G)^n{H). 

The Fundamental Lemma asserts that / and are matching functions for any / in 

n{G). 

Suppose is a number field. Hales shows in 0H21 that if one can show that the 
unit elements of H{Gy) and Ti.{Hj,) have matching orbital integrals for almost all finite 
places V, then the Fundamental Lemma follows. Note that even though the title of IIH2I 
reads "standard endoscopy," the paper does in fact cover our situation. Using this result 
of Hales' and the results of Flicker's in [F31, we prove in Appendix iB] the Fundamental 
Lemma in the context of G and its e-endoscopic groups. 



CHAPTER 3 



The Trace Formula 



3.1. The fine x-expansion 



3.1.1. An Overview. Let F be a number field. Let V be the set of places of F. For 
any finite place v, let Oy be the ring of integers of F„. Let H be a reductive F-group. Let 
Zq be the maximal F-split component of the center Z of H. Let £ be a character of H(Air) 
whose restriction to Z{Ap) is trivial. From now on, by a group we mean an F-group. 

Fix a character u) of Zo(F)\Zo(Af). For any place v of F, let Hy = H(F„). Let 
C{Hv,ojv) be the space of smooth functions /„ on Hy such that /„ is compactly supported 
modulo Zo^y and fv{zh) = co~^{z)f{h) for all ^ G ZQ^v,h e H^. 

At a finite place v where H is defined over 0„, let Ky denote the hyperspecial, max- 
imal compact subgroup li{Ov) of Hy. Let 7i{Hy,ojy) denote the Hecke algebra of Ky- 
biinvariant functions in C{Hy,u)y). If v is archimedean, fix a maximal compact subgroup 
of Hy, and let 'H{Hy,ujy) be the set of Ky-^x\i\& functions in C{Hy,u)y). 

Let C{a{Kp),uj) denote the span of the smooth, compactly supported functions on 
H(Ai?) which are of the form ®yfy, where fy e C{Hy,ujy) for all v and fy is a unit in 
the Hecke algebra ^{{HyjUjy) for almost all finite v. In this work, whenever we mention 
a function / G C(H(Af), 'jj), we assume that / is the product of local components fy. 
Since such functions span C(H(Af)- w), our assumption has no ill effect on our attempt 
to understand the spectrum of H(Af). 

Fix a minimal (F-)parabolic subgroup Po of H. Let Ao be the maximal F-split 
component of the (F-)Levi subgroup of Pq. Let W^Ao, H) be the Weyl group of Aq in 
H. For any Levi subgroup M of H, let Am denote the spUt component of the center of 
M. Let X*(Am) = Hom(Gm, Am)- Let om denote X*(Am) ®z R- Let denote the 
dual of au- Let V{M) denote the set of all (F-)parabolic subgroups of H containing M. 

We fix a maximal compact subgroup K = in H(Aj?), where Ky = H(C'„) 

for every finite place v such that H is defined over Oy, and Ky is a fixed maximal compact 
subgroup in H(Fu) for the rest of the places v. 

Let M be a Levi subgroup in H. For any Q e o*^, let xc denote the character of 
M(Air) associated with C,. For any m E M(Af), let Hp{m) be the element in Om 
uniquely defined by the condition: e^'»'^^^™^^ — xc("^) for all € a^- 

For any parabolic subgroup P G V{M), representation r of M(Af), and element 
C G let /p,r(C) denote the H(Ai?)-module normalizedly induced from the M(Ai?)- 
module which sends an element m in M{Ap) to r(m)e<^''f^^('")^ In other words, /p,r(C) 
is the right regular action on the space of smooth functions cp on lI{Ap) which satisfy: 
<j){mg) — {5^/'^T){m)4){g) for all m G M.{Kp) and g G 'H.{hp). Here, 5{m) is defined 
as |det (Ad mln) |, where n denotes the Lie algebra of the unipotent component of P. For 
any function / in C(H(Af), u), let Ip,t{C, /) denote the convolution operator 
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where dh is a fixed Tamagawa measure on H(AF)■ 
Let Wh {M) denote the group of automorphisms of a m obtained by restricting ele- 
ments s G W(Ao, H) which satisfy s(M) = M. We define an action of Wh{M) on the 
set of all M(Ai?)-modules as follows: For any element s in Wh{M) and any M(Ai?)- 
module r, let st denote the M(Ai?) -module: 

T{{s'y^m), Vm G M(Aj-), 

where s' is a preimage of s in VK(Ao, H). Up to equivalence of representations, st is 
independent of this choice of preimage. 

Suppose T is equivalent to set for some s E Wg{M). Let Ip.t{s) be the operator on 
the space of Ip^T which sends 4){g) to e{g)(j){g). Then, Ip^ri^) intertwines /p.r(C) with 
e/p_er(C) for any ( S Om- Let Mp{s, () be an operator which intertwines /p_r(C) with 
Ip,st{sC)- Then, Ip^st{£)Mp{s, () intertwines /p,t(C) with elp^serisC) — £Ip,t{sC)- Put 

IpACJxs) :=/p,r(C,/)/p,c(£)- 
The e- twisted trace formula ( OCLLI ) is the equality 

(3.1) EJoAD-T^JLU), 

{O} {x} 

where the left (resp. right) hand side of the equation is the integral over the diagonal 
subgroup of the modified geometric (resp. spectral) kernel of the operator p{f)p{£) (see 
Chapter [U for the definitions of symbols). The modification depends on an element T, 
called a truncation parameter, in the Lie algebra of a fixed minimal Levi subgroup of 
H. Each side of (13.1b is defined only when T is sufficiently regular (see HCLLI ). The sum 
J2{x} ^x-f^if) is called the (twisted-)flne x-expansion of H. 

It is important to note that the authors of |CLL | have skipped giving a precise form of 
the fine ^-expansion for the twisting by p{e). We take the liberty here to describe without 
proof the sum •^Je(/) (^"-"^ instance, we can bypass the twisting by considering the 

untwisted trace formula for the group described in Lemma |4.39b . 

For / in C(H(Ap), cj), the fine x-expansion is a sum over the set of quadruples {x} = 
(M,L,T, s) consisting of Levi subgroups M,L of H, an element s G Wg{M), and a 
discrete spectrum automorphic representation r of M(Ap) such that: 

• McL; 

• is the subspace of oa/ fixed pointwise by s; 

• T is trivial on exp aj\/; 

• the restriction of r to Zo(Ap) is equal to w; 

• ST is equivalent to er. 

We say that a parabolic subgroup is standard if it contains the fixed minimal parabolic 
subgroup Pq. Let P G V{M) be the standard parabolic subgroup with Levi component 
M. The term associated with (M, L, t, s) in the fine x-expansion is the product of 

(3.2) \W{Ao,H)\ 
and 

(3.3) (2^)-dim(a./a«) /■ tr J (P, C)/p,. (C, / X £)Mp(s, CK- 

Here, Jv(^[P,C) is the logarithmic derivative of an intertwining operator We will not 
reproduce here the defintion of M'£{P, (). We only use the fact that Ai'£{P, C) = 1 when 
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L is equal H. In particular, the term in the expansion associated with a quadruple of the 
form (M,H,T, s) is 

(3.4) ^^[a'o,H)\ I'^'*^^ ~ ^)laM/a. r' tr Ip^AC, f X e)Mp{s, 0). 

We call the sum of all the terms in the form (I3.4l i the discrete part of the fine x-expansion 
of the e-twisted trace formula. We denote it by I'^{H, f, e). We call the sum of the rest 
of the terms the continuous part and denote it by I'^{H, f, e). If e = 1, we simply write 
I'^{H, /) (resp. r{H, /)) for I'^{H, /, 1) (resp. r{H, /, 1)). Observe that the e-twisted 
trace of a discrete spectrum representation tt of H(Ai^-) corresponds to the the quadruple 
(H, H, TT, 1). For any quadruple of the form (M, H, r, s) and parabolic subgroup P in 
V{M), we say that the (normalizedly) parabohcally induced representation Ip^ occurs 
e-discretely in the spectrum of H(Ai?). 

In this work, we only study the discrete parts of the spectral expansions of the groups. 
We now Hst the terms which occur in /''(GSp(2), /, e) and /''(iJj, fi) (i = 1, 2). 

Notation: 

• For any number field L, let Cl denote the idele class group L^\A^ . 

• For any character 6 of Ce, put '^d{x) :— 6{ax) for all x G A^. We say that 6 is 
cr-invariant if 6 = '^6. 

• Let uj-^ denote the central character of a representation tt. 

Terminology: 

• Let L be a quadratic extension of F. We say that an automorphic representation 
vr of GL(2, Ap) is L-monomial if it is the monomial representation 7r(6') asso- 
ciated with a character 6 of Cp. In particular, if /i is the class field character of 
L/F, then ^tt{9) is equivalent to 7r(0), and the central character WTr(e) is equal 
to • 11 (see |JL, Thm. 4.6], IH). 

• Let (£-)DOR stand for "(e)-discretely occurring representation." 

3.1.2. e-DOR of GSp(2, Aj.). Let G = GSp(2). Let Z be the center of G. It is 
isomorphic to G,,, . In particular, the maximal i^-split component Zq of the center is Z 
itself. We fix a character of Zo(i^)\Zo(Ai?). 

Recall that we have fixed a quadratic character e of Cf- It induces a character of 
GSp(2, Kp) defined by £(17) — e{X{g)). In this section, we list all quadruples (M, G, r, s) 
which satisfy the conditions mentioned in the previous section. 

If the quadruple has the form (G, G, r, s), then s is necessarily trivial, and t can 
be any discrete spectrum automorphic representation of G{Ap) with the property that 
u!t — 1^. In this case, the intertwining operator 0) is equal to 1. The contribution to 

the fine ^-expansion corresponding to (G, G, r, 1) is therefore 

trT(/ X e), 

where r(/ x e) denotes T{f)p{e). 

We now list all the valid quadruples for the proper Levi subgroups M of G. There are 
5 proper Levi subgroups: Aq, Mq, M^, M^, M^, which we shall describe shortly. 

We choose Po to be the upper triangular subgroup in G. Its Levi subgroup is Aq = 
{diag(a, b, X/b, A/a) : a, 5, A G Gm}. The F-split component of the center of Aq is Aq 
itself. A basis of the root system associated with the pair (G, Aq) is 



A = A(G,Po,Ao) = {a,/3}, 
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where a{t) := a/b, j3{t) := b^/\ for all t = diag(a, 6, A/a, A/6). The root system is 
R = R+ U -R+, where R+ = i?+(G, Po, Aq) = {a, ;3, a + /3, 2a + /?} is a fixed set 
of positive roots. Let X^, (Aq) = Hom((Gm, Aq). Let ag = X* (Aq) (8) M. We identify 
with the real vector space {{x,y,t — x,t — y) : x,y,t & M.} = M.^ . 

Let V be the space of weights (| |Sp| ) associated with the pair (G, Aq). The Weyl 
group T/F(Ao, G) of Aq in G corresponds to the group of automorphisms of V which are 
generated by reflections associated with the roots in For a root 7 E let denote 
the Weyl group element which corresponds to the reflection over 7. 

The Weyl group VF(Ao, G) is isomorphic to D4, the dihedral group of order 8. Viewed 
as a permutation group on four letters (corresponding to the four entries of an element in 
Aq), it consists of the following elements: 

• = (12)(34), 

• s/3 - (23), 

• S2a+l3Sa = (1243), 

• p := SfjSa = (1342), 

• Sa+^ = (24)(13), 

• = (23)(14), 

• S2a+/3 = (14). 

Note that p = sps^ has order 4, and VF(Ao, G) = (s^, p) . 

Let e denote the element diag(l,— 1) in GL(2). The proper Levi subgroups of G 
which strictly contain Aq are: 

M„ = jblockdiag (^g, ^J^e^e^ ■ 9 e GL(2), A e G,„| , M'„ = spM^sp, 

Mfj = {blockdiag(a, (det5)/a) : a e Gm,g e GL(2)}, M'^ = SaMpSa- 

3.1.2.1. e-DOR associated with Aq. Suppose (Aq, G, t, s) is a quadruple satisfying 
the conditions outlined in Sec tion [3. 1.11 The discrete representation t of Ao(Ai?) has the 
form: 

T ^ pi® P2® t^'- diag(a, b, \/b, A, a) ^ pi{a) p2{b) p{\) 

for some characters /ii, /i2, /i of Cp- Let /ii x /i2 xi /i denote the (normalizedly) paraboli- 
cally induced representation /p^ [pi (g) /i2 /i) of G(Ap). 

For og to equal ag, the element s in Wg{Aq) = W{Aq, G) must be one of p, (?■,(?■ 
By assumption, st = st and uJt- — ui, which implies that the following holds: 

• If s = p or p^, then t must have the form e ® e ® p for some character p of Cf 
such that p^ — oj. 

• If s = p^, then T must have the form e' ® e'e ® p for some characters e' ,pof 
Cf such that (e')'^ — 1 and ep"^ — to. 

We have: \W{Aq,Aq)\ = 1, |Ty(Ao,G)| = 8. Fors = p, p^, det ((1 - s)|„„/„^) is equal 
to 2, while |det(l-p2)|^^/^^| =4. 

Notation: For any representation r of M(Ap) and element w in the Weyl group 
W{Ao, G), let '"r denote tow. 

The orbit of e ® e ® p under W{Aq, G) — D4 is of order 2. Consequently, the 
set of quadruples {(Aq, G, ™r, s) : s — p, p'^,w £ W{Ao, G)} has 4 distinct elements, 
and they all give rise to the same representation Ip^ (e (g) £ (g) /x) = e x e yi p. Since 
£ X e x: p, is irreducible, by Schur's lemma we may normalize the intertwining operators 
so that Mp„ (p, 0) = Mp„ (p^, 0) = 1. 
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We conclude that the contribution from £ x e x /j, to the fine x-expansion is 

4- 11 - tr {exexi n){f X e). 

Similarly, the orbit of e' (g) e'e (g) /i under iy(^o , G) is of order 8, and the irreducibility 
of e' X e'e X /i implies that Mp^ {p^ ,0) = 1. Consequently, the contribution from e' x e'e x /i 
to the fine x-expansion is 

8 ■ 11 • tr (e' X e'e x /i) (/ x e). 

To summarize, the contribution to the fine x-expansion from quadruples of the form 

(Ao,G,T,s) is: 

(3.5) ^ X! (exexiM)(/ X e) + ^ X! (e' x e'e x /i) (/ x e). 

e' fi^—uj 

3.1.2.2. e-DOR associated with Mq. Suppose (M^, G, r, s) is a quadruple satisfy- 
ing the conditions outlined in Section 13.1.11 The discrete spectrum representation r of 

MQ,(Ai?) has the form: 

T = TT2'E) fi: blockdiag ^g, ^J^^ge^ i-^ fi{X)n2{g), 

where 112 is a discrete spectrum representation of GL(2, Ap) and /i is a character of Cp- 
Let Pq be the standard parabolic subgroup of G whose Levi component is Mq,. Put 

7r2 X /X := Ip^{'!T2 g) A*). 

The group WciMa) is represented by the elements {1, (24)(13)} in W{Ao, G), and 
Om„ is equal lo {{x,x,t — x,t — x) : x,t e R} = R^. For to equal qg, the element 
s £ V[^g(^q) niust be the restriction of Sa+p = (24) (13). The following statements hold: 

• 712 is e-invariant; i.e., 712 is equivalent to the representation 

e7r2 : g 1-^ e(det 3)712(5), Vg G GL(2, A_f). 

• (jj7r2 = £ = ^■ 

By |JL| Thm. 4.6], there exists a character rjof Cp such that r] ^'^-q and 7r2 is the cuspidal 
monomial representation 7r(r/) associated with -q. Moreover, since i^7r(r() is equal to ?7|^x • e, 
the character r/|^x must be trivial. 

We have: |W^(Ao,M„)| = 2, |dct ((1 - s„+;3)|(„,^/(,g) | = 2. The orbit of the 
representation r = 7r(7]) (g p, under T/F(Am„, G) is of order 2, and both elements in the 
orbit give rise to the same induced representation 77(7/) x /i of G{Kp). Since 7r(ry) x /i is 
irreducible ( ISTI ). we may normalize the intertwining operator Mp^ (sq+/3, 0) to be 1. 

For each {x} = (M^, G, t, s), there is a representation t' of MJ^(Ai?) and an element 
s' in Wg{M'^) such that the quadruple (MJ^, G, t', s') contributes a term which is equal 
to the contribution from {x}. The contribution of tr {^{rj) x n) {f x c) to the fine x- 
expansion is therefore: 

(3.6) ^ ■ 2 ■ i 4 ^ ^""^"^^ >^ A^) (/ 
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3.1.2.3. e-DOR associated with 'M.p. Suppose (M^, G, r, s) is a quadruple satisfying 
the conditions listed in Section [3. 1.11 The discrete representation r of M/5(Af) has the 
form: 

T = ^®TT2 : blockdiag ^a, g, ^ A*(«)'''2(ff), 

where 1^2 is a discrete spectrum representation of GL(2, Kp) and /i is a character of Cp- 
Let P/3 be the standard parabolic subgroup of G whose Levi component is M^. Put 

The group Wg{Mi3) is represented by {1, (14)} in W^(Ao, G), and ajv/^j is equal to 
{{x, y, y,2y ~ x) : x.y eR} = R^. For to equal qq, the element s G WciMa) must 
be the restriction of S2q+/3 — (14). The following statements hold: 

• ^l^ = l. 

• 7r2 is /ie-invariant. 

The classification can be refined further: 

• If ^ = 1, then TT2 = 7r(x) for some character x of Ce such that x ¥^ '^X ^^"1 
Xl^x • £ = cj (see ||JL), JKl). Observe that the orbit of 1 (g) 7r(x) under M^g(^/3) 
is of order 1. 

• If /I ^ 1, £, let be the quadratic extension of F corresponding to /le via 
global class field theory. Suppose Gal{E^^/F) = {a'). Then, 712 = Tr{0) for 
some character 6 of Cp^^ such that 9 ^ 6 and 6'|^x • e = cj. 

Let £'^1 be the quadratic extension of F corresponding to /i. The orbit of 
/i (g) 7r(0) under WciMp) is of order 2 if 7r(0) is not _E^-monomial (i.e., not a 
monomial representation associated with a character of Ce It is of order 1 if 
tt{9) is i?^-monomial. 

• If fi = e, then 7r2 can be any cuspidal or one dimensional automorphic represen- 
tation of GL(2, Aj?) with central character 10,^2 — The orbit of e (g) 7r2 under 
WaiM/j) is of order 1 if tt2 is E'-monomial and of order 2 otherwise. 

We have: \W{Ao,Mp)\ = 2, |det ((1 - S2a+/3)|aM„/aG) | = 2. As in the case 
of Mq, for every contribution to the spectral expansion from a quadruple of the form 
(M;3, G, T, s), there is an equal contribution from a quadruple of the form (M^, G, r', s'). 
Moreover, the elements in the orbit of r = /i ig) 7r2 under VFG(Af^) all give rise to the same 
representation /i xi 7r2. Consequently, the contribution from representations of the form 
/i XI 7r2 to the fine x-expansion is the sum of the following terms: 

(1) 2 • ^ • 2 ^Z^'^ ^ ""(x)) (/ X e)Afp^ (s2q+/3, 0), where the sum is over the 
characters x of such that xl^*^ = eoj. 

(2) 2 • 2 • i • i ^tr (/u X 7r(6')) (/ x e)Mp^{s2a+p,0)- The sum is over the 
nontrivial quadratic characters ji ^ e of Cp and cuspidal iJ^^ -monomial repre- 
sentations Ti{9) of GL(2, Kp), where is a character of Cp ^, such that: Tr{9) is 
not £'p-monomial and 6'|^x ■ e — uj. Let cr' be the generator of the Ga\{Ef^^ / F). 

It is known that tt{9) is iJ^-monomial if and only if '^9/9 = 110 Ne/f (see 

lEQ). 

(3) 2 ■ ^ • 2 5^ (/^ ^ '^i^)) if ^ ^)-^'^Pi3 ('52a+/3, 0). The sum is over the nontrivial 
quadratic characters /i 7^ e of Cp, cuspidal iJ^e -monomial representations n{9) 
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of GL(2, Af), where is a character of Ce^^, such that; '^9/6 is equal to and 

(4) 2-2---- tr (e x tt) {fxe)Mp^ (s2q+/3, 0). The sum is over all cuspidal non- 

i^-monomial, or one dimensional, automorphic representations tt of GL(2, Ai?) 
with central character = eui. 

(5) 2 ' ^ ' 2 5Z >^ (/ X ^)^'^P(3 {s2a+p, 0). The sum is over all cuspidal E- 
monomial automorphic representations tt of GL(2, Aj?) with central character 

Suppose an automorphic representation tt = ^y-Ky of G(Ai?) is e-invariant. Assum- 
ing that the multiplicity one theorem holds for GSp(2), the intertwining operator p{e) 
maps the space of tt back to itself. Consequently, p{£) defines at each place v a local op- 
erator p{e)v which intertwines tt^ with £i,7r^. Hence, for / e C(G(Ai?), w), the twisted 
character tr 7r(/ x e) may be expressed as the product tr Tiv{fv x £«) of twisted local 
characters. Here, tr 7rt,(/„ x £„) :— tr TTv{fv)p{£)v 

We now examine the behavior of the intertwining operator Mp^ (s2a+/3) 0). Let vr be 
the induced representation /i x 7r2, where is a character of Cp, and 7r2 is a cuspidal or 
one dimensional automorphic representation of GL(2, A^)- At any place w of F for which 
jiy = 1 and TT2,v is square integrable or one dimensional, the local representation 7r„ is of 
length two, with constituents 7r+, tt^ (tempered if Tr2,v is square integrable, nontempered 
otherwise) (see LST|). We normalize intertwining operators so that the local component 
Mpi^ {s2a+i3, 0)v of Mp^ {s2a+f3, 0) acts trivially on 7r+, and via scalar multiplication by 
— 1 on TT~. At a place v where tt2,v is parabolically induced and/or py ^ 1, the representa- 
tion 7r„ is irreducible. For convenience, for such v we put 7r+ := tTi, and 7r~ := 0. Hence, 
^Pf, (s2a+/3, 0)i, acts trivially on 7r+ and via scalar multiplication by —1 on -k^, for all v. 

Using the above notation, we write (recall that we assume / — <E)vfv)' 

(3.7) tr7r(/ x e)Mp^{s2a+i3,0) = J| [tr7r+(/i, x Sy) -tr7r^(/t, x Sy)] . 

vev 

3.1.3. DOR for Hi(Ai?). The norm mapping N^/f ■ E ^ F induces the norm 
mapping ^e/f '■ Ap on the adeles . Let GL(2, Ap)^ denote the subgroup of 

GL(2, Ap) consisting of elements whose determinants lie in Ne/f^e- ^^i" ^'^Y repre- 
sentation r of GL(2, Ap) and character x of Ce, let t x denote the representation of 
Hi(Ai7) in the space of t defined as follows: 

T(8)i X : {9,x) 1-^ x{x) (t"|gl(2,Af)^) (s), V(g, a;) S Hi(Ap). 

Since any {g, x) E Hi(Ai?) satisfies dett; — Ne/fx, the representations t (g)i x and 
p~^T (E)i {p o Ne/f)x are equal to each other for any quasicharacter pof Cp- Moreover, 
since the representation r x is defined by x and the restriction of r to the subgroup 
GL(2, A^;-)^ of GL(2, A.p), it may be reducible even if r is an irreducible representation 
of GL(2,Af) (see flLL)). 

3.1.3.1. Discrete Spectrum Representations. Let (Hi,Hi,7r, 1) be a quadruple for 
the group Hi. Then, tt is an irreducible, discrete spectrum, automorphic representation 
of Hi(Ai?), and it is an irreducible constituent of t ®i rj for some irreducible, discrete 
spectrum, automorphic representation r of GL(2, hp) and character p of Cp- 

For any place v of F which remains prime in E, let 

GL(2,F,)^ = {5 e GU2, Fy) : detg e ^e/fE^}. 
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If V splits in E, let GL(2, Fy)^ = GL(2, F^). The adelic group GL(2, Ap)^ is equal to 
the restricted tensor product (g)i,gyGL(2, F^)^ (namely, almost all local components lie in 
GL(2,Ci^) n GL(2,F„)^), and T|GL(2,Af = <S)vTv\gl{2,f^)'^- 

Let V be any place of F. From ILLl . the restriction of t„ to GL(2, is reducible 
if and only if v is prime in E, and Ty is the E'lj-monomial representation associated with 
some character 9^ of El^ . In this case, the representation t„ |ql(2,f„)^ has length two, with 
constituents t+ and . For convenience, if is irreducible, we let r+ = r„ and — 0. 
If Tv\gl{2.f^)'^ is unramified, we let t+ be the constituent which contains the (unique up 
to scalar multiple) GL(2, O^j-fixed vector If Ti,|ql(-2 i?^)E has length two and is ramified, 
then which constituent to label 7r+ and which to label it" is irrelevant for our purpose. 

We let 7r+ = r+ ?/„ and tt^ — t~ ^I'qy for any place v of F. Let t„ ry^ denote 
the local packet {7r+. 7r,7}. We define the global packet r (g)i 7y to be the restricted tensor 
product 

(^veviTv «■! Vv} ■= {<^vK ■■ TTy e {7r+, TT^}, TT^ = 7r+ almost all v}. 

Recall our assumption that the global test functions are tensor products of local compo- 
nents. For /i ~ (^v<£vfi,v in C{Jli{Ap),uj), put 



tr (r®i77)(/i) := J] 



tr 7r+(/,) + 7r-(/.) 



The distribution /i i-^ tr (r (g)i ?/) (/i) defines a distribution on C(H.i{Ap),oj) which is 
invariant under stable conjugacy. 

If T is not an _E-monomial representation, then by |LL| each member of r (g)i 77 occurs 
with multiplicity one in the discrete spectrum of Hi(Ai?). Thus, the contribution of the 
packet T ?7 to the spectral side of the trace formula of Hi (Ap) is 

tr (r0i77)(/i). 

If r is cuspidal i?-monomial, the multiplicity m(7r') with which each member n' of 
{tt} occurs in the discrete spectrum of Hi (A^ ) is given by the following formula: 



where n(7r') is the number of places v for which tt[, = tt~ ( ULLl ). Taking into account the 
nontrivial multiplicity formula, the contribution of r (8)1 77 to the spectral side of the trace 
formula of Hi (Ai?) is equal to D{t rj, /i) := 

I n ''vihv) + tr 7r-(/i,„)] + ^ n [t"" ""viKv) - tr 7r-(/i,„) 

Note that the first term in the above sum is equal to i • tr (r 77) (/i). If v is prime in 
E, there exists an ft, e Hi(F^,) such that conjugation by h swaps 7r+ with 7t~. Hence, 
i • tr (r ®i 77) (/i) defines a stable distribution on C{llx{Ap),uj), whereas the second 
term in the sum defines an unstable distribution. We call ^ • tr (r ®i 77) (/i) the stable 
part of D{t (g)i f], /i). 

3.1.3.2. Induced Representations. There is one proper Levi subgroup in Hi; namely, 
the diagonal torus 

Ml = {(diag(a, 6), c) : a,be G,„, c G RE/pG^m, ah = ^e/fc}- 



3.1. THE FINE x-EXPANSION 



35 



Suppose (Ml, Hi, T, s) is a quadruple in the fine x-expansion of Hi(Af)- Any discrete 
spectrum representation of Mi (Af) has the form: 

T = Ml (g) M2 <8)i ?7 : (diag(a, 6), c) i-^ Mi(a)M2(&)?Kc), 

V (diag(a,6),c) e M^{Ap), 

where /ii , are characters of Cp and 77 is a character of Ce- From the way Mi is defined, 
for any quasi-character jiof Cp, we have: 

(3.8) Ml ® M2 (8)1 »y = MMi ® MM2 ®i (m~^ ° ^^e/f) V- 

The i^-split component of Mi is {(diag(a, b), c) : a,b,c G G„i, ah = c^}, and 
Qa/i = {(2;, y;t) : x,y,t eR,x + y = 2t} = R^. The group Wh^ (Mi) is equal to Z/2Z, 
generated by (12) : (diag(a, 5), c) 1-^ (diag(&, a), c). The F-split component of the center 
of Ml is A_ffi ~ {(diag(c, c), ±c) : c G Gm)}, and a^i = {{z,z-z) : z e M}. 

If a|,j^ = a_f/j for some s € Wjjj (Mi), then s must be equal to (12). Consequently, 
T = /ii (X) ^2 (Xii ?7 is equivalent to M2 <8) Mi ^1 V- I" other words, 

Mi(a)M2(6)?7(c) = M2(a)Mi(&)'7(c), V(diag(a, 5), c) e Mi(Af). 
Since ab = Np/pc, the above equality may be rewritten as 

^(a) ((m2 o Np/p) ■ 77) (c) = ^(a) ((mi o N^/j.) • r;) (c), Va € A^, c € Ag. 
M2 Ml 

Thus, Mi/M2 is equal to either 1 or e. By ( I3.8l l. we conclude that r must have one of the 
following forms: 

• 1 (g) 1 (g)i 77, 

• 1 (g) e (gii ry. 

We have: |T4^(Mi,Mi)| l,\WiMi,Hi)\ - 2, and |det(l - (12))U,,^/„„J is 
equal to 2. 

Let Pi be the upper triangular parabolic subgroup of Hi whose Levi component is 
Ml. By ( 13.41 ). with e = 1, the contribution to the fine x-expansion of Hi(Ai?) from Mi 
is 



22^ 

'?l.x='^ 



tr (/(l,l)®ir,)(/i)Mp,((12),0) 



+ tr (/(l,e)®i77)(/i)A./p,((12),0) 

The representation /(1, 1) 01 rj is irreducible, and we normalize the intertwining op- 
erator Mpj^ ((12), 0) to be 1. For any place v, the distribution on the space C{'H.i{Fy),ujy) 
defined by 1-^ tr (/(1, 1) 01 rj)^ ifi,v) is stable. 

In the case of /(I, e)(E)ir], the restriction of /(I, e)„ to GL(2, Fy)^ is irreducible if the 
place V splits in E, and it is reducible of length two, with constituents if v is prime 

in E. We let /+ denote the unramified constituent of /(I, e)„ if /(I, e)„ is unramified, and 
welet/+ = e)v, — if w splits in Write the intertwining operator Afp^ ((12), 0) 
for /(I, e) (01 rj as the tensor product ^y^yMp-^ ((12), 0)y of local intertwining operators. 
If V splits in E, we normalize Afp^ ((12), 0)t, to be 1. If v is prime in E, we may normalize 
Afpj ((12), 0)1, so that it acts trivially on /+ and it acts via multiplication with —1 on 1^ 
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(see OLLI Sect. 5]). Hence, for /i e C(Hi(Af), lo), we have 

tr ®i r;) (/i)Mp, ((12), 0) = [] (tr - tr /-(/i,„)) ■ 

vev 

If w is prime in E, there exists an element of h E Hi (F„) such that the action of conjuga- 
tion by /i swaps /+ and/~ ( ILLII ). muhiplving the trace by a factor of —1. The distribution 
fi,v 1-^ tr (/(I, e) ®i f])^ (/i,„)Mpj ((12, 0)^ is therefore unstable. 

3.1.3.3. Stable Spectrum. Recall that I'^{Hi,fi) is the discrete part of the fine X' 
expansion for Hi(Ai?). We let SI'^{Hi, /i) denote the stable part of I'^{Hi, /i); namely, 
SI'^{Hi, /i) is the sum of the following: 

. ^tr^(/i). 

The sum is over representations tt of the form t rj, where t is a cuspidal 
non-i?-monomial or one dimensional representation of GL(2, Ap), and ?/ is a 
character of Ce, such that 77|^x ■ oJt- — 

The sum is over representations tt of the form tt — 7r(6') ® i ry, where 6, rj are 
characters of Ce, & 7^ '^9, {d-q) -e ~ ui, and 7r(6') is the cuspidal, i?-monomial 
automorphic representation of GL(2, Ap) associated with 6. 

. i^tr (/(l,l)®i,7)(/i). 

The sum is over characters rj of Ce such that rjl^x ~ oj. 

3.1.4. DOR for H2 (Ap). For any representation tt of GL(2, A^) and character /i of 
Cp such that ut-^ ~ /i o N£;/p, let tt (g)2 denote the representation of H2(Ai?) defined as 
follows: 

TT (g)2 M : {9, c) 1-^ fJ,{c)TT{g), \/{g, c) G H2(Af). 
There is one proper Levi subgroup in H2; namely, the diagonal torus whose group of 
F-points is: 

M2iF) = {(diag(a,6),c), : a, 6 G , c e }, 
where lower star denotes the equivalence class of the element in GL(2, E) x F^ modulo 
the subgroup {(diag(z, z),'Ne/fZ~'^) ■ z e E^]. 

Suppose (M2; H2, T, s) is a quadruple in the fine x-expansion of H2. Any discrete 
spectrum representation of M2(Ai?) has the form: 

r = 771 (g) 7?2 <X'2 M : (diag(a,5),c)* 771 (0)772 (&)m(c), V (diag(a, 5), c)* , 

where 7;i, 7/2 are characters of Cb and fiis a character of Cp. Because of the equivalence 
relation on H2(Ai?), the characters must satisfy 7/1772 — f^o ^e/f- 

The i^-points of the split component Aj^j^ of M2 is {(diag(a, b), c)^, : a,b,c }, 

and 

OM. = {{x, y, t):x,y,te M}/{(z, z, -2z) : z g M} = 

The group VF^^C^z) = W{H2) is equal to Z/2Z, generated by the permutation (12) : 
(diag(a, b), c)* i— > (diag(6, a), c)*. The i^-points of the split component of the center of 
Ha isAh^F) = {(diag(l,l),c), : cG F><)}, and a^, = {(0,0; z) : z G M}. 
If — for some s G {M2), then s must be (12). Consequently, 

T = X® X®i^ 
for some character x of Ce such that x^ — ^ °^e/f- 



3.1. THE FINE x-EXPANSION 



37 



We have: \W{M2,M2)\ = 1, |V^(M2, Ifa)! = 2, and det(l - (12))|,„^/,„^ is 
equal to 2. 

Let P2 be the upper triangular parabolic subgroup of H2 whose Levi component is 
M2. Then, the contribution to the fine x-expansion of H2(Ai?) from M2 is: 



\-\ E tr (J(x,x)®2a;)(/2)Mp,((12),0), 



where /2 is a test function in C(H2 (Aj^), w). Since /(x, x) ®2 w is irreducible, we nor- 
maUze Mp^{{l2), 0) to be 1. 



3.1.5. Summary. In summary, I'^{G, /, e) is equal to the sum of following: 

7rGLd(G(AF),w) 



\ J2 (e' X e'e x m) (/ x e) 

£'2=1, e'ij.'^=w 

- Yl tr (7r(x) >^ (/ X £)MpJ 



4 

(S2a+/3,0). 

The sum is over the nontrivial quadratic characters ^ of Cp and cuspidal 
monomial representations tt{9) of GL(2, Ap), where 6' is a character of C^^^, 
such that: 'jt{9) is not E'^-monomial and ^|^x ■ e = w. 

• ^J2^T (/XX7r(^))(/X£)Mp^(s2a+/3,0). 

The sum is over the nontrivial quadratic characters ji of Cp and cuspidal 
monomial representations n{d) of GL(2, Ap), where is a character of Cp,^^, 

such that ■ s — lo and 7r(0) is i?-monomial. In particular, we have = jj,, 
where a' is the generator of Gal{Efi^/F). 

• 2 ^ (£ X Tt) (/ X e)Afpg (s2a+0, 0). 

The sum is over all cuspidal non-_E-monomial, or one dimensional, auto- 
morphic representations tt of GL(2, Ap) such that soj-j^ = ui. 

• 4 E (e X tt) (/ X e)Mp^ (s2«+/3, 0). 

The sum is over all cuspidal ii^-monomial automorphic representations tt of 
GL(2, Ap) such that sw^ = u. 
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The stable spectral expansion SI^{Hi, fi) is equal to: 

reLd(GL(2,AF)), e^-'S, 

*F F 

+ i E (/(l,l)®iry)(/i), 

*F 

and I'^{H2, /2) is equal to: 

E + \ E (^(^' ^) ®2 ^) (/2). 

7reLd(H2(AF),c^) x^='^oNf/f 

3.2. Comparison of Geometric Sides of Trace Formulas 

3.2.1. Weighted Orbital Integrals. Let H be a reductive F-group. Let Zq be the 
split component of the center Z of H. Let e be a character of H trivial on Z. Fix a minimal 
parabolic subgroup Pq of H. Let Aq be the split component of the Levi subgroup of Pq. 
Put ao :=X,(Ao)«)z M. 

We say that a regular element in H(F) is parabolic if it is not elliptic; in other words, 
its centralizer in H(F) is a maximal torus which is contained in a proper (F-)parabolic 
subgroup. The terms in the geometric side of the (e-twisted) trace formula associated with 
the semisimple conjugacy classes of parabolic elements are e-twisted-weighted orbital 
integrals, defined as follows: 

Suppose 7 is a parabolic element in H(F). Let M be the minimal Levi subgroup 
of H containing 7. Let Ji{Ap)^ be the centralizer of 7 in H(Ap). The weighted orbital 
integral associated with the semisimple conjugacy class of 7 has the following form ( ||CLL[ 
Lecture 5]): 

0^(7, /) = c(7) / f{h-'jh)e{h)v{h, T) dh. 

Here, c{j) is some constant dependent on 7, T is the truncation parameter in Qq, and 
v{h, T) is the volume of a certain convex hull in anXo-u determined by the projections of 
T and Hp„ [h) onto anX^M- 

Let n be the real dimension of anXo-M- For each T, the volume function T) is 
a degree n polynomial in the coordinates of Hp^{h). Let {hi, /i2, ■ • ■ } be the eigenvalues 
of h . The coordinates of Hpg{h) e oa/ are expressed in terms of log \h[\, where h[ — 
^Li/phi, Li is the smallest extension field containing hi, and |-| is the absolute value 
function on Af. For any place v of F, let |-|^ be the p-adic absolute value on Fy. Then, 
M = n. 1/^4' and log \h'^\ = log \hri. We rewrite 0^(7, /) as follows: 

f fs(hs'7hs)es(hs)v{h,T,S)dhs 

Hs.y\Hs 

^ n / fw{h~^^h^)£^{h^) dh^ . 

Here, the sum is over the sets S of n distinct places of F. The subscript S in i/g, /s, es 
signifies the product of local components Hv,fv,£v over the places v in S. The term 



(3.1) c(7)E 

s 
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v{h, T, S) is a polynomial in the local components of v{h, T) at the places in S. Observe 
that the product over w ^ S consists of non-weighted local Em-twisted orbital integrals. 

We say that a local function /„ on H(_F„) is elliptic if the orbital integral of van- 
ishes at the parabolic elements in H(i^u ). Matrix coefficients of cuspidal representations of 
H(i^i,) are examples of such functions. By choosing test functions / whose local compo- 
nents at n + 1 distinct places are elliptic, the weighted orbital integral 0^(7, /) vanishes. 

We say that an element in H(F) is singular if it has two equal eigenvalues. From 
0A2I . the weighted orbital integral at a singular element may be expressed as a limit of a 
linear combination of weighted orbital integrals at parabolic elements. Hence, by choosing 
/ with n + 1 elliptic components with n sufficiently large, the weighted orbital integrals at 
singular elements also vanish. Here, n is sufficiently large if it is greater than or equal to 
the semisimple rank of H. 

Consider the case of G = GSp(2). Suppose 7 is a parabolic element in G{F) for 
which the e-twisted orbital integral is nonzero. Then, the centralizer of 7 in G{Af) must 
necessarily lie in the kernel of e. The centralizer of 7 in G(Ai?) is a maximal non-elliptic 
torus. The following is a list of representatives of the conjugacy classes of the maximal 
non-elliptic tori in G(Ai?): 

(1) T(Af) = {diag(a, b, X/b, A/a) : a, 6, A e Aj}; 

(2) TiAp) = ^et,e) ■t2 e T2(Ai.),AG A^j, 

where T2 is a maximal elliptic torus in GL(2) and e = diag(l, —1); 

(3) T(Af) = {(° *\) ■a,b(^ A^,t2 E T2(Af), afe = det^s} , 

where T2 is a maximal elliptic torus in GL(2). 

In the first two cases, the similitude factors of the elements in the torus range over all of 
A^; hence these tori do not lie in the kernel of e. In the third case, the similitude factor 
is det t2- An elliptic maximal torus in GL(2, Ap) which lies in the kernel of e o dot is 
conjugate to |( ^ '^^j : c,d E Ap, (c, d) 7^ (0, 0)}, where A is an element in — F^"^ 
such that E = F{^/A). Consequently, if the centralizer of 7 must be conjugate to 

T(Aj.) = I ^ ■.a,beA^, c,deAp, ab = c^-d^A 

Since the semisimple rank of T is 1, using test functions with two elliptic components 
suffices to eliminate the weighted orbital integrals from the geometric side of the e-twisted 
trace formula for G. 

As for the e-endoscopic groups Hi, H2, their semisimple F-ranks are equal to 1. 
Hence, using test functions with two elliptic components suffices to eliminate the weighted 
orbital integrals. 

Fix two places ui, U2 of F which are prime in E. Let E{ui, U2, G{Ap),uj) denote 
the space of functions in C{G{Ap), ui) whose local components at ui, U2 are elliptic. For 
i = 1,2, define E{ux, U2, Hi(A^), lo) likewise for H^. Since elliptic regular elements in 
Hi(F„) are norms of elliptic regular elements in G{F^) for any place v which is prime in 
E, it is reasonable to expect that, for any function / in E{ui, U2, G{Ap), oj), there exists 
matching functions fi S E(ui, U2, Hi(Ap'), us). 

Let H = G, Hi or H2. Let {0}e denote the set of i^-conjugacy classes of elliptic 
regular elements in H(F). For each O G {0}e, put 

Jo(/):=0^(/)= / f{h-^^h)eH{h) dh/du, 

JH(Af)^\H(Af) 
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where 7 is a representative in H(i^) of the conjugacy class O, and e/f is e if H = G, 1 
if H = Hi (i = 1, 2). Here, dh, du are Tamagawa measures on H(Ai^)-y and H(Af), 
respectively. 

3.1. Proposition. Let f be a function in E{ui, U2, H(Ai?), lo). Then, the geometric 
side of the en-twisted trace formula for H is equal to 

Cl6{0}e 

Proof. This follows from BCLLI Lecture 5] and the previous discussion. □ 

3.2.2. Kottwitz-Shelstad's Formula. Let i — 1 or 2. For any strongly G-regular 
element 5 e Hi(i^) and test function /,j e C{lli{kF),oj), let 

where the sum is over a set of representatives for the Hi(Ai?)-conjugacy classes of ele- 
ments 5' e Hi(AF) in the Hi(Ai?)-conjugacy class of 5. 

If we have an equation relating the geometric sides of the trace formulas for G and 
its e-endoscopic groups Hi, H2, then we may deduce a relation of the spectral sides. The 
tool with which we use to relate the geometric sides of the trace formulas is the following 
formula of Kottwitz-Shelstad's in jKSi Sect. 7.4] (applied to our situation): 

(3.2) re(G,/) = i{G,H^)ST:*{H^, f^) + l{G,H2)ST:*{H2J2), 

where: 

• / and fi a ~ 1, 2) are matching functions in C{G{h.p),uj) and C(Hi(A^), lo), 
respectively; 

• ST**{Hi, fi) := aiii J2{s } ^^Siifi), where the sum is over a set of repre- 
sentatives for the Hi(f')-conjugacy classes of elliptic G-regular elements 6i G 

• For any algebraic F-group H, 

7To(z{Hf) ■ kev\F,Z{H))^' 



Oh := 

• For i — 1,2, 

i{G,Hi) :=aG |Out(H„ s„ e.)r' • OhI^ 
where Out(Hi, Ti^, Si,C,i) is the group of outer automorphisms of H^ determined 
by automorphisms of the endoscopic data (H^, H^, Si, S^i) (see IIKSI Sect. 2.1]). 

The group Z{G) = is connected and the action of Gal(F/F) on Z{G) is triv- 



1; hence, an 



ial; hence, ac = 1. For both endoscopic groups, 
keri(F,Z(iJ,))p. 

3.2. Claim. For i = 1,2, ker^(F, Z{Hi)) is trivial. 

Proof. By definition, for i = 1,2, ker^(F, Z{H^)) is the kernel of the natural em- 
bedding 
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where Tp = Gal(F/F) and Tp^ is the decomposition group of v in Gal(F/i^). Observe 
that the action of Tf on Z{H^) factors through Gal{E/F) = (cr). Let = Gal{F/E) C 
Tp, then (Te, Z{H,)^ = Homcts(rB, Z{H,)) because acts trivially on Z{H,). 

For all but finitely many places w of E, w either lies above a place u of F which is 
prime and unramified in E, or it lies above a place u of F which splits into two places 
w,w' of E. In the former case, we have Gal(i?tu/Fi,) = Gal(_E/F). In the later, we have 
GaliE^/F,) = G&\{E^./F,) = 1. 

Given any x e ker^(F, Z{Hi)) C H^{Tp, Z{Hi)), the restriction x\te of x to Tp 
is a (continuous) homomorphism from Tp to Z{Hi). By assumption, the image of x 
in Hi) (r_F^ , Z(iJi)^ is trivial, which means, in particular, that the image of x\te 

in i^E^, is trivial for all but finitely many places w of E. Since x\rE is a 

continuous homomorphism, we conclude that a; I = 1- 

Fix an element ctq G ^p ~ f^E- Then, any x G kcr^(F, Z{Hi)) produces a cocy- 
cle y e {Gal{E / F) , Z (Hi)) defined by j/g. x^a- Since x\ye = 1^ 2/ is indepen- 
dent of the choice of ctq- Pick a place v of F which remains prime in E. Since x is an 
element of ker^(F, Z{Hi)), the image of y in H'^ {Gal{E^ / F^) , Z{Hi)) is trivial. But, 
i?i(Gal(£;^/F„), is equal to H^{GaX{E / F), Z{H{)) because v is prime in F, so 

y itself is trivial. The claim follows. □ 

3.3. Claim. \0\lt{i^^,H^,s^,ii)\ = 2 fori = 1,2. 

Proof. For i = 1,2, the only nontrivial element of Out(Hi,7iiSi,^i) comes from 
the action of cr e Gal(£'/F) on Hi. □ 

3.4. Corollary. The following holds formatching functions: 
(3.3) re(G, /) - i E ^^^1 (/i) + ^ E ^0^= 

{<5l} {^2} 

where the sums are over stable conjugacy classes of elliptic G-regular elements in the 
F -points of the e-endoscopic groups. 

3.3. Application of Kottwitz-Shelstad's Formula 

Recall, for / e C{G{Ap),u!), I'^{G, f,e) denotes the e-discrete part of the fine 
expansion of G, I'^{G, /, e) denotes the continuous part of the expansion, and I'^{Hi, fi), 
F{Hi^ fi) (i — 1,2) denote analogous objects for Hj. 

Fix a two places ui, 1*2 of F which are prime in E. By Proposition 13 . 1 1 and the trace 
formula ( 13.1b . for any function / in E{ui,U2, G{Ap),uj), we have 

T,{GJ)^r'{GJ,e)+r{GJ,e). 

Since H2 is a quotient of R£;/fGL(2) x G™, there is no distinction between stable and 
ordinary conjugacy classes. For any function /2 in E{ui,U2, H2(Ai?), cj) which matches 
a function in E{ui,U2,G{Ap),uj), the orbital integral of /2 is zero at any element in 
H2 (F) which is not elliptic G-regular; hence, for such /2 we have 

ST:*{H2j2)^T,{H2j2)^I''iH2j2)+lHjH2j2). 

For Hi, where there is a distinction between stable and ordinary conjugacy, the situation 
is more complicated. 
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As in the case of H2, if the function /i G E{ui, U2, Hi(Ai?), uj) matches some / G 
E{ui,U2, G(Af), oj), then the orbital integral of fi is zero at all elUptic regular elements 
which are not G-regular. Hence, ST**{HiJi) = STe{HiJi), where ST,{HiJi) is the 
sum of stable orbital integrals over the stable conjugacy classes of elliptic regular elements 
inHi(F). 

Applying Kottwitz-Shelstad's formula in the context of standard endoscopy for Hi, 
we have: 

(3.1) + = r,(i/i,/i) = + iTf(i/i,/i), 

where T^{Hi, /i) is a sum over stable conjugacy classes in H(F) of K-orbital integrals 
Og^ (/i). In this case, there is only one nontrivial k (in fact, k — e), and it is associated 
with a unique (up to equivalence) standard endoscopic group Ti of Hi. In particular, Ti 
is the F-torus whose F-points are: 

Ti(F) = {{x,y) eE"" xE"" : Ne/f^ = ^e/fv}- 
We rewrite ( 13.11 ) as: 

l'{Hi,h)-^T:{Hufi) + r{Hu.fi) = ST, {Huh). 

Recall from Section l3.1.3.3l that SI'^{Hi , /i) denotes the stable part of the discrete spectral 
expansion /i). From the theory of IILLL ^T^{Hi,fi) is equal to the unstable part 
ofl\HiJi)- thus, I'^iH^h) ~ \T^{Huh) is equal to SI^Hi, h). 

We conclude that the following equation holds for any /i in F(ui, U2, Hi(Ai?), a;) 
matching some function in E{ui,U2, G{Af), oj)' 

(3.2) ST,{Huh)^Sl\Huh)+F{Huh). 

In conclusion, the following equations hold for / e E{ui, U2, G{Af),uj) and match- 
ing functions fi in E{ui, U2, H, , lj) (i = 1, 2): 

(3.3) l\GJ,e)+r{GJ,e) 

= i [si\H,Ji) + nHufi) + l\H2j2) + r(i?2, /2)) . 



CHAPTER 4 



Global Lifting 

4.1. The e-Trace Identity 
4.1.1. Some Notation and Terminology. 

4.1.1.1. Global Data. Let F be a number field. Let H be a reductive group over F 
with L-group ^H. Let V be the set of places of F. Let S* be a finite set of places of V. Let 
{cy : V G F — 5*} be a set of conjugacy classes in ^H. 

Define a (countably-)infinite-tuple as follows: 

vev-s 

We call C{S, ^H) a global datum in ^i/. For simplicity, we sometimes replace by a 
finite Galois form. For example, if H is split over F, then we use H instead. 

For any automorphic representation tt of H(Ai?), there exists a finite set of places S 
such that TTy is unramified for all v ^ S. For each v ^ S, denote by c(7r„) the Frobenius- 
Hecke (abbrev. F-H) class in which parametrizes tt^ (see IBol ). Then, tt defines the 
global datum 

C(7r,5,^i?):-[cK)]„^^_sC n 

vev-s 

We call C(7r, S, ^H) a global datum (or the ^-global datum) of tt. The global datum 
C{n,S,'"H) is defined if and only if vr^, is unramified for all v ^ S. Observe that if 
C{tt, S, ^iJ) is defined, then so is C{tt, S' , ^i?) for any finite subset S' of V containing S. 

4.1.1.2. Global Packets. Let {{!!„} : v E V} be a collection of local (quasi-)packets 
{n„} of G(i\,) such that, for almost all (finite) v, {n„} contains a unique unramified 
representation II^. We define the (quasi-)packet {n} to be the restricted tensor product 

®^6y{n„} := {(8)„evn^ : U'^ G {11^} for all v,U'^ = 11° for almost all v.} . 

For any automorphic representation 11 of G{Ap), we denote by {11} the global packet to 
which n belongs. Under this notation, {11} = {!!'} if 11' e {11}. 

We say that a (quasi-)packet of representations of G{Ap) is a discrete spectrum 
(quasi-)packet if it contains a discrete spectrum representation. We say that a discrete 
spectrum packet of G(Af) is £-invariant if it contains an e-invariant discrete spectrum 
representation. We say that a discrete spectrum packet {11} is stable if every member of 
{n} occurs with the same multiplicity in the discrete spectrum of G{Af). Otherwise, we 
say that {11} is unstable. 

Let {n} = (gj^gy}!!!,} be a (quasi-)packet of representations of G{Ap). Let S be 
a finite set of places such that, for all v ^ S, the local packet {Hy} contains a unique 
unramified representation 11°. For v ^ S, let c({ni;}) denote the F-H class in G which 
parametrizes 11°. Let {11} 5 denote the subset of {11} of representations 11 such that !!„ = 
n° for all V ^ S. We call {11} s the S'-part of {11}. In general, the cardinaHty of a 
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global packet may be infinite, but the cardinality of {Il}s is finite. Put C({n}, S, G) := 

Let V^'^{E/F) denote the set of finite places of F which are unramified in E. Let 
{iTi} = (S)vev{Tri,v} be a global (quasi-)packet of Hi(Ai?), where « = 1 or 2. Let S 
be a finite set of places containing V — V^'^{E/F) such that the 5-part {Tr,;}^ of {ni} is 
nonempty. Let ^Hi denote the finite Galois form Hi x Gal(£'/i^) of the L-group of H^. 
Then, {tti} defines the global datum 

C{{7T,},S,''H,) = [c({7r,,4)]„^s C n 

As we shall discuss in Section l4~2l each c({7ri.„}) C '"Hi lifts via the L-group embedding 
: '"Hi G to a conjugacy class £,i{c{{TTi^v})) in G. We obtain the following global 
datum: 

C{UU^}), S, G) := [C. {c{{7r..v}))Us 

If C(^i({7r}), S, G) coincides with the global datum C({n}, S, G) for some global (quasi- 
)packet {n} of G{Af), we say that the packet {ni} lifts to {11} and write {11} — ^i({7r}). 

4.1.2. Langlands' Trick. For / e C{G{Af)), let I'^{GJ,e) denote the discrete 
part of the e-twisted fine x-expansion for G. Let I'^{G, f, e) denote the continuous part of 
the expansion. Define I''{Hi, fi), I''{Hi, fi) (i = 1, 2) likewise (without twisting) for H^. 

The following proposition depends on the validity of the Fundamental Lemma (see 
Chapter|B]in the Appendix). 

4.1. Proposition. Fix two finite places ui, U2 of F which are prime in E. The 
following holds for matching functions /, /i, /2 whose components at ui, U2 are elliptic: 

(4.1) I\G, f, e) ~ ^SI^iH^J,) - \l\H2,f2) = 

We content ourselves with giving only a sketch of the proof, which is essentially a 
retelling of an argument of Langlands' in IE] Chap. 11]. 

Recall that V^'^{E / F) is the set of finite places of F which are unramified in E, and 
that a; is a fixed character of the center of G. Let 5* be a finite set of places of F containing 
{V — V^^^{E/F)) U {ui, U2} such that uj^ is unramified, and /„, f2,v are spherical, 
for all w ^ 5. 

Rewrite equation ( 13.31 1 as follows: 

(4.2) I^iG, f, e) - \si\H^, A) - \l\H2, A) 

Fix a finite place u ^ S which splits in E. Regard /i „, f2^v as fixed for v ^ 
S U {u}, and let /„ vary in T-C{Gu,i^u) (hence and /2,„ also vary by the matching 
condition). Fix the element diag(l, 1, A, A) G G = GSp(2,C), where A — w„(n7u). 
Let T{Gu, w„) be the set of conjugacy classes in G whose similitude factors are equal to 
Wu(n7„). Then, any class C in T(G„, oju) is represented by 
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for some x,y G C^. If C corresponds to a unitarizable unramified representation of G„, 
then {x, y) must lie in a compact subset Xof€?. More precisely, using the results of IISTI . 
it can be shown that X = T , where 

T = |(|tu„|Mtn„|*) : (s,t) € ia^/iaa = iM x iRj C 

(recall that ao = X* (-A-o) <8)z K, where Aq is the maximal diagonal torus of G), and U is 
a compact nondiscrete subset of a real plane (dependent on the choice of a, h) in C^. 

Conversely, any element (x, y) in X gives rise to a conjugacy class in G which corre- 
sponds to a unitarizable unramified representation. 

The Hecke algebra T-C{Gu,0Ju) yields via Satake transform the algebra of Laurent 
series (pinXjy with the property that 

(4.3) (f>ix,y)^^{x,Xy-^)^^{y,x). 

The above property holds because the Satake transforms of Hecke functions are defined on 
the set of conjugacy classes in G. 

Let C{Xy denote the space of complex valued continuous functions (f)onX satisfying 
( 14.31 1. By the Stone-Weierstrass theorem, is dense in G{Xy under the sup-norm on 

cixy. 

To prove the proposition, we use each side of equation ( 14.2b to define a functional on 
C{Xy. We then argue that these two functionals must be identically zero. 

4.2. Claim. The left hand side of equation ( I4.2l l defines a continuous linear functional 
on G{Xy which is given by an atomic measure on X. 

Proof. A nonzero term in I'^{G, f, e), with corresponding quadruple (M, G, r, s), 
has the form: 

(4.4) C(M,G.r.s)tr/p,,(/)Af|.(s,0) 

= C(M,G.r,s) n Ip,rAfv)M'pis,0)y ■ J| tr /p,,J/„)M|,(s, 0)„, 

v^s ves 

where Cj-m q^^) is a constant dependant on (M, G,r, s). Since by assumption /„ is 
spherical for all v ^ S, the representations /p.r^, must be unramified, or else (|4.4| i is equal 
to zero. For v ^ S, the space of G(C't,)-fixed vectors in /p,r„ is one dimensional; hence, 
we can (and do) normalize Mp{s, 0)y to be 1. Let Ct-„ {v ^ 5*) be the F-H class in G which 
parametrizes /p,r„- Then ( |4.4t may be written as 

C(M,G,r,s) n fviCrJ ' H Ip.rAfv)M'p{s,0)y, 

v^s ves 

where is the Satake transform of /. Analogous statements hold for Hi and H2, with e 
replaced with 1. 

Through the embedding of i-groups, every conjugacy class Ci in ^Hi (i = 1,2) lifts 
to a conjugacy class C in G. Moreover, if Ci corresponds to a unitarizable unramified 
representation of iJ^ „, then the unramified representation of Gy parametrized by C must 
also be unitarizable (see Sect. 14.21 |ST|). 

Let w be a place in ^""(iJ/F). Let fi^^ (i = 1, 2), /„ be functions in H{Hi^y,ujy), 
H{Gv,ujv), respectively, such that 
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for every conjugacy class d in ^Hi which Hfts to a class C in G. By the Fundamental 
Lemma, such Hecke functions have matching orbital integrals. 

Given any global datum Q = C{S,G), let Q{G,G) denote the set of equivalence 
classes of e-invariant, e-discretely occurring automorphic representations of G(Ai?) whose 
components at each v ^ S are unramified and are parametrized by the local component C/„ 
ofg. 

Let Q{H2, G) denote the set of equivalence classes of the discretely occurring auto- 
morphic representations 712 of H2(Ai?) such that, for all v ^ S, Ti2.v is unramified, and the 
F-H class in '"H2 parametrizing Ti2.v lifts to Q^,. 

Let {tti} be a global (quasi-)packet of representations of Hi(Ai?). For any function 
/iinC(Hi(AF),cj),put 

tr{7ri}(/i) ^ m(7ri)tr ^U/i), 

where m(7r']^) is the multiplicity ofn'^ in the discrete spectrum of Hi (A^?). Let 

tr"{7ri}(/i) 

denote the stable part of tr {ttiK/i) (see Section |3. 1.3.31 1. Assume that /i is the tensor 
product of local components fi^y. Put 

tr{7ri,„}(/i^„) := ^ tr 7r;_„(/i,^). 

Suppose the members of {tti} are the constituents of r ®i rj, where r is an automorphic 
representation of GL(2, hp), and 77 is a character of C^;. By MLLI . we have 

^^stablc ^ ^^^^^ -Q {^^ 

v<£V 

{i if T is i?-monomial, 
1 otherwise. 

Let Q{Hi,Q) denote the collection of equivalence classes of global packets of Hi 
whose global data hft to G- 
Let 

ag ^ ^ TO(7r)c^ tr Try{fy x ey)M{TT)y 
7reQ(G,g) ves 

-\ XI "^({""iDqTriiafTTi} n {'^i,v}{h.v)M{{-Kl})y 

{^i}(iQ(Hi,Q) ves 

~\ X! 'm{-K2)c^^_W_ir 'K2{f2,v)M{-K2)v 
7r26Q(ff2,e) ves 



Here, c^r is the constant defined by ( 13.21) . M(7r) is the intertwining operator M|,(s,0). 
The symbols CT^.^MiTii) (i = 1,2) are defined likewise. The factor m(-) denotes the 
multiplicity of the representation/packet. 

By the Fundamental Lemma, the left hand side of equation ( |4.2| i may be written as the 

sum 

(4.5) X «en/"^(^-) 

Qe{g} v^s 



4.1. THE e-TRACE IDENTITY 



47 



over the set {Q} consisting of the global data Q — C{S, G) for which ag is nonzero. Note 
that the set {Q} is countable by the definition of the discrete part of the fine x-expansion 
(see Sect. lSTTT i. 

Recall that we have fixed a finite place u which splits in E such that the test functions 
have spherical local components at u. Let {ru,j}j=i.2,... be the set of distinct t/„'s for 
g e {G}. Let 

E n /"(^'')- 

Then, (|4.5l l is equal to 



(4.6) E '^jfuiru,j). 

J = l,2,... 

The representations which appear in the (£-)discrete spectra for the groups have unita- 
rizable local components at every place. Hence, the conjugacy classes r^j in (14.61 1 corre- 
pond to elements {xj , yj ) in the compact set X. Since "hC^ is dense in C(X)', ( 14. 6t extends 
to a continuous linear functional Vd on C{Xy defined by: 

J = l,2,... 

Note that the correspondence between rj and {xi,yi) involves a choice of representative 
in G of the conjugacy class rj. However, that choice does not affect the definition of the 
functional. The claim follows. □ 

4.3. Claim. The right hand side of equation ( 14. 2t defines a sum of continuous linear 
functionals on C{Xy, each of which is defined by a measure which is absolutely continu- 
ous with respect to the Lebesque measure on a subtorus ofT. 

Proof. The right hand side of (14.2b consists of terms in the continuous parts of the 
(e-twisted) fine ^-expansions for G, Hi, and H2. Let H be either G, Hi, or H2. Let 
{x} = (M.H, L//, T, s) be the quadruple associated with a term in the continuous part of 
the fine x-expansion for H. In particular, Lh is a proper Levi subgroup of H. The term 
associated with {x} has the form: 

(4.7) q^} / trMljPH,OlPHACJHXs)MpJsX)dC, 

where C{^} is a constant, Ph is the standard parabolic with Levi component Mh, and fn 
is a test function in C(H(Ai?), us) satisfying the hypothesis of Proposition |4T| Here, we 
take e to be 1 if H is one of the twisted endoscopic groups. We assume that ( 14. 7t is nonzero. 
In particular, since /„ is spherical, r„ is necessarily unramified. For ( e '^'^Lh/^'^h^ 
let C_ff„.T„(C) denote the conjugacy class in which parametrizes Iph u,t^XC)- 

Let be the unramified representation of the diagonal torus Aq,u of Gu such that 
Co := Cg^,tO is represented by diag(l, 1, A, A) in G. For each quadruple (M, L, r, s) 
which appears in the e-twisted fine x-expansion for G such that r„ is unramified, there 
is an element (^^ in *flo/*aG such that Ipm u,Tu (Pa/ being the standard parabolic with 
Levi component M) is equal to /p^ ^.r"(CT) (Po being the standard parabolic with Levi 
component Aq). Note that, for each C,^ G *flL / iiG. we have Ipj^^ r (Cl) = -^Po t° (Ct + 

a). 
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For each proper Levi subgroup L in G, let Qg{L) denote the set of quadruples (as- 
sociated with terms in the e-twisted fine ^-expansion for G) of the form (M, L, r, s). As 
in ||L] Chap. 11], it may be shown that there exists a function on Qg{L) x iaL/iac, 
integrable with respect to the second argument, such that the sum of all the terms in the 
e-twisted fine x-expansion for G associated with the quadruples in Qg{L) is equal to 

E / /«(Co(Cr+C))rfL({x},C)dC- 

Here, Co(Cr + Cl) := Cg„,.o(C. + (l). 

For j — 1, 2, let Aj be the diagonal torus of Hj. Let Cj be a conjugacy class in ^Hj 
which lifts to Cq. Let r^^^ be the unramified representation of Aj^u which is parametrized 
by Cj. For each quadruple (Mj, Lj, t,, s) which appears in the fine ^-expansion for Hj 
such that Tj.tj is unramified, there is an element (t, in 'io-*/ia*ff. such that Ipj^^ „,rj „ = 
Ip. ^ {(t-. ). Here, Pm, is the standard parabolic subgroup of Hj with Levi component 
Mj, and Pj is the minimal standard parabolic subgroup of Hj. For each proper Levi 
subgroup hj in H^, let Qh [Lj] denote the set of quadruples (associated with terms in 
the fine ^-expansion for Hj) of the form (Mj, Lj, r, , s). As in the case of G, there is a 
function dj,Lj on QHj{Lj) x iaj/idHj, integrable with respect to the second argument, 
such that the sum of all the terms in the fine x-expansion for Hj associated with the 
quadruples in {Lj) is equal to 

E / flu{cACr,+c))d,.L,{{xj}X)d(:. 

{X, } = (M, X, ,r,,s)eQH^{L,) 

For (j G ia*j/ia*fj. {j — 1, 2), let C,'^ denote the element in ia^/ia*Q which is the lift 

of C,j via the i-group embedding ^j : ^Hj > G. For the image fj G 7i{Hj^m^u) of 
/ G T-C{Gu,(^u) under the map between the Hecke algebras which is dual to ^j, we have 

r(Co(Cf )) = //(C,(0)), VC, G ia*/ia*H^. 

By the Fundamental Lemma, fj and / have matching orbital integrals. 

Collecting terms on the right hand side of ( 14.21 ) and factoring, we obtain for each (up to 
conjugation) proper Levi subgroup L of G, a function Bl on Qg{L) x ia.*i^/ia*Q, integrable 
with respect to the second argument, such that the right hand side of ( 14.21 ) is equal to 

(4.8) EE/ f:{C,{(:r+0)BL{{x}X)dC. 

The sum is over, up to conjugation, the set of proper Levi subgroups L of G. 

Since by the Stone-Weierstrass Theorem Hy is dense in C{X)' , the expression ( |4.8l l 
extends to a continuous linear functional on C{X)' . Moreover, Vf. is a sum of func- 
tionals, each of which given by a measure which is absolutely continuous with respect to 
the Lebesque measure on a subtorus of T. □ 



Proof of Pr0P0SITI0N |4.1| By equation ( |4.2| l, we have an equality of functionals: 
'Dd — T^c- By Claims |4~2l 14.31 and the Riesz Representation Theorem (see |Fo Chap. 7]), 
we conclude that both Vd and Vc are zero. □ 
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We have shown that (14.6b is zero. By the generaUzed linear independence of characters 
(see HFKll ). we conclude that each 

is zero. By applying the same argument repeatedly, it can be shown that if U is any finite 
set of places disjoint from S, then 

where the sum is over those global data Q with the property that Q^, is equal to a fixed 
conjugacy class r„ in G for each v ^ U. Using yet another argument of Langlands' in |jL] 
Chap. 11], it can then be shown that each ag in ( 14.5b is equal to zero. Equivalently, using 
the notation introduced earlier, the following corollary to Proposition ^. 1 I holds: 

4.4. Corollary. Fix two places ui, U2 of F which are prime in E. For any 

• finite set of places S containing {V — V™^{E / F)) U {wi, U2}, 

• global datum Q — C{S, G) — [cv\vev-s, where the Cy's are conjugacy classes 
in G, 

• matching functions f G M2, G(Ai?), w), fi G M2, Hi(Ai?), w) {i = 
1, 2) whose local components at allv^S are spherical, 

the following holds: 

(4.9) E ™(7r)c^ Yl ^"(-^^ ^ e«)M(7r)„ 

[| tr {^i^.}(/i,„)Af({^i})„ 
{TTi}eQ(Hi,G) ves 

+ 2 E "^(71'2)c7r2 tr 7r2,t,(/2,t,)M(7r2)«. 

Remark. Note that the above identity is of the trivial form = if the global datum 
Q correponds to representations whose central characters are not equal to the character uj. 

We call equation ( 14. 9b an e-trace identity with respect to 5*. A representation which 
appears nontrivially on either side of the equation is said to contribute to the e-trace iden- 
tity. By definition, the representations which appear nontrivially on the left hand side of 
( 14. 9b form the S'-part of a global (quasi-)packet of G{Af). On the other hand, the rep- 
resentations TTi which contribute to the right hand side may comprise the S'-parts of more 
than one global packet of ( Aj;- ) . For each group Hi , the set of all contributing represen- 
tations form what we call a multi-packet of iii{Ap). 

Let {vr} = Ui<j<n{''^j} ^ multi-packet of HilAp) (i = 1 or 2), where {ttj} 
(1 < j < n) is a global (quasi-)packet of 'H.i{Ap). Let {77)5 = [ji<j<n{''^j}s^ the union 
of the S'-parts of the global packets {ttj}. We call {Tr}s the S'-part of the multi-packet 

M- 

If the S'-part of a global packet {11} of G{Af) and the S-parts of multi-packets {iTi} 
of Hj(Air) (i — 1,2) contribute to an e-trace identity, we express the fact in the following 
table: 



G 


Hi 


H2 
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Sometimes we drop the subscript 5* for brevity. 

In the next section, we examine the correspondence between global data and automor- 
phic representations. In addition, we demonstrate how the global data of the e-endoscopic 
groups lift to those of G. 



Let V be the set of places of F. Let V^'^{E/F) be the set of places of F which are 
unramified in E. For each finite place v of F, fix a uniformizer of Fy. We sometimes 
drop the subscript v when the context is clear If u g V^^^{E/F) does not split in E, let 
Wy also be the uniformizer of Ey. If a place v of F splits into two distinct places vi,V2 of 
E, then Ey. = Fy (i = 1, 2), and we let ruy be the uniformizer of Ey. . 

4.2.1. Frobenius-Hecke Classes for G. We now describe the global data for parabol- 
ically induced representations of G{Af)- The results are well known (see LF4J ) and we 
state them without proof. 

• Let a, (3, fi be characters of Cp- Let T be the maximal diagonal torus of G. 
Let Pq be the minimal upper triangular parabolic subgroup of G containing T. 



Define a representation of T{Af) as follows: 

a® 13 ® ^1 : diag(a, 6, A/6, A/a) ^ a{a)f3{b)fi{X). 

We extend a (g) /3 (8) /i to a representation of 'Po{Ap) by setting it to be 1 on the 
unipotent component of Pq ( Ai? ) . 

Let a X /3 X /i denote the (normalizedly) parabolically induced representation 
^Pot^F)^'^ (8) /3 (Xi /i). Let 5 be a finite set of places such that ay, Py, iiy are 
unramified for all v ^ S. Then, 



Here, for any unramified character Xv of F^ , we also let Xv denote the value of 
the character at zuy. 

• Let e = diag(l, —1). Let Pq, be the upper triangular Siegel parabolic subgroup 
of G. Its Levi component is 



Let TT be an automorphic representation of GL(2, Ap). Let /i be a character of 
Cp- Define a representation of MQ,(Ai?) as follows: 



The representation 7r(g) /i extends to a representation of Pq (Ai? ) . Let vr x /i denote 
the normalizedly induced representation Ip'^^^lj (tt ® /i). Let 5 be a finite set of 
places such that tt^ are unramified for all v ^ S. Let C{tt, S, GL(2, C)) = 
[c{TTv)]y^g be the global datum in GL(2, C) which parametrizes tt. Then, 



4.2. Frobenius-Hecke Classes 







Here, lu^^ is the central character of tt. 
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• Let be the upper triangular Heisenberg parabolic subgroup of G. Its Levi 
component is 



M/,:- 3 : a e G™, 5 e GL(2) 



Let /i be a character of Cp- Let tt be an automorphic GL(2, Ai?)-module. Define 
a representation of M^(Ai?) as follows: 



The representation 7r(g)/i extends to a representation of P/3 (Aj? ) . Let /i x: vr denote 
the normalizedly induced representation Ipj^^^^-^ (tt (g) Let S* be a finite set of 
places such that /it,, tt^ are unramified for all v ^ S. Let C{tt, S, GL(2, C)) = 
[c{TTy)]^^g be the global datum parametrizing tt. Suppose for each v ^ S the 
conjugacy class ciiTv) in GL(2, C) is represented by a diagonal matrix t(7r„) = 
diag(ci(7rt,), C2(7r„)) £ GL(2,C). Then,C(7r x: ^,S,G) is represented by 



t(7r„ 



As for the F-H classes parametrizing discrete spectrum automorphic representations of 
G{Ap), we postpone their description to Section 14.3.1 1 

We now turn to describing the global data parametrizing the automorphic represen- 
tations of the £-endoscopic groups. The groups are nonsplit over F, and as a result the 
description of their global data is less straightforward. As a warmup, we first review 
the correspondence between F-H classes and automorphic representations in the case of 
R^; /pGL{l), the group obtained from GL(1) upon restriction of scalars from E to F. 

4.2.2. The Case of R£;/i?GL(l). Recall that E is the quadratic extension of F which 
corresponds via global class field theory to e. Let a be the generator of Ga\{E/ F). The 
group i?^ may be identified with the group of i^-points of H — Kp/pGL{l). In particular, 
H is the unique elliptic e-endoscopic group of GL(2) (see |K|). Recall that endoscopic 
groups are by definition quasi-split. The L-group of H is = (C^ x ) >^ Gal(£'/i^), 
and the Galois action is given by a(a, b) — {b, a) for (a, b) e x . 

If a place v € V'^'^iE/F) does not split in E, then H(^;,) = E^ . If v spUts into two 
places vi,V2 of E, then Ey^ = E^^ = F^, and H(i^t,) = F^ x F^ . 

Let X be a character of E^\A^. Consider x as an automorphic representation of 
H(Ai;'). We would like to compute the F-H classes in which parametrize The 
representation Xv is unramified for almost all v E V^'^{E/F). This statement is equivalent 
to the following: 

(1) Ifv does not split in E, then Xv — Xv° -^e /f for some unramified character x'v 
of F^ . Here, to simplify the notation, we let Np/F denote the norm mapping 

N_B„/_F^ : Ey ^ Fy. 

(2) If V splits into distinct places vi , V2 of E, then Xv — Xvi ® Xf 2 ' where Xvi 
(i = 1, 2) is an unramified character of E^. = F^ . 

Consider case 1. To maintain consistency with the expression of its L-group, we 
write: H(^) = {(a, 6) G GL(1,^) x GL(l,f')} andH(L;) = {(x.ax) : x G E^}. An 
unramified character Xv of H(Fi,) has the form 

Xv = 1^1® m'- (a;, dx) ^ iii_{x)[i2[ax). 
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where /ii,t,, /i2,t> are unramified characters of . Let zuy G Fy be the uniformizer of 
both Fy and Ey; this is possible because v is unramified in E. The F-H class in 
parameti-izing Xv is represented by (see PBol): 

{^.i{-njy),p2{(^^v)) X cr = {^,i{Wy),p2{'^v)) X 

The element (/ii(n7„), /i2(tni,)) x is conjugate in ^i/ to 

(A^i(to„), A~V2(^^d)) x o- 
for any A G . Letting A = /i2 (tn„), we see that the F-H class is represented by 

t{Xv) = (^1^2(^1;), 1) X cr = {Xv{-^v), 1) X cr. 

In particular, the F-H class parametrizing Xv depends only on the restriction of the charac- 
ter to the maximal i^„-split torus = {(x, x) : x G } of H(Ft,). 

In case 2, where w of F splits into wi, V2 of E, the group H is split over Fy, and 
the decomposition group of v in Gal(£'/i^) is trivial. The group of F„-points of H is 
'il{Fy) = F^ X F^ .lfxv = Xvi ® Xvi for some unramified characters Xt-i , Xv-^ of Ey > 
then the F-H class of Xv is represented by 

^{Xv) = {XvA^v)-,XvA'^v)) X 1. 

4.2.3. Classes in ^Bi. Recall from Chapter|2]that ^Bi ^B^-a G&\{E/F), where 



Hi 



GL(2,C) X X /{(diag(z,z),z-\z-i) : z e C"}. 



Let r be an automorphic representation of GL(2, Ap). Let x be a character of Cp- Let S 
be a finite set of places of F containing V — V^'^{E/F) such that Ty is unramified for all 
V ^ S, and Xw is unramified whenever the place w of E lies above a place v ^ S. 
Suppose T is parametrized by the the global datum 

C(r,5,GL(2,C)) = [c(r„)L^5, 

where, for v ^ S, c{Ty) is a conjugacy class in GL(2,C) represented by some diagonal 
matrix t{Ty) = ( "^•^ C2,^,)- 

If a place v E V^'^{E/F) remains prime in E, let v also denote the (unique) place 
of E which lies above v. If Xv is unramified, then Xv ^ Xv °^e/f for some unramified 
character x'y of F^ . If w € V'^'^{E/F) splits into two distinct places vi,V2 of E, then 
E ®p Fy — Fy ® Fy — Ey^ ® Ey^ . At such a place v, let x?; denote the character 
Xv,®Xv2 of E^^®E^^. 

4.5. Claim. The local component at v ^ S of the global datum C (r x, -S*, ^^1) 
parametrizing the global packet t ®ix of'R\{Kp) is as follows: 



C(r0ix,^/i?i),3 



{t{Ty), 1, x'y) X fT i/u /s prime in E, 
{t{Tv), Xvi ,Xv2) ^ 1 ifv splits in E. 



Here, for an unramified character rjy of F^ , we also let rjy denote the value of the character 

at Wy. 

Proof. At a place v ^ S which does not split in E, we write Hi (Fy) in the following 
form: 

{{g,x,ax) e GL(2, Fy) x E^ x E^ : det 5 = Np/px}. 
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The character Xv has the form Xv{x) — fJ'i,v{x)fJ.2,v{crx) for all x £ , where /ii^t,, /i2,D 
are unramified character of . The F-H class in parametrizing the unramified rep- 
resentation r„ (g)i Xv is represented by (t(T„), Hi.v, iJ,2,v) >^ cr, which is conjugate in '"Hi 
to 



for any A G . Letting A = /ii (cct,), we see that the F-H class of t^^i Xv is represented 



Let e = _i) G GL(2, C). Recall from Chapter |2] that the L-group embedding 
: ^ Hi ^ G sends 1 x ct to ( e ) and (g, a, b) e Hi to d{g, a,b) :— ( f,ggg ) . 

4.6. Corollary. The global datum C (r x, S*, ^-ffi) parametrizing t iS)i X 
to the global datum C {S, GSp(2, C)) described as follows: 

• At a place v ^ S which is prime in E, the local component at v of the global 
datum C (S, GSp(2, C)) is represented by 



{Recall: t{T^) = {"^'^ ) G GL(2,C)). 
• At a place v which splits into two places vi , V2 of E, the local component at v of 
C {S, GSp(2, C)) is represented by 



Note that a priori all we know about C{S, GSp(2, C)) is that it is an infinite-tuple 
of conjugacy classes in GSp(2, C). At this stage we make no prediction on whether 
C{S, GSp(C)) is the global datum of any (quasi-)packet of GSp(2, A^). 

4.2.4. Classes in ^H2. Recall from Chapter|2]that ^H2 = H2 » Gal{E/F), where 
H2 = {(gi,52,A) e GL(2,C)2 X : det.gi = det.g2 - A} , 

and the generator a of G&\{E/F) swaps the two GL(2, C)-factors. 

Let 7r2 = TT (g)2 be an automorphic representation of H2(Af), where tt is an au- 
tomorphic representation of GL(2, A^;) and /x is a character of Cf such that the central 
character lOt^ of tt is equal Xo fio N^; /p. 

If w G V^'^{E / F) is prime in E, then tt^ is a representation of GL(2,i?„) which 
satisfies uj.^^ — fiy oNe/f- If splits into two distinct places vi, V2 of E, then 

H2(K,) = (GL(2,F,) X GL(2,F,) x F^^) /{(a/2, 6/2, (ab)-^) : a,beF^}, 

and (tt (E)2 h)^ takes the form iTy^ (g) tt^^ (g)2 where 7r„. (i = 1, 2) is a representation of 
GL(2, = GL(2, F,), and cj,„^ = cj,„^ = fi,. 

Identify GL(2, A^) with the group of Ai?-points of R£;/fGL(2), the F-group ob- 
tained from GL(2) via the restriction of scalars from E to F. The L-group (actually, a fi- 
nite Galois form of the L-group)of R£;/f-GL(2) is the semidirect product ^R^ fpGL{2) = 
GL(2,C) X GL(2,C) x Gal(£;/F), where the action of ct G Gal(£;/F) swaps the two 
GL(2,C)-factors. 




by 



{t{Ty), l,Xv) X 

The proof for the split case is similar, and we skip it. 



□ 
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Let 5 be a finite set of places of F containing V — V^'^{E/F) such that Tr2,v is unram- 
ified for allv ^ S. Consider tt as an automorphic representation of {Re/fGL{2)) (Ap). 
Then,7rt, is unramified for all u ^ S. Suppose the F-H classes {c{Trv)}v^s ^ ^^e/ fGL{2) 
parametrizing tt are as follows: 



t2(vr„)) '(N)) >^ <^ if is prime in 
_((i(7r„J, (i(7r„2)) x 1 if w splits into wi , W2 in 

where ti(7r„), t2{TTv) are elements in C^, and rf(7r„J (i = 1,2) is a diagonal matrix 
in GL(2, C) whose conjugacy class parametrizes the unramified representation tt^. of 
GL(2,S,J. 

4.7. Claim. The global datum C{n2, S, parametrizing the automorphic repre- 
sentation 7r2 = TT (8)2 of'R2{AF) is as follows: 

• Ifv^Sis prime in E, then the local component €{1^2, S,^H2)v of the global 
datum is represented by 

• Ifv^S splits into vi,V2 in E, then C{n2, S,^H2)v is represented by 

{d{'Ky^),d{'Ky^),IJ.y) XI 1. 

Proof. First, we deal with the case where v is prime in E. Write H2 {Fy ) in the form 

{{g,ag,x) e GL(2,K)' x F:^}/{{zI2,zI2,^e/fZ-^) : z S E^}. 

If 7r2,u = T^v ®2 is unramified, then 7r„ and ^,y are unramified. In particular, 7r„ is the 
induced representation /(a, (3) of GL(2, Ey) for some unramified characters a, /? of E^ . 
The condition = ^ o Ng/p imphes that W7r„|j'^x = (a/3) = l-iy. The F-H class 
c(7r„) in ^Re/fGL{2) parametrizing tt is represented by 

fK,) = ((%,),(S))xa. 

In particular, we may take ti(7r„) = a{zuv) and t2(7i'„) = Suppose the F-H class 

c{'^2,v) in ^H2 parametrizing Tr2,v is represented by 

(diag(ai,/?i),diag(a2,/?2),Mu) x o" € ^H2, 
where ai, pi (i = 1,2) are complex numbers. The following conditions must be satisfied: 

• Q!lQ!2 = a(tI7^), 
. P1P2 = 

• aia2/3i/32 = lAi'^v)- 

The element (diag(Q:i, /3i), diag(a2) P2),IJ'v) x cr is conjugate in ■'"iJ2 to 



((^■°'«.)-(^^"°-..-.J-''")- 



for any Ai, A2 € C^. Fix a choice of /Uv(rov)^/^. Letting Ai = /Xv(ra7„)^/^ai ^ and 
A2 = we see that c{'K2,v) is represented by 



(("■,.'.). 



X fj 



The nonsplit case of the claim follows. Notice that the conjugacy class of the above element 
does not change if /i„(ra7„)^/^ is replaced with — /x„(ti7v)^/^. 



4.3. PACKETS 



55 



The proof for the split case is similar, and we skip it. □ 

/ Oil ai2 \ 

Recall the notation [(oy ), := I 621^22 I . The L-group embedding ^2,1; : 

\ 021 a.22 / 



a2i a22 - 

G sends 1 xi cr to ( ^ ^ ) and (gi, 32, c) xi 1 to [51, 32]- 



1 

L 



1 



4.8. Corollary. The global datum C (n ^2 A^, S, ^112) parametrizing it (g)2 /i lifts 
to the global datum C {S, GSp(2, C)) described as follows: 

m At a place v ^ S which is prime in E, C{S, GSp(2, C))^ is represented by 



M„"'/'t2(7r,) 



At a place v which splits into two places vi , V2 of E, C{S, GSp(2, C))^, is repre- 
sented by 

[d{-K^^),d{-K^^)]. 

As remarked earlier, at this stage we make no prediction on whether the global datum 
C(S', GSp(2, C)) corresponds to a global (quasi-)packet of GSp(2, Kp). 

4.3. Packets 

In this section, we describe the multi-packets for each e-endoscopic group; in other 
words, we describe the inequivalent packets which simultaneously contribute to an e-trace 
identity. 

4.3.1. (Quasi-)Packets of GSp(2, Kp). For any place v, we let be the normalized 
absolute value function on . In other words, if v is finite, := for all x G 

where is the cardinality of the residue field of Fy, and orda; is the p-adic valuation of 
X. We let V = ®i,Vi, be the normalized absolute value function on A^?. For any finite place 
V of F and unramified representation r„ of GL(2,F„), let t{Ty) be a diagonal matrix in 
GL(2, C) whose conjugacy class parametrizes r„. 

Let I2 denote the trivial representation 1gl(2,Af) of GL(2, A^). For any place v, let 
l2,v and St2,i, denote the trivial and Steinberg representations of GL(2, Fy), respectively. 

4.3.1.1. Unstable Packets. From [A3|, the unstable (quasi-)packets of GSp(2, Ai?) 
fall into three types. They are described as follows: 

1. Let Ti, T2 be distinct cuspidal automorphic representations of the group GL(2, Kp) 
such that LOr^ = lOt2- Suppose ri,„ and T2,t, are unramified for all v outside of some 
finite set of places S. The packet [ti, T2] is parametrized by the global datum (product of 
conjugacy classes): 



C([T^,T2lS,G) 3 [[t(Tl,,„),t(T2,,„)] 



In particular, [ti, T2] lifts via the i-group embedding GSp(2, C) ^ GL(4, C) to the in- 
duced representation /(2,2) ('''i: ''2) of GL(4, Ap). 

If the central characters of ri and T2 are trivial, then we know from liF4i V. 10] that 
[ti, T2] is the restricted tensor product {11} — ^y{Ily}. Here, for all v where both ri and 
T2 are square integrable, the local packet {n„} consists of two square integrable represen- 
tations n+, 11,7. At the rest of the places, {lit,} consists of a single representation, which 
we denote by IlJ. 
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The muhipUcity formula for H' e {H} is m(n') = ^(1 + (-!)"("''), where n{U') 
is the number of places v for which 11^ = 11" . 

Remark. In ||A31 . [ti,T2] is denoted by (ti K1 1) ffl (t2 H 1) and is called a Yoshida type 
packet. 

2. Let T be a cuspidal automorphic representation of GL(2, h.p), /i be a unitary char- 
acter of Cp, such that — fi^. Suppose t^, /i„ are unramified for all v outside of some 
finite set of places S. The quasi-packet [r, /XI2] is parametrized by the global datum 



C 



V(tS 



blockdiag (^^i^ql^^ ,t{Ty), fi^q^ 



Here, fiy := fiy{'ujy). 

In particular, the quasi-packet [r, /XI2] lifts to the induced representation ^(2.2) (^1 
ofGL(4,Ai.). 



If/i^ 



1, then from 0F4I V. 10] we know that [r, ^12] is the global quasi-packet 



{n} = i^y{Ily}, where {n„} = {IIJ , n„ } for all v where Ty is square integrable. Here, 

I ^ \ I ^2, 1/2 — 1/2 

n J is the nontempered quotient 27(1^1, \iyTy,[iyVy ) of z/t, fiyTy x /jyVy andn~is 
the cuspidal representation denoted by S~ (vl^^ ^yTy, ^yVy ^^^) in IIF4I V. 8]. At each place 
V where r„ is the induced representation /(yy^, fy^^) for some character r]y of , {n„} is 
the singleton consisting of the irreducible induced representation IIJ :— r]yiiyl2^y xi 77^^. 
The multiplicity formula for 11' G {11} is 



™(n') = i(l + e(Mr,l/2)(-ir(n')) 



where n(n') is the number of places v for which n'„ = 11^, and e(/ir, i) is the value at 
1 /2 of the epsilon factor in the functional equation of the L-function of /ir. 
Remark. In |A3|, [r, /il2] is denoted by M v{2)) ffl (r K 1) and is called a Saito, 
Kurokawa type packet. 

3. Let /ii,//2 be distinct unitary characters of Cp such that ^\ — Suppose /i^ „ 
{i = 1, 2) is unramified for all v lying outside of some finite set of places S. The quasi- 
packet [/^il2,M2l2] is parametrized by the global datum 



I2, /^2l2], -S*, 3 \^[t {ill.yl2,v) it {lJ.2,iA2,v)] 



v4S 



diag (^fii^yql^^ , fi2,vql^'^ , tJ'2,vqy Mi^D^t, ^^^) 



In particular, the quasi-packet [111I2, lifts to the representation /(2.2)(a*i12, M2I2) 
ofGL(4,AF). 

If ^2 _ ^2 _ 2^ Jet ^ be the nontrivial quadratic character ^ of Gj?. In this case, we 
know from lU V. 10] that [^J.ll2, fJ.2l2] is the quasi-packet {11} = (g)„{nj,n^}. Here, 
is the nontempered quotient 

— 1/2 

of the induced representation = i^y(y x Ct, x j/„ /i2,t, of GSp(2, Fy), and 
j(5"(Ct,^'y^St2^t,,C«M2,t,t^tr^^^) if ^ I7 



n: 



LlJ^yVy^ St2^y,CvlJ'2,vVv ^ ) 



ifC« = l, 
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where i(C-ui'y^St2,«, C,vlJ'2,vVv ^^^) is the unique nontempered subquotient of the induced 

■]^y2 1/2 1/2 1/2 

representation CdI^i; '^i2,v >^ C,v^J^2.vVv , and (C^i^d ^t2,v■,C,v^^2,vVv ) is the cusp- 
idal member of the local packet which contains the unique square integrable subrepresen- 

tation (5(Ct,i^y^St2.i,, C,v^-2,vi^v^^'^) of ly At almost every place v, 11+ is unramified. 

The multiplicity formula for n' S {H} is 1)"''^ where n (11') is the number 

of places V for which 11^ = 11^ . 

Remark. In fASI, [^1X2, /^2l2] is denoted by (^1 Kl v{2)) ffl (^2 Kl i/(2)) and is called a 
Howe, Piatetskii-Shapiro type packet. 

4.3. 1 .2. A Stable Packet. Also contained in IIA3I is a classification of the stable (quasi- 
)packets of GSp(2, Kp). We now describe one which is of interest to us. Let C be a nontriv- 
ial quadratic character of Cp- Let r be a (^-invariant, cuspidal automorphic representation 
of GL(2, h.p). Suppose C,^, are unramified for all v lying outside of some finite set of 
places S. The stable quasi-packet {LiyC,^ ly^^^^r)} is parametized by the global datum 



C 



(^{L{iyC,iy-^/^T)},S,G) 3 [blockdiag(qy2^„t(r„),g-i/2t(T,) 



vis 



In particular, {L{v(, v ^^^t)} lifts to the Langlands quotient J(v^I'^t^ v ^/^t) of the 
induced representation /(2_2)(t^^^^T, v^^^'^t) of GL(4, A^). 

If tJr = C then {L{vC, i/^^/V)} is the quasi-packet defined in [F4, V. 10]. It is the 
restricted tensor product ®v{L^^, where {it,} is the local quasi-packet defined as follows: 

• If Ct, 7^ 1 and r„ is cuspidal, is a singleton consisting of the unique non- 
tempered quotient L{v^C,^, Vv ^^"^Tv) of v^C,^ x Vv ^^^t„. 

• Suppose C 7^ 1 ™d r„ is the induced representation /(/it,, C-u/^u) for some (pos- 
sibly trivial) quadratic character p.^ of . Then, 

• Suppose = 1, then by the theory of monomial representations t„ must be 
induced. Suppose r„ — I{fJ,v, l^v^)^ where /i„ is a unitary character of . If 
/i^ 7^ 1, {Ly} is the singleton consisting of the irreducible representation /i^^ xi 
^v^2,v If M?, — 1, {it,} consists of the nontempered subquotients L{vv, I2,,, x 
Vv^^'^ lJi.v), L{vV^St2^viVv^^'^ Pv) ofvv X 1 X Vv^^"^ Pv (see lISTl ). 

Every member of {L{vQ^ i/^^/^t)} occurs with multiplicity one in the discrete spectrum 
of GSp(2). 

Remark. In llA3l . {L{vC, v^^/'^t)} is denoted by r H v{2) and is called a Soudry type 
packet. 

4.3.1.3. e-Invariant Unstable Packets. For any character x of Cp, put "x{^) '■— 
x(crx) for all a; € C^;. 

4.9. Lemma. Suppose {11} /i an e-invariant, unstable, discrete spectrum global 
{quasi-)packet o/GSp(2, Kp). Then, 

(1) {n} 7^ [t, /il2] for any cuspidal automorphic representation r of the group 
GL(2, Kp), unitary character ^ ofCp, such that uJr = A*^- 

(2) //^{n} = [ti,T2\ for two distinct cuspidal automorphic representations Ti,T2 of 
GL(2, Ap), then one of the following conditions is satisfied: 

• The representation ti is not E-monomial, and T2 = eri. 

• There exist unitary characters C, X of Cp such that ti, T2 are equal to the 
E-monomial representations 7r(Cx), 7r((^ °x), respectively. 
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(3) //{n} = [/iil2, M2I2], where /ii, /i2 are distinct unitary characters of Cf, then 
H2 = efii. 

Proof. Suppose {11} — [r, ^12] for some cuspidal automorphic representation t of 
GL(2, Ap) and a unitary character /i of Ci? such that — utr- Let 11 be an e-invariant 
discrete spectrum representation in {11}. For a sufficiently large finite set of places S such 
that n„ is unramified for all v ^ S,we have: 

c f n, s, g) 3 



blockdiag {t{Ty), t{fj,yl2.v)) 

Since 11 is e-invariant, blockdiag {t{Tv), i(/it,l2.t>)) must be conjugate in G = GSp(2, C) 
to blockdiag (e^t(r„), e„t(/x„l2,u)) for each v ^ S. In particular, at each place v ^ S 
such that 7^ 1, Ty is equivalent to either £„t„ or £vlJ-v^2,v If t^, = e^Ty, then iiy must 
be equal to £„/i„, which cannot hold because e„ 7^ 1. Hence, is equivalent to e^/x„l2,^ 
at infinitely many places v. In particular, r should be one dimensional, but by assumption 
T is cuspidal. The first statement of the lemma follows. 

Suppose {n} = [ti , T2], where ti , T2 are two distinct cuspidal automorphic represen- 
tations of GL(2, Af) whose central characters satisfy uin = ^t2- Lst n be an e-invariant 
discrete spectrum representation in {11}. For a finite set of places S such that is unram- 
ified for all V ^ S,we have: 

C(n,S,G) 3\[tiT,,y),t{T2,y)] 

View GSp(2) as a twisted endoscopic group with respect to the triple (GL(4), 9, 1) (see 
HKSl Chap. 2]), where 6 is the automorphism g 1^ ^9^^ of GL(4). The F-H classes 
in GSp(2, C) parametrizing 11, viewed as classes in GL(4, C), parametrize the induced 
representation /(2,2) {ti, T2) of GL(4, hp). 

Since 11 is an e-invariant representation, the element [i(ri i(r2^i,)] is conjugate to 
[£vt{Ti,v), £vt{T2,v)] in GSp(2, C), and hence in GL(4, C), for each v ^ S. Consequently, 
^(2,2) {ti, T2) is equivalent to /(2,2) (eti, eT2), which implies that the set {ri, T2} is equal 
to jeri, er2} (see IJSTI Thm. 4.4]). 

If T2 ^ ETi, then Ti and T2 must both be _E-monomial. Consequently, there are 
characters /ii, ^2 of Ce such that ti = 7i'(/ii), T2 — vr(/i2). The central character of the 
monomial representation 7r(/ii) (i — 1,2) is /ii|^x • e; hence, the condition = 
implies that /ii|^x — fJ.2\f^x ■ Since j^\^>^ is trivial, there exists a character x of Ce such 

that ^ = Let ( — then ti = 7i'(Cx) T2 = 7r(C '^x). The second statement of 
the lemma follows. 

Suppose {n} = 11^1^2, fJ-2^2], where /ii,/Z2 are two distinct unitary characters of 
Cp such that /i^ — fi^. Let II be an e-invariant discrete spectrum representation in 
{n}. It lifts to the induced representation /(2,2) (Mil2,M2l2) of GL(4,Ai?). By the 
same reasoning used in the second case, II = ell implies that the induced representa- 
tions 7(2^2) (Mil2,Ai2l2) and 7(2^2) (£^^112, £^212) are equivalent. Hence, ^2 = £^^1. and 
the final statement of the lemma follows. □ 

4.3.2. Multi-Packets of Hi(Ai?). Suppose r is an automorphic representation of 
GL(2, Ai?), and x is a character of Ce- Recall from Section [3. 1.3.31 that we let r ®i 
X denote the global packet of Hi(Ai?) consisting of those irreducible constituents of 
'''lGL(2,Air)E ®i X which are unramified at almost all places. 

The following theorem rests on the assumption that a result of Flicker's (' IIF4II ') extends 
to an analoguous result in an announced but unpublished work of Arthur's (S). 
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4.10. Theorem. Let r be an automorphic representation q/GL(2, Kp). Let x be a 
character of Ce- Suppose the packet t ®ix o/Hi(Ai^) contributes to an e-trace identity. 
The following holds: 

* U X ¥^ '^X' ond T is not E-monomial, then the only other contribution to the 
e-trace identity from Hi is t (^i 

* X 7^ "^X' ^nd. T is the cuspidal monomial representation t:{0) for some char- 
acter 9 of Ce, then the following packets o/Hi(Ai?) contribute to the e-trace 
identity provided that they are distinct from it (9) X- 

- A0) ®i "x, 

- 7r(x) (8)1 9, 

- 7r(x)®i"e. 

* If X ~ '^X> f^^w T X w the only packet ofHi^Ap) which contributes to the 
e-trace identity. 

Remark. The theorem only comments on contribution from Hi, it says nothing 
regarding contribution from H2. 

S KETCH OF PROOF. The proof requires twisted endoscopic lifting results for the triple 
(GL(4), 6*, 1), where is the automorphism g ^ *g-^ of GL(4) (see I'KSl, fASl, fF3l). 
Consider the F-split 0-twisted endoscopic group C of GL(4) (see |F3, p. 22-23]). It is 
equal to (GL(2) x GL(2))', where the prime indicates that the two GL(2) components 
have equal determinants. Any automorphic representation of C{Af) has the form 

ri X T2 : (g, h) ^ nig) r2(/i), V(.g, h) e C(Af), 

where ti, T2 are automorphic representations of GL{2, Ap). Because of the condition on 
the determinants of the two GL(2) components, ri x T2 is the same as /iri x /i^^T2 for any 
quasi-character jiof Cp- Suppose ti x T2 contributes to a 6'-twisted trace identity derived 
from Kottwitz-Shelstad's formula for (GL(4), 6*, 1). Expecting the results of lifting from 
S0(4) to PGL(4) to be a guide (see proof of lEH Prop. 4.1]) , the only other contribution 
from C to the trace identity should be T2 x ti, provided ti ^ T2. Although the work 
of 0F4i has not yet been extended to the case of nontrivial central characters, Arthur has 
announced in IIA3I the lifting results for the triple (GL(4), 9, 1). It is likely that a proof 
of the statement which we assume here will be contained in a complete treatise on the 
problem. For now, we shall take for granted the above hypothesis regarding the fibers of 
the lifting from C to GL(4). 

Recall the hypothesis of our theorem: A global packet t® 1 x of Hi ( ) contributes to 
an e-trace identity. If tt^ = r' (g) 1 x' is another global packet of Hi ( Ap ) which contributes 
to the e-trace identity, then the global data parametrizing the representations t' x 7r(x') 
and T X 7r(x) of C{Ap) lift to the same datum in GL(4,C). Hence, by our hypothesis 
r' X 7r(x') is equivalent to r x 7r(x) and/or 7r(x) x t. 

If two representations ri x T2, r( x T2 of C(Ai?) are equivalent to each other, then 
there exists a quasi-character fi of Cp such that t[ — ^~^ti and = ^T2. Therefore, if 
t' X 7r(x') is equivalent to 7r(x) x t, then r' = H~^tt{x) and 7r(x') = /^t for some quasi- 
character fjL of C p. Since twisting by a character does not change whether a representation 
of GL(2, Ai?) is i?-monomial, t' x 7r(x') cannot be equivalent to 7r(x) x r if r is not 
i?-monomial. 

Suppose r' x 7r(x') = t x 7r(x). If tt{x') — /^""(x)^ then x' is equal to either 
(/Lt o ^e/f) ■ X or (/i o ^e/f) ■ '^X ([L. Chap. 7]). Consequently, if r is not i?-monomial 
and X 7^ "^X' we must have r' = /i~^T, and x' — {ij-°^e/f) '^X- For ™y quasi-character 
fjL of Cp, iJr^T (/X o N^/^) X defines the same representation. We conclude that if r 
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is non-i?-monomial and x 7^ "^X^ then t (g)i is the only other packet of Hi (Af) which 
contributes to the e-trace identity. 

If r is non-_E-monomial and x — '^X^ then there is no other contribution from Hi(Ai?). 

Suppose T is the cuspidal monomial representation ^{6) associated with some char- 
acter 6* 7^ X of Ce such that ^ "9. Then, the representation r' x tt{x') is equivalent to 
either: (i) 71(6) x tt{x), or (ii) 7r(x) x tt{6). In the first case, we have r'^i x' = Tr(9)^i "x 
if X 7^ ""X- In the second case, r' ®\ x' must be equal to either 7r(x) ®\ or 7r(x) <8)i '^0 
provided that they are distinct from 7r(6')(g)ix- Ifx = '^X = /^oN^;/^ for some character /i 
of Cf, then 7r(x) = From the discussion in Section l3. 1.3.31 neither /(^, /j,e)®i6' 

nor /(/i, /is) (g)i "^6* contributes to the stable spectrum of Hi. 

Contingent upon published results on the ^-twisted endoscopic lifting for GL(4), the 
theorem follows. □ 

Suppose a global packet of Hi(Ai?) has the formT(g)ix, where r is a representation of 
GL(2, hp) and x is a character of Ce which is not equal to "x- If tr {t ®i x) (/i) appears 
in an £-trace identity, then so does tr (r 01 '^x) (/i)- If an element (ft,, x) e Hi(Ai?) is a 
norm of some element g £ GSp(2, A^), then (/i, ax) is also a norm of g. Therefore, we 
expect that if / G C{G{Kf),uj) and /i G C(Hi(Ai?), cj) are matching functions, then 
/i(ft, x) = /i(ft, era;) for all (ft, x) € Hi(Ai?). Consequently, the terms tr (r ®i x) (/i) 
and tr (t (8)1 '^x) (./i) in the trace identity combine into a single term 2 • tr (r ®i x) (/i)- 

4.3.3. Multi-Packets of H2(Af). For any representation r of GL(2,A£;), let '^r 
denote the GL (2, A^) -module which sends {gij) G GL(2,A£;) to r((cr(7y)). For any 
representation it2 = t ®2 1^ of H2(Ai?), where ujr = ^e/f^ put '^'^'2 '■= '^t ®2 IJ-- 

4.11. Lemma. Suppose a cuspidal automorphic representation tt2 — t (8)2 p of 
H2(Ai?) contributes to an e-trace identity. 

• IfT^2 7^ "^1^2, then the only other cuspidal automorphic representation of Ti2{^F) 
which contributes to the e-trace identity is ''tt2- 

* If = '^T^2, then no other cuspidal automorphic representation o/H2(Af) 
contributes to the e-trace identity. 

Remark. The condition "cuspidal" is crucial. The lemma says nothing regarding 
non-cuspidal contributions from H2(Af). 

Suppose is another cuspidal automorphic representation of H2(Ai?) which con- 
tributes to the e-trace identity. Let v be any finite place for which the representations 
"■2,1;, T^2 V ^1"^ unramified. From Section |431 it follows that the F-H classes parametrizing 
7i'2,u, 7i'2 V lift via ^2 : '"H2 ^ G to the same F-H class in G. 

To examine what the above statement entails, we need to consider separately the case 
where the place v is prime in E and the case where v splits in E. 

4. 12. Claim. Let v be a finite place of F which is unramified, prime in E. Ifi:2.v ond 
■K2 y are unramified and their Frobenius-Hecke classes lift to the same conjugacy class in 

G, then ■K2,v o.nd ^ are equivalent. 

Proof. Since 1x2 is cuspidal, the unramified representation Tr2.v is an irreducible in- 
duced representation /(xijX2) ®2 where py is an unramified character of F^ , and 
Xi,X2 are unramified characters of E^ . Since fiy oNe/f = X1X2, '^2,v has the form 
l{xij (g)2 Since v is prime in E, and xi is unramified, we have xi = xi ° 

Ne/f for some unramified character xi of F.{^ . Likewise, ttj ^, — I (Oi, bil^^I£.\ 02^^, 
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where 6i = 9'i o Ne/f for some unramified character 9[ of , and /j,^ is an unramified 
character of . 

From Section l4!2l the lift of the F-H class parametrizing 7r2,t, is represented by 

^^diagfx'i,-^'!,^,^) eGSp(2,C), 
while the Uft of the class parametrizing ttj „ is represented by 

ff' = diag (^9[,~0[,^,^^ eGSp{2,C). 

If g and g' belong to the same conjugacy class in G, then there must exist an element 
w in the Weyl group of G such that wg = g'. Observe that fiy{zu^) and fi[,{'^v) 
the respective similitude factors of g and g'. Since the similitude factor is invariant under 
conjugation, we conclude that fi^ — fi'^. Since E^/Fy is unramified, ey{wy) is equal to 
— 1. By permuting the entries of g under W, we conclude that 6' is equal to one of the 
following characters: 

(1) ^, 

(2) £.xi, 
(3) 

(4) xi- 

Since £„ o N^;/^ = 1, in cases 2 and 4 we have 9i = 9'i oNe/f — x'l °^e/f = Xi- 
Hence, y = i^2,v In cases 1 and 3, we have ttj „ = / Xi^ ®2 fJ-vi which is 

equivalent to tt2.v Hence, if the F-H classes parametrizing the unramified representations 
7r2,v ™d TTj „ lift to the same conjugacy class in G, then 7r2,v ™d ttj „ are equivalent. □ 

4.13. Claim. Let v be a finite place of F which splits in E. If tt2.v <^nd TTg ^ are 
unramified, and their Frobenius-Hecke classes lift to the same conjugacy class in G, then 
772 y is equivalent to either T:2.y or ''i^2.v 

Proof. If w is a finite place of F which splits in E, then iJ2,ti = H2(F«) has the 
form 

[GL(2,F„) X GL(2,F„) x /{(a/2, 6/2, (a6)-i) : a, 5 e 

Suppose v\,V2 are the two places of E which lie above v. We have ■K2,v — ti x t2 x jiy, 
where Ti = Ty. (i = 1, 2), and '^7r2,t, ~ T2 x ti x fiy. Since 

LUrj^{a)LL!r2ib)fiy{ay^ fiy{by^ = 1, Va,5 € Fy , 

we must have uj^-^ = lo^^ — fiy. In particular, /i„ is uniquely determined by either ti or T2. 
Observe that H2.y is isomorphic via (g, c) ^ (g, ch) to 

[GL(2,F„) X Gh{2,Fy)]/{{zl2,z-'l2) : z S F^}. 

We identify representations of Fl2.y with representations of the above group, and write 

7r2,« = Ti X r2, '^7r2,t, = r2 x ti. 

If "'2,11 = '''1 X ^2 is unramified, then = /(a^j/Sj) (i = 1,2), where ai,/?^ are 
unramified characters of Fy . Likewise, 1^2 y = ^(^i, /^i) x -^(0^2; i^2) for some unramified 
characters , (i[ of Fy . 

The F-H class parametrizing 7r2.i, lifts to the conjugacy class in G represented by 

g = [diag(ai,/3i),diag(a2,/32)]. 
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while the F-H class parametrizing tt'2 ^ lifts to the conjugacy class in G represented by 

= [diag(a'i,/3i),diag(4,/3^)]. 

By assumption, there exists an element w G W such that wg — g'. If we label the 
entries of the maximal diagonal torus of G by 1, 2, 3, 4, then W — D4 is generated by the 
permutations (3421) and (23). 

Suppose (23)g = g' . The action of (23) sends g — [diag(ai, /?i), diag(Q!2, /32)] to 
[diag(ai, /3i), diag(/32, a2)]- Since /(/32, 02) is equivalent to /(a2, /?2), ^^'2 v equivalent 

to 7r2,t,. 

The action of (3421) takes g to [diag{a2, P2), diag(/3i, ai)]. Hence, if g' ~ (3421)^, 
then 7r2_„ = T2 x n = '^■n2.,v 

We conclude that if the F-H classes parametrizing the unramified representations tt2,v 
and TTj „ lift to the same conjugacy class in G, then ttj „ is equivalent to either 112,1, or 
'^'iT2.v In particular, /i^ is equal to □ 

From the previous two claims, we see that /i„ = /i^ for almost all v, which implies 
that /i = i^l' by the weak approximation theorem for A^? (The weak approximation theorem 
says that F is dense in HijgS ^'-"^ ™y finite set of places S. It follows that is dense 
in Hiies -^v ■ Using that ji and jj! are continuous characters of whose restrictions to 
F^ are trivial, our assertion follows). 

Suppose TTj = r'(X)/i, where r' is a cuspidal automorphic representation of GL(2, A^;). 
To prove Lemma l4.11l it remains to show that: 

4.14. Claim, t' is equivalent to either r or " t. 

Before we prove the claim, we need a digression: Let /c be a number field. Let be 
the set of places of k. Let ?i, m be positive integers. Let tt be an automorphic representation 
of GL(rt, Afe) which is unramified at places outside of a finite set S C Vfe. For each 
V ^ S, let <(7r„) be a matrix in GL(2, C) whose conjugacy class parametrizes tt^. Let tt' 
be an automorphic representation of GL(to, A^) which is unramified at places outside of 
S. Define tiir'^) e GL(m, C) likewise for tt'. 

Consider i(7r,u), t{Tr[,) as endomorphisms of C", C™, respectively. Their tensor prod- 
uct i(7ri,)(8)t(7r(,), being an endomorphism of C™", is represented by an mnxmn complex 
matrix. Define a partial L-function in s e C as follows: 

L^(s, 7r(^7r') := ]J dot (l - <^,(7r) ® i„(7r')9^'')~\ 

where qy is the cardinality of the residue field of k^. If tt and tt' are cuspidal, it is known 
(USJ) that: (i) L^{s, tt (g) tt') does not vanish on the line Re s = 1; (ii) L^{s, tt (g) tt') has a 
pole of order 1 at s = 1 if and only if rt = to and tt' is equivalent to tt, the contragradient 

of TT. 

Proof of Claim l4~T4l Let be a finite set of places of F such that 7r2,«, ttj „ are 
unramified for all v ^ S. We know, for v ^ S, that: 

, J TT2,v if V is unramified, prime in E, 

I T^2,v or '^TT2,v if V splits in E. 

Consider r, r' as automorphic representations of GL(2, A^;), with E as the base field. Let 
Se be the set of places of E which lie above the places in S. In particular, Se is finite. For 



4.3. PACKETS 



63 



any place w of E outside of Se, Tw and are unramified. We have: 

< = or {"t)^ . 

Notice the order of operation: We first apply a to the global r, and then we take the com- 
ponent at the place w. We have the following equality of products of partial L-functions: 

{s,t' (g) f (s, '"r' ® f ) = (s, r ® f (s, '"r f ) . 

Since TT2 and ttj are cuspidal automorphic representations of H2(Ai^), Tw and are 
cuspidal automorphic representations of GL(2, A^). By [JSj and |Sh|, the product on the 
right has a single pole at s = 1; therefore, the product on the left must have a pole, which 
implies that r' is equivalent to either r or "^r. □ 

Let 1gl(2,A£;) denote the trivial representation of GL(2, A^;)- 

4.15. Lemma. Let xbe a character of Ce, be a character of Cf, such that = 
II o N^^p. Suppose the automorphic representation 

7^2 = (x o det) (8)2 M = x1gl(2,Ae) ®2 M 
o/H2(Ai?) contributes to an e-trace identity. 

• U X 7^ "^X' ^hen the only other contribution from H2 to the e-trace identity is 

• If X — "X' then no other automorphic representation of^^i^p) contributes to 
the e-trace identity. 

Proof. Suppose an automorphic representation = r (X)2 A*' 7^ "^2 of H2(Ai?) 
contributes to the trace identity. As in the case where tt2 is cuspidal, we consider the 
places V, unramified in E, where both 'K2.V and ttj „ are unramified. Of these places, we 
examine separately those which split in E and those which do not. 

If V does not split in E, then by the same argument used in the proof of Lemma l4.11l 
we conclude that tt2,v = t^'2 v- Suppose v splits into two places vi,V2 of E. For i — 1,2, 
let Xi = Xvi- Since = ° ^e/f^ we have Xi = X2 = Mt>- Let be the normaUzed 
absolute value function on F„. Then, ttj „ = t^^ x t^^ is parametrized by the conjugacy 
class of one of the following two elements in ^iJ2: 

In the first case, we have tt'2 y — tt2,v In the second case, we have ttj ^ = '^tt2,v Moreover, 
as in the cuspidal case, we have — /i^ for almost all v. 

Hence, ^2 — x'1gl(2,Af) ®2 where x' is a character of Ce such that x', is equal 
to Xv or "'xv for almost all v. Applying the partial L-function argument (explained in the 
proof of Lemma l4.11b to x as a representation of GL(1, A^;), we conclude that x' is equal 
to either x or °'x- The lemma follows. □ 

4.16. Corollary. Let tt2 be a discrete spectrum automorphic representation of 
H2(Ai?) which contributes to an e-trace identity. Then, a discrete spectrum represen- 
tation ■n'2 7^ 7r2 o/H2(Ai?) contributes to the trace identity if and only if 1^2 ^ "''^2, in 
which case tTj is equal to "1^2- 

Proof. The group H2(Ai?) is a quotient of GL(2, A^;) x A^; hence, its discrete 
spectrum representations are either cuspidal or one dimensional. The corollary follows 
from Lemmas 14.111 and 14.151 □ 
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If {h, c) e H2(Ai?) is a norm of g E G{Af), then (cr/i, c) is also a norm of Hence, 
we expect that if / G C{G{Af),uj) and /2 € C(H2(A_f), w) are matching functions, 
then f2{h, c) = /2(o'/i, c) for all {h, c) £ 'H.2{Ap). Consequently, if vr is an automorphic 
representation of GL(2, A^) which is not equal to °'n and fi is a character of Cp such 
that Lo-j, — jio N^;/^, the contributions from tr (tt ®2 m) (/z) and tr ('"tt ®2 1^) (/2) to an 
£-trace identity combine into a single term 2 • tr (tt ®2 m) (/2)- 

4.4. Contributions 

We now address the question: Under what circumstances are there contributions from 
both £-endoscopic groups to an e-trace identity. 
Notation: 

• Let n be an automorphic representation of G{Af)- Let / be a function in 
C{G{Kf),uj). Recall that n(/ x e) is defined in Section ITT] Put 

(n,/)^ :=trn(/xe). 

If n is e-invariant, (11, f)^ is equal to a product tr n„(/„ x e^,) of twisted 
local characters. Put (11^, :— tr Ti-v{fv x 

• Let i — 1 or 2. For a representation tt^ of Hi(Ai?) and test function /,; in 

C(H,(Aj.),c^),put 

(7ri,/i) := tr 'Ki{fi). 

• For any automorphic representation r of GL(2, A^?), let Bf/ft denote the au- 
tomorphic representation of GL(2, A^) which is obtained by base change from 
T (see pLl|, 111). 

• Let V be the set of places of F. Let y""(i?/F) denote the set of finite places of 
F which are unramified in E. 

• Let 5* be a set of places of F. For any adelic object (automorphic representation, 
test function, trace, . . . , etc.), let subscript S denote the tensor product of local 
components over the places in S. 

Let TT be an irreducible admissible representation of a p-adic group H. In fHCjl, Harish- 
Chandra proves the existence of a locally integrable function x-n on H such that 

/ xAh)f{h) dh = tr^(/), V/ e CriH). 

We call x-K the Harish-Chandra character of tt. This notion extends to the e-twisted 
characters as follows: Let fc be a local field. Let Sk be a quadratic character of G(fc). Let 
TT be an irreducible, admissible, efe-invariant G(/c)-module, i.e. there exists a nontrivial 
intertwining operator A in HomQ(j.) (tt, efcTr). Note that the space of e^Tr is equal to that of 
TT. The £fe-twisted Harisli-Chandra cliaracter x^ of tt is a function on G(fc) such that 

/ xi{9)f{9)dg = t^Af)A, V/ e Cr(G(fc)). 

JG(k) 

It can be shown that x^ is locally constant on the regular set, locally integrable, and unique. 
It satisfies x^ih^^gh) = eu{h)x^(g). 

Definition: We say that an irreducible admissible representation of a p-adic group H is 
elliptic if its Harish-Chandra character is not identically zero on the elliptic regular set of 
H. Likewise, we say that an e^-invariant, irreducible, admissible G(fc)-module tt is e^- 
elliptic if is not identically zero on the elliptic regular set of G(fc). It follows from the 
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orthogonality relations that each square integrable admissible representation of a connected 
reductive p-adic group is elliptic. In the twisted case, the Ek-invariant square integrable 
representations are similarly elliptic. This too follows from the orthogonality relations of 
characters. 

In order to apply Corollary 14. 4l to obtain global hfting results, we fix once and for all 
two distinct finite places u>i, 'W2 of F which are prime in E, and we work with automor- 
phic representations whose local components si Wi (i ~ 1, 2) are elliptic. For H = G, 
Hi, or H2, recall that £'(u;i, i(;2, H(Ai?), cj) denotes the set of functions / = ®vfv in 
C(H(Ai?), Lj) whose local components f^^ , f^^ are elliptic. 

For a reductive i^-group H and an automorphic representation vr of H(Ai?), we de- 
fine the bad places for tt to be the (finite) set of places of F which is the union of 
V — V™{E / F), {^1,102}, and the set of places v where 7r„ is ramified (i.e. not un- 
ramified). 

4.4.1. Base Change. Let r be a cuspidal non-_E-monomial, or one dimensional, au- 
tomorphic representation of GL(2, Ai?) such that Tyj. (i — 1,2) is elliptic. Let {11} be 
the unstable (quasi-)packet [r, er] of G(Ai?). This is the packet which lifts to the induced 
representation 1(2 2){t,st) of GL(4, A^?). The table notation was introduced in Section 

KB 



4.17. Proposition. Let S be the set of bad places for r. The following table holds 
for matching test functions with elliptic components at wi, W2 and spherical components 
at all V ^ S: 



(4.1) 



G 


Hi 


H2 


m 


r (g)i 1 


Be /FT ®2 



Remark. The representation T(g)i/L(oN^/j? is equivalentto p,T®\ 1 for any character 
p of Cf\ hence, by Hilbert 90, the proposition covers all t ®\x where x — "x- 

Proof. For v ^ S*, let i(r„) be a diagonal matrix in GL(2.C) whose conjugacy 
class parametrizes the unramified representation t^. From Section 1431 the global datum 
C({n}, S", G) parametrizing {11} is represented by 

\t{T^),ev(vj^)t{Ty)\ e TT G, 

^ v</S 

where TUy is a fixed uniformizer of F^, for each v ^ S. By comparing F-H classes, we 
see that r ®i 1 and Be/ft ®2 contribute to the e-trace identity defined by the global 
datum C({n}, 5*, G). By Theorem 14. 101 r Oi 1 is the only contribution from Hi. By 
Corollarv l4.16l Bf/f^ ®2 is the only discrete spectrum contribution from H2. Since 
the test function /2 on H2(Ai?) has elliptic components, no discretely occuring induced 
representation of H2(Ai?) contributes to the trace identity. The proposition follows. □ 

4.18. Corollary. Let f e E{wi,W2,G{Af),u;t) and fi e E{wi , W2, Hi, UJr) 
(i = 1, 2) be matching functions whose components at all v ^ S are spherical, the follow- 
ing character identity holds: 

(4.2) ™(n')(n',/),,s = ^(r®il,/i)5 + i(Si;/j.T®2a;r,/2)5. 

n'e{n} 

Here m(n') is the multiplicity o/II' in the discrete spectrum of G{Af)- 
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Remark. If ujt = 1, then by LF4, V. 10] the packet {11} is the restricted tensor 
product (g)t,gv{n+, n^}, where 11" = unless is square integrable. The multiplicity 
formula is m(n') = ^(1 + (— 1)"^'^ )), where n(n') is the number of places v for which 

n; = n-. 

4.4.2. Exclusive Contributions. We now address under what circumstances do the 
representations of only one of the e-endoscopic groups contribute to an e-trace identity. 
4.4.2.1. Case of H^. 

4.19. Proposition. Let tti = t ®i global {quasi-)packet of representations 

ofHi^Ap) such that: 

• r is a non- E -monomial automorphic representation of Gh{2, Ap); 

• (i = 1, 2) is elliptic; 

• X^^X- 

If ■ni contributes to an e-trace identity for matching functions f in E{wi, W2, G{Ap), uj) 
and fi in E{wi,W2,ili{AF),U!) (i = 1,2), then no representation of li2{AF) contributes 
to the trace identity. 
The proof is given after Lemma l4.23l 

Suppose an automorphic representation tt2 of H2(Ai?) contributes to the e-trace iden- 
tity. Let S be the union of the respective sets of bad places for tti, tt2- That is, tti tt2,v 
are unramified for all v ^ S. Let {11} be the global (quasi-)packet of representations of 
G(Ai^) whose global datum is the lift of C(7ri, 5,-^ Puf^TTi := r^i'^x- ByCorollary 
l4!4l Theorem l4TT0l and Corollarv l4TT6l we have: 

(4.3) J2 "*(n')(n',/),.5 = ^(^i-/i>s + ^r^i-/i)s 

n'e{n} 



where m(n') is the multiplicity of 11', and d 



if 712 ^ '^■7T2, 

Otherwise. 



4.20. Lemma. The (quasi-)packet {11} is stable. 

Proof. Suppose {11} is unstable. Then, according to Lemma |4~9l one of the follow- 
ing holds: 

(1) {n} — [tt, ett], where tt is a cuspidal non-i?-monomial automorphic representa- 
tion of GL(2, Af). 

(2) {n} — [/1I2, e/il2] for some character /i of Ce- 

(3) {n} = [7r(6'x), 7r(f? '^x)], where 6, x are characters of Ce such that none of 6, %, 
6'X> "X is fixed by the action of G'a\{E/F). 

In the first (resp. second) case, we know from Proposition ^. 171 that {11} is the lift of 
the packet ttJ^ = tt ®i 1 (resp. 11I2 ®i 1) of Hi(Ai?). Since x 7^ "^X^ by Theorem |4.10l tt'^ 
and TTi cannot both contribute to the trace identity, whence a contradiction. 

In the third case, one can see via a comparison of F-H classes that {11} is the lift 
of Ti{6) ®i X- Since we assume that r is not _E-monomial, we have a contradiction by 
TheoremEIO] □ 

4.21. Corollary. Each member q/{n} occurs with multiplicity one in the discrete 
spectrum o/GSp(2, A^?). 
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Let {{ni,}}t,gv' be the collection of local packets such that {11} is the restricted tensor 
product (g)i,gv{n„}. For each member 11' = ^v^'v of {11}, (11', /)^ is equal to a product 
Yl^ (n^, /i,)^ of twisted traces. For simplicity, we often drop the subscript v from e.„ if 
the meaning is clear. By Lemma 14.201 we have: 

^ m(n')(n',/),^5 = n({n.},/.),, 

n'e{n} ves 

where ({n„},/„)^ := En;,G{n;,} (KJv),- 
Let Sq = S — {wi,W2}- Let 

From the matching condition on /2, we have (7ri,/i) = (""tti, /i) and (7r2,/2) = 
(°'7r2, /2). We rewrite ( 14.3b as follows: 

(4.4) ({n^J,/.i), ({n^J,/^.), 

= ^l,So (■'I'l.tuaJ /l,-!ii2) + ■ -^2,50 (■''■2,iui , /2,iui) (7r2,tU2 J /2,iii2 ) ' 

where n = ^ or 1, depending on whether 7r2 is equal to '^tt2 or not. Here, for each place v, 
the symbol tti „ denotes the local packet of Hi,y such that vri = ®t,7ri ,j. 

4.22. Definition. Let u be a place of F which is prime in E. We say that an elliptic 
regular element in G„ is of type i (i — 1, 2) if its norms lie only in Hi -^. We say that an 
elliptic function /„ on G^, is of type i if the orbital integral of /i, is nonzero only at the 
elliptic regular elements of type i. 

From the norm correspondence among elliptic regular elements (computed in Appen- 
dix|B]), type i (i = 1,2) elements exist. Consequently, type i functions exist. 

4.23. Lemma. There exists a type 1 elliptic function on G^^ such that the trace 
({n},„2, /^.Jg is nonzero. 

Proof. Let /,„j be a type 1 elliptic function such that (tti , /i ^ 0. This is 
possible because by hypothesis TTimj is elliptic. Then, we may choose /2.U11 to be zero 
and obtain the following equation: 

Cso ({11^,1}, ({n^a}; fw2)e = -^l,So (""l,™! , /l.iui ) (7ri,t02 , /l.-ma ) • 

For each v e S'o, choose fy and matching such that {'Ki,v,fi,v) 7^ 0. Since by 
assumption Tri.u,^ is elliptic, there exists a type 1 elliptic fw^ and matching /i,™^ such that 
{t^i.w2 : h.w^) 7^ 0. The lemma follows. 

□ 

Proof of Proposition |4.19I Let /^^ be a type 2 elliptic function on G^^. Let 
/i be zero. Then, ( 14.41 ) becomes 

(4.5) Cso ({n^i}, fwx)^ ({n.u,2}, /u)2)e = nD2,So (l'2,t«i, /2,t«i) (7r2,tu2 , /2,tU2) ■ 

Let be a type 1 function on G^^ such that ({n}^^, /^j^)^ is nonzero. It exists by 
Lemma l4.23l Let /2,u;2 be zero. Then, 

C5o({n™J,/-,)e = o 

for all elliptic functions /^^ of type 2. 

Now let be an arbitrary test function on G^^ ■ The equation ( I4.5l l. where /^^ is of 
type 2, implies that 

(4.6) = GSo ({n^i},/ii;i)e ({nu.2},/u.2)e = nD2,So {'n-2,wi,f2,wi) {'r:2,W2, h,^,^) ■ 
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There are two possibilities: (i) {tt2.w2, f2,w2) ~ for every f2.w2 matching some elhptic 
function fw^ on ; (ii) (7r2,toi , /2,iui ) =0 for every /2,tui matching some type 2 elhptic 
function on G^i ■ If case (i) holds, we are done. Suppose case (ii) holds. For any /i2 = 
(g, c) G H2.W1, put cr^2 := {(^gTc). Since f2,wi matches a function on G^^, we have 
f2,wi {h2) = /2,«,i (a-/i2) for all /i2 G i?2,toi- Hence, 

= (7r2,«,i,/2,«;i) = / (X7r2„i(/J2) +X7r2„i(CT/l2)) /2,u,i(/l2) d^2. 

In particular, X7r2 (^2)+X7r2 (o''i2) = for all elliptic elements /12 in 772, mi- Itfollows 
that if f^-^ is any elliptic function on G^i, then (7r2,u,i , f2,wi) = for any function f2.wi 
on H2.W1 which matches f^,^ . The proposition follows. □ 

4.24. Lemma. Let x be a character of Ce such that x 7^ "X- Suppose the one 
dimensional representation tti — I2 ®i X o/Hi(Ai^) contributes to an e-trace identity. 
Then, no automorphic representation q/H2(Ai?) contributes to the trace identity. 

Proof. Let 5 be the finite set of bad places for tti . By the Chebotarev Density Theo- 
rem, there exists a place v ^ S which splits into two places vi ,V2of E such that Xvi 7^ Xv2 ■ 
The F-H class in Hi parametrizing tti „ lifts to the conjugacy class in GSp(2, C) repre- 
sented by 



\ X.2K''' 
Suppose a representation H2 — t (g)2 /i of H2 ( Aj;- ) contributes to the trace identity, where r 
is an automorphic representation of GL(2, A^) and /i is a character of Cp such that lOt — 
(1 o N^; jp. Then, t^^ must be parametrized by the conjugacy class in GL(2, C) containing 

either diag{xvtvV'^ ,Xv2^v^^'^) or diag{xv2^l^'^ ,Xvi^v^^'^)- In either case, since Xvt ^ 
Xu2' '^vi is not unitarizable, which is a contradiction because all local components of a 
unitary automorphic representation of GL(2, A^) are unitarizable. □ 

Let R^; /^GL(2) be the F-group obtained from GL(2) on restricting scalars from E to 
F. It is an e-twisted endoscopic group of GL(4), and its group of Ap-points is GL(2, A^;). 
For an automorphic representation te of GL(2, A^), let 7r(r£;) denote the automorphic 
representation of GL(4, hp) which is obtained from te via the twisted endoscopic lifting 
from Yip / pGL{2) to GL(4) (see MACl Sect. 3.6]). The representation ^{tp) is cuspidal if 
and only if Tp is cuspidal and te ^ '^te- 

In the case of Hi, we in general denote a (quasi-)packet by tti, i.e. without braces. 
For a (quasi-)packet TTi of Hi(Ai?), let Ci(7ri) denote the (quasi-)packet of G{Kp) which 
is the lift of tti . 

4.25. Lemma. Let t be a cuspidal or one dimensional automorphic representation of 
GL(2, Ai^^). Let x be a character of G p. Then, the {quasi-)packet Q{t ®i x) ofG{Ap) 
lifts to the automorphic representation tt(xBp/pt) q/GL(4, Ap). 

Proof. Let S be the union of the sets of bad places for r, x- Hence, Ty , Xv are 
unramified for all v ^ S. For each v ^ S, let t{Ty) — diag(a^, by) be a diagonal matrix in 
GL(2, C) whose conjugacy class parametrizes r^. The global datum in GL (4) = GL(4,C) 
parametrizing T^ixBp/pT) is as follows: 
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• Suppose V ^ S is prime in E. Let Xv be an unramified character of such that 

Xv = x'v°^E/F- Then, 




C{TT{xBE/Fr),S, GL(4,C)),„9 



• Suppose V ^ S splits into two places vi , V2 of E. Then, 

C{nixBE/Fr),S,GhiA,C))^ 3 ^-"^ ^^^.^ ^ ^ . 

The global datum C (^^ (r (g)i x), S", GSp(2, C)) is described by Corollaryg^l The propo- 
sition follows on comparing the datum C (7r(x-B_B/_FT), S, GL(4, C)) with the natural im- 

age of C mr ®i x), ^, GSp(2, C)) in n„^5 GL(4, C). □ 

4.26. Lemma. Let r be an automorphic representation o/GL(2, A^?). Let x be a 
character of Ce- The automorphic representatiomr = xBe/ft of GIj(2, Ae) is invariant 
under GslI{E/ F) if and only if there exists a {possibly trivial) quadratic character e' of 
Cf such that: (i) '^x/x = ° '^e /f> o'^d (ii) r is equivalent to s't or e'er. 

Proof. Suppose tt ^ "tt. Then, the central character lo-j^ = x^ ■ [lOt ° ^e/f) of tt 
must be equal to ijJ<t„ = "^x^ ■ [ur o N^;/^). Hence, x^ = '^X^, which by Hilbert 90 implies 
that '^x/x — °^e/f for some (possibly trivial) quadratic character e' of Cf- We have: 

xBe/f{£'t) = X • (e' o Ne/f) Be/ft = "x Be/ft = xBe/ft. 

By im, IIFll . Be/f{£'t) = Be/ft implies that r is equivalent to e'r or e'er. 

Suppose '^x/x — s' ° ^E IF for some quadratic character e' of Cf, and r is equivalent 
to s't or e'er. Then, "^tt = x • (e' ° N^/f) Be/ft = xBe/f{£'t), which is equivalent 
to either xBe/ft or xBe/f{£t). Since Be/f{£t) = Be/ft, the lemma follows. □ 



4.27. Proposition. Lef t be a cuspidal, non-E -monomial, automorphic representa- 
tion o/GL(2, Af), xbe a character of Cf, such that: There does not exist a character e' 
ofCF suchthat'^x/x — ^'°^e/f andr = e'r. Then, each member of — ^\(t®\x) 
is a cuspidal automorphic representation ofG{AF). 

Proof. By Lemma |4!25l {11} lifts to ^{xBe/ft) of GL(4, A^). Since t is not E- 
monomial, xBe/ft is cuspidal. By Lemma [4.261 and LAC. Sect. 3.6], we conclude that 
the automorphic representation tt{xBe / ft) is cuspidal. 

Suppose a representation 11 in {11} is not cuspidal. Then, 11 is an irreducible con- 
stituent of a parabolically induced representation / of G(Ai?). By the results in 1F4 , Sect. 
V. 1], / lifts to a parabolically induced representation of GL(4, A^?). By the strong mul- 
tiplicity one (or rigidity) theorem for GL(4), we conclude that the cuspidal representa- 
tion ■k{xBe/f't) is an irreducible constituent of a parabolically induced representation of 
GL(4, Af), which is a contradiction. □ 

The case where '^x/x = £' °^e/f and r = e'r will be addressed by Proposition |4.36l 
in Section |43] 
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4.4.2.2. Case of H2. For any character 9 of Ce, recall that t:{9) denotes the E- 
monomial representation of GL(2, Ap) associated with 9. 

4.28. Claim. Let r be an automorphic representation o/GL(2, Ke) such that t ^ 
anduj-r = i.j.o'N^^p for some character fj,ofCF- Suppose the representation 1:2 =T(g)2/iq/ 
H2(Ai?) contributes to an e-trace identity. Then, no discrete spectrum packet q/Hi(Ai?) 
of the form n{9) X> where 0, x cire characters of Ce, contributes to the trace identity. 

Proof. Let S be the set of bad places for 7r2. For a place v ^ S which does not 
split in E, jiy is an unramified character of , and r„ is an induced representation of 
GL(2, Ey) of the form I{7]v°^e/f, {fJ'vilv^)°^E/F)7 where r]y is an unramified character 
of F^ . From Section l4~2l we see that the F-H class in parametrizing 7r2,t, lifts to the 
conjugacy class in G represented by 

= dia,g{riy,-T]y,-fj,yr]~'^,fj.yr]~'^). 

If V ^ S splits into two places vi, V2 of E, then the F-H class parametrizing 7r2,„ lifts to 
the conjugacy class in G represented by 

gv = [t{Tvi),t{Ty^)] , 

where t{Ty. ) {i — 1, 2) is a diagonal matrix whose conjugacy class in GL(2, C) paramet- 
rizes the unramified representation r^. of GL(2, Ey.) = GL(2, Fy). 

A lifting of automorphic representations of GL(2, A^) to e-invariant automorphic rep- 
resentations of GL(4, Ap) is described in IIACl Sect. 3.6]. In particular, if an automorphic 
representation tt of GL(2, A^) satisfies tt ^ "'tt, then it lifts to a cuspidal automorphic 
representation of GL(4, Ap). 

Viewing GSp(2, C) as a subgroup of GL(4, C), the global datum in H^^s GL(4, C) 
represented by [gt,]j,^5 parametrizes the automorphic GL(4, Ai?)-module 11 which is the 
lift of T. Since r 7^ '^t, 11 is cuspidal. 

On the other hand, Tr{9) 01 x lifts to a packet of G{Af) which in turn lifts to the 
induced representation ^(2,2) {'^{(^x)^ ""(^ '^x)) of GL(4, Af)- By the rigidity theorem for 
GL(4), the claim follows. □ 

Recall that we have fixed two finite places Wi ,W2 of F which are prime in E. 

4.29. Lemma. Let t be a discrete spectrum representation o/GL(2, Ai?) with the 
property that r^j^ and Tyj^ are elliptic. Suppose the discrete spectrum representation 
Be/f''' ®2 o/H2(Ai?) contributes to an e-trace identity with respect to matching 
fifi = in E(wi,W2,G{Af),uj), E(wi,W2,'H.i{AF),uj), respectively. Then, no 
discrete spectrum packet o/Hi(Ai?) contributes to the trace identity. 

Proof. Suppose a packet tti = tt ®i x of Hi(Aj;-) contributes to the trace identity, 
where tt is an automorphic representation of GL(2, A^^-), and x is a character of Ge- There 
are two cases to consider: The case where x = "^X ^"d the case where x 7^ '^X- 

Suppose X = "X- Then, x — ° '^e/f for some character /i of Gp, and tti = 
fiir 1. By Proposition 14.171 the representation Bp/p {fJ-T^) ®2 w^tt of H2(Ai7) must 
also contribute to the trace identity. By Corollary 14. 161 Bp/pT oJrS must be equivalent 
to Bp/p (/i7r) (g)i w^TT- The theory of base change for GL(2) (see O, llFlJ ) implies that 
r is equivalent to either /xtt or e/xTr. In either case, uJrS is equal to ujfnre ^ Wfi-n, whence a 
contradiction. 

Suppose X 7^ '^X- If ""i = Ti" ®i X contributes to the trace identity, then ttw^ , 7r^2 must 
be elliptic, or else the condition that the functions fi,wnfi,w^ are elliptic would imply 
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that (7ri,/i) = 0. If Trw-^,TTw2 are elliptic, then by Proposition 14. 191 and Claim 1438] no 
automorphic representation of H2(Ai?) may contribute to the trace identity. The lemma 



4.30. Proposition. Let ii be a character of Cf- Let t be a discrete spectrum auto- 
morphic representation q/GL(2, A^;) with the following properties: 

• r„,j and are elliptic. 

Suppose the automorphic representation tt2 — t 02 ^ 0/H2 (A f ) contributes to an e-trace 
identity with respect to matching test functions with elliptic local components at wi, W2- 
Then, no discrete spectrum packet o/Hi(Ai?) contributes to the trace identity. 

Proof. Suppose a packet tti of Hi(Ai?) contributes to the trace identity. Since r 7^ 
'^T, by Claim |438] the packet tti is not of the form t:{9) (g)i x for any characters 6, x of 
Ce- By Proposition 14. 171 and Lemma 14.111 tti is not of the form it (g)i 1, where tt is an 
automorphic representation of GL(2. A^). 

Consequently, by Lemma 14.201 the packet {11} — ®v{^v} of G{Kf) which con- 
tributes to the trace identity must be stable; namely, every member of {11} occurs with 
multiplicity one in the discrete spectrum of G ( Ai? ) . 

The argument we then use mirrors completely the one used in the proof of Proposition 
14.191 Thus, we shall content ourselves with giving only a sketch: First, we show that there 
exists a test function f.^^ on such that ({II^^}, /^j)^ is nonzero. Then, we show that 
either tti does not exist or -ki^wx is non-elliptic. Since by assumption the test function fi^wi 
on Hi uii is elliptic, the proposition follows. □ 

4.31. Lemma. Let x be a character of Ce such that x 7^ '^X but x^ ~ l^ ° ^e/f for 
some character /i ofCp- Suppose the one dimensional representation 1^2 — {x° det) ®2 
fjL = x1gl(2,Ae) ^2 M contributes to an e-trace identity. Then, no global packet o/Hi [Kf) 
contributes to the trace identity. 

Proof. Recall from Chapter|2]that 



and ^Hi ~ Hi » Gal{E/ F), where the action of cr swaps the two -components. Sup- 
pose a packet tti = t 1^)1 9 of Hi(Ai?) contributes to the trace identity. By the Chebotarev 
Density Theorem, there exists a place w of F which splits in E such that 7ri_„ and tt2,v are 
unramified. Suppose v splits into two places vi , V2 of E. Since x^ is invariant under the 
action of Gal{E/F), the character Ky :— ^ is quadratic. The F-H class parametrizing 

TT2,v lifts to the conjugacy class in G represented by 



follows. 



□ 



Hi = (GL(2,C) xC" X C") /{(diag(z,z)-\ 



z,z) : z e C^}, 



g„ = diag(x^,l^^y^,x^>2^'y^Xf2i', 



,-1/2 




V 
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From Section I4T2I the F-H class in parametrizing tti i, is represented by 

K = (i(r„),6'„i,6'„J X 1, 

where t{Ty) is a diagonal matrix in GL(2, C) whose conjugacy class parametrizes Ty. Note 
that the Galois component of hy is trivial because Hi is split over Fy . Since tti contributes 
to the trace identity, hy lifts via the embedding : ^Hi G (see Chapter |2]l to the 
conjugacy class of cjy in G. In other words, the element 

is conjugate to gy. Hence, ni y is parametrized by the conjugacy class of one of the fol- 
lowing types of elements in 

/ 1/2 1/2 \ 

(1) ( diag(xi,jj/„' ,Xv2'^v ), ?7i, 772) X 1, where the unordered set {771, 772} is equal 

to {I, Kyiy~^} (Notice that there is no minus sign in front of the 1/2 in Xt)2^u^^)' 

/ 1/2 —1/2 \ 

(2) (diag(Cii^« ,C2'^v ),?7i,'72) x 1, where the unordered set {Ci, C2} is equal 
to {Xvi,Xv2}, and {771,772} = {1,Kv}- 

In the first case, assume without loss of generality that 7/1 — 1 and 7/2 = Kyiyy^. 

1/2 

Then, there exists a quasi-character of Fy such that Ty — XyVy I{XvnXv2)^ — 
Xy^, and 6y.^ = X~^Kyiy~^. Since r is a unitary automorphic representation of the group 
GL(2, Ap), Ty must be unitarizable, which implies that Xy is non-unitary. Since 9y^ — Xy^ 
and 9 is unitary, we have a contradiction. 

In the second case, assume without loss of generality that 771 = 1 and 7/2 = Ky- Then, 
there exists a quasi-character A„ of Cf„ such that Ty — XyI{QiVy^'^ , C,2Vv ^^'^), Oy^ = Xy^, 
and Oy^ — Xy^Ky. The condition x ¥^ "^X implies that (i ^ C2; hence, A„ must be 
non-unitary for Ty to be unitarizable. But then 9y-^ = is non-unitary, which is a 
contradiction. □ 

For an automorphic representation 7r2 of the group H2(Ai?), let 1^2 (""2) denote the 
(quasi-)packet of G{Af) which is the lift of tt2- Recall that, for an automorphic rep- 
resentation T of GL(2. As), 7r(r) denotes the automorphic representation of GL(4, Ai?) 
obtained from r via the twisted endoscopic lifting from R£;/pGL(2) to GL(4). 

4.32. Lemma. Let t be an automorphic representation o/GL(2. A^), fj,be a charac- 
ter of Gp, such that T ^ '^r and LUr = fJ^ o ^e/f- The (quasi-)packet {11} = Q{t 1^2 m) 
lifts to the automorphic representation tt^t) o/GL(4, A^^). 

Remark. The (quasi- )packets ^2 (t (^2 and ^2 ®2 M^) ai"e inequivalent, but they 
both hftt0 7r(r). 

Proof. Let S be the set of bad places for r ^2 a place v ^ S which is prime 

in E, Ty is the induced representation I{ay,(3y) for some unramified characters ay,i3y 
of Ey . Since ay, Py are unramified, there exist characters ay, by of Fy such that ay = 
Qy o Ne/f and (3y — by o]SIe/f- The condition ujr = hoNe/f impUes that a^6^ = /x^. 
Consequently, ayby{zuy) = ±fj.y{TAjy) (Here, Wy is a fixed uniformizer of Fy). The F-H 
class C(7r(T), 5*, GL(4, C))u parametrizing 7r(r)^ is represented by 



/ ±M„/a„ 
- I -a„ 



e GL(4,C). 
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From Corollary 14.81 the conjugacy class in GSp(2, ( 
ponent of {liv} is represented by 



parametrizing the unramified com- 



9v 



1/2^2 



Hence, the image of g.„ in GL(4, C) is conjugate to hv 

Suppose V ^ S splits into two places 171,^2 of E. Then, GL(2, ) = GL(2,F„) 
{i = 1, 2). Let Ti = Tv^. Let t{Ti) be a diagonal matrix in GL(2, C) parametrizing the 
unramified representation Ti of GL(2, F^,). The conjugacy class C{tt{t), S, GL(4, C))^, 
which parametrizes 7r(r)t,, is represented by the element hy — blockdiag(t(Ti), i(r2)), 
while the conjugacy class in GSp(2. C) parametrizing the unramified component of {n^,} 
is represented by = [^(ti), t{T2)]. The image of in GL(4, C) is conjugate to hy. 

The lemma follows. □ 

4.33. Proposition. Let r be an automorphic representation of Gh{2, Ae), p. be 
a character of Cp, such that t and LOr — p o ^-^jF- Then, every automorphic 

representation in {11} — ^2 (j ®i m) is cuspidal. 

Proof. By lemma 14.321 the (quasi-)packet {11} lifts to the automorphic represen- 
tation 7r(r) of GL(4, Ai?). By the assumption that t ^ '^t, the representation 7r(r) is 
cuspidal. 

Suppose a representation 11 in {11} is not cuspidal. Then, it is an irreducible con- 
stituent of a parabolically induced representation, which by IIF4I Sect. V. 1] lifts to a 
parabolically induced representation of GL(4, Ap). By the rigidity theorem for GL(4), we 
obtain the contradiction that the cuspidal 7r(r) is an irreducible constituent of a paraboli- 
cally induced representation. □ 

4.5. Some Global Lifting Results 

We now list several additional global Ufting results. All test functions are assumed to 
be matching and have elliptic local components at two fixed places w\ , which are prime 
in E. 



The stable quasi-packet {L{C,i 



.-1/2 



tt)} is defined in Section 14.3.11 where C is a 



nontrivial quadratic character of Ci?, and tt is a cuspidal, (^-invariant, automorphic repre- 
sentation of GL(2, Ai?). Recall that I2 denotes the trivial representation of GL(2, Ap). 

4.34. Claim. Let xbe a character of Ce such that x ^ "x- pbe a character of 
Cp- The following table holds: 



(4.1) 



G 


Hi 


H2 


{L(e^.,;.-i/V(x))| 


MI2 ®i X 





Proof. That there is no contribution from H2 follows from Lemma 14.241 The rest 
follows on comparing the lift of the global datum of pl2 ^1 x with the global datum of 

{L(£i.,i.-V2^^(x))}. □ 

4.35. Claim. Let x be a character of Ce such that x "x but x^ = x^. Then, 
"xlx — e' °^E/F for some quadratic character e' of C f- Let C, = e' ore's. In particular. 



(xIax ' C) °^e/f- The following table holds: 



(4.2) 



G 


Hi 


H2 


{L{eC,^,:.-yMx))} 




X1gL(2,Ae) ®2 xIa5 • C 
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Proof. That there is no contribution from Hi follows from Lemma l4.31l The rest 
follows from the comparison of global data. □ 

In what follows, the terms which appear in the e-trace identity often have nontriv- 
ial coefficients (as summarized in Section [3. 1.51 ). So, instead of using tables to describe 
the global lifting, we record explicitly the e-trace identities. There is often possible can- 
cellation among the coefficients in these trace identities, but we retain them in order to 
emphasize how they arise from the trace formula. 

Note that if the representations involved do not have elliptic components at wi,W2, 
then the e-trace identity is in the trivial form due to the restriction on the test 
functions. 

In each of the cases examined, we let be a finite set of places containing all the bad 
places for the representations involved. That is, 5 is a finite set containing the union of 
V — V^'^{E/F) and {wi, W2} such that the local components of the representations are 
unramified at all v ^ S. The components at w ^ 5* of the test functions are assumed to be 
spherical. For any adelic object (automorphic representation, test function, trace, . . . , etc), 
subscript S denotes the tensor product of local components over the places in 5*. 

First, we consider the cases where the packet tti of Hi (Ap) has the form Tr{9) ®i x, 
where 0, x are characters of Ce- The following claims follow directly from the results in 
Section [3.1.5l and Claim l4~28l and we skip their proofs. 

4.5.0.3. Monomial Representations o/Hi(Ai?). For a character 6 of Ce, let 6 de- 
note "6. For the S'-part {n}s of a (quasi-)packet {H} of G(Af), put {{n}sj) := 
X]n'e{n}s ™(n') (n', /)^, where m{Il') is the multiplicity of 11' in the discrete spectrum 
of G. 

Let 6', X be characters of Ce- 

(1) Suppose 61 ^ ^, X 7^ X, and I |, |. Let {H} be the packet [7r(6'x), 7r(6'x)] of 
G{Af). It lifts to the induced representation 7(2,2) {^^{(^X), ""(^x)) of GL(4, Ap). 
Those members of {11} which are unramified at places outside of S form {n}s, 
which is equal to the tensor product 

(0„e5{n^,n-}) ® i^^a^sK) ■ 

The multiplicity in the discrete spectrum of G of each 11' G {^}s is given 
by TO(n') = ^ (^1 + (—1)"*-'^ where n(n') is the number of places v for 
which = n^. The following identity holds for matching functions / in 
E{wi,W2,G{Af),uj) and /i in E{wi,W2,J1i{Af),oj) whose components at 
all u ^ S* are spherical: 

(4.3) ™(n')(n',/),,s 

n'e{n}s 

= ^ 4 [ ^''^^^ ^' ^^^^ + ^""^^^ ^' ^^^^ 

+ (7r(x) ®i 0, fi)s + (vr(x) ®i 0, fi)g 

(2) Suppose d ^ 6, X 7^ X, but 9x — iioNe/f for some character ji of Cf- Then, 
7r(0), 7r(x) are cuspidal, and 

TT{e) ®i X = 7r(x) (^1 e, 7r(x) (8)1 6* = 77(6*) (81 X- 
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(a) Suppose 7^ X^- Then, 7r(x/x) is cuspidal, and the induced representa- 
tion 7r(x/x) X /i is irreducible. The following holds: 



At a place v of F, prime in E, where 9^ ^ Oy, the representation n{Oy) 
is cuspidal. Consequently, the e„-twisted Harish-Chandra character of the 
induced representation t^{XvIXv) l^v is not identically zero on the elliptic 
regular set in Gy . 

(b) Suppose = X^- Then, x/x — £' ° ^e/f ior some quadratic character 
e' of Cf- Since by assumption x 7^ X' the character e' is non trivial and 
different from e. Let E' be the quadratic extension of F associated with e'. 
The condition 9x = f^o ^e/f impUes that 6/9 — e' o N^/p, from which 



it follows that the _E-monomial Tr(9) is also i?'-monomial (I'LLl). Then, 
tt{9) (8)1 X is equal to e'n{9) (g)i x = ^{(^) ®i X- Hence, if n{9) (g)i x 
contributes to an e-trace identity, it is the only contribution from Hi. Since 
7r(x/x) is equivalent to the induced representation I{e' , e'e), we have: 



In particular, at a place v of F, prime in E, where dy ^ 9^, the e^, -twisted 
Harish-Chandra character of e' x e'e x /.i is not identically zero on the elliptic 
regular set in Gy . 

(3) Suppose 9 — hoNe/f for some character /i of Cp, and x 7^ X- Since 

■^{ff) «)i X = X = ° ^e/f) ■ X, 

we assume without loss of generality that ji = 1. The _E-monomial represen- 
tation 7r(l) is equivalent to From Section [3.1.3.31 the representations 
/(I, e) ®i X and /(I, e) ®i x do not contribute to the stable discrete part of 
the spectral expansion for Hi(Ai?). The (normalizedly) induced representation 
1 X 7r(x) of G{Af) is reducible, and its irreducible constituents form the global 
packet {n} — (g)t,g\/{n+, n^} (see Section [3.1.2.3b . The intertwining operator 
which appears in the term associated with 1 x 7r(x) in the spectral expansion 
for Hi (Ap) acts trivially on 11+ and through the scalar multiplication by —1 on 
n^. The following holds: 



(4.6) - n ((n+ fy)^ - (n-, /.) J = - . - (^(x) ®i 1, h)s ■ 



(4) Suppose 9 — 1, and x = M ° ^e/f for some character /i of Cp. Then, 

Tr{9) ®i X = Hx) ^i9^ tie) ®i 1, 




= \\ (AO) ^1 X, fi)s + \ (AO) ®i X, fi)s 
= l{m^ixJi)s- 



(4.5) 



- {e' X e'e x ^, f)^ g = 2 ' 2 ^'"^^^ ®^ ^' ^^^^ ' 



which does not contribute to the stable discrete part of the spectral expansion for 
Hi(Ai;-). If we set up an e-trace identity using the global datum parametrizing 
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Tr{9) (E"! X' then there is a nontrivial contribution from H2, namely, the discretely 
occuring representation 

Be/f T^ix) ®2 Ai^e = (/^ o ^e/f) 1) '^2 A^^e- 
The following holds for matching functions: 

(4.7) i (1 X £ X /i, /)^^ = i . i ((^ o Ne/f) /(1, 1) ®2 fi^e, /s)^ . 

The identity ( 14.71 ) cannot be proven using the global techniques employed thus 
far, for the right hand side comes from an induced representation, and our test 
functions are required to have two elliptic components. Rather, ( 14. 7t follows 
from the local character identities deduced in Section ISTl 

4.5.0.4. A Special Case of Non-E-Monomial Representations. Let E' be a quadratic 
extension of F different from E. Let EE' be the compositum of E and E'. It is a bi- 
quadratic extension of F. Let a, g' be the generators of Gal(i?i?'/i^), such that E is the 
fixed field of cr', E' is the fixed field of cr, and Q&XiEjF) = (a), G&\{E' / F) = {a'). 
Let e' be the quadratic character of Cf associated with E' /F via class field theory. Let 
6* be a character of Ce' such that 9 ^ 6. Let tte'{()) be the i?'-monomial representa- 
tion of GL(2, Ai?) associated with 0. Let x be a character of Ce such that x 7^ "^X ™d 
"X/X = e' ° Nij/j.. 

Let /i be a character of Cb' which satisfies iJ.o'^i ^E' / E' — X°^ee' /e- Then, ^/ ~ 
£ o N^;/ y^. Suppose [id ^ (/^^). This implies in particular that "QjB^eo'^E'iF- Let 
TT^;/ be the cuspidal £"-monomial representation of GL(2, A^?) associated with [iB. 

Let {n} be the global packet of G(Ai?) which consists of the irreducible constituents 
of e'e x: TTE'iliO)- For any place v, let 11+, denote the two constituents of n„ if it is 
reducible (This occurs if and only if e'^^Sy = 1 and tte' {lid)v is square integrable). If n„ is 
irreducible, put n+ := n„ and H" := 0. Then, {H} = ®„{n+, H"}. 

Let {tte' [0) (81 1 x} denote the multi-packet of Hi {Af) containing tte' (B) <8)i X- 

4.36. Proposition. The following table holds: 



(4.8) 



G 


Hi 


H2 


m 


{TrE'{B)(E)ix} 





Proof. We first show that tte'{(^) ^1 X contributes to the e-trace identity by compar- 
ing F-H classes. Then, we show that no automorphic representation of H2(Ai?) contributes 
to the trace identity. 

We consider the all but finitely many odd finite places v of F such that: (i) the place 
V is unramified in both E and E'; (ii) the characters 6*1,, /i^,, Xv are unramified. For any 
such place v, the local packet {Hi,} is a singleton consisting of a fully induced unramified 
representation, which we denote by 11+. 

Since any p-adic local field of odd residual characteristic has only one unramified 
quadratic extension, there are four cases to consider: 

(1) ^ 1. 

(a) 4 = e„, i.e. E^ = E[„ and (EE')^ = E^ ® E^. 

We have 11+ = 1 x 7r£;(/i„0„). Since B^ factors through ^e' /f via some 
character 0^ of F^^, the local packet 7r(6'„) (g)i Xi; is equal to 6'^e„) (8)1 
Xu, which lifts to 1 X ^?',7r(xi)) ~ \ >iTT{BvXv)- The condition xoN^;^;//^ = 
M ° ^EE' /E' imphes that, for any (zi, Z2) € {EE')^, Xv{ziZ2) is equal to 
^y{ziZ2)- Hence, Xv — Mi" ^^d tti^v lifts to 11+. 
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(b) = 1, i.e. E'^^Fy® Fy, and {EE')^ ^ E., ® Ey. 

In this case, v splits into two places vi^V2 of E' . For i = 1,2, let fii, 9i 

denote fi^. , 0^., respectively. Then, 11+ = £„ x /(/ii6'i, /Z202)- 

Let x'v be an unramified character of F^ such that = X« ° /f- Then, 

T^i,v ^ 1(91,02) «■! Xv lifts to Ey XI /(x^6'i, et,X^,6'2)- 

The condition x ° ^ee' /e — ° ^ee' /e' implies that, for all {zi, Z2) in 

(EE')^, we have the equality 

Xv(^E/FZi)Xv(^E/FZ2) = fil(NE/FZl)fJ'2(!^E/FZ2); 

hence, fii o ISii^/p = Xv °^e/f for i ~ I72. The condition fi/i-i — 
£ o Np' IF implies that [i2 — £v Consequently, the set {^1,^2} is equal 
to {x'v, e^xU- Thus, tti^^, lifts to e„ x /(^iifi, ^26*2) or e„ x /(Ai2^'i, ^1^2)- 
The two representations are equivalent because 112 = Svl^i, and the repre- 
sentation El, X lix'v^ii^vX'v^^) is equivalent to 

X evI{Xv9l,^vX'v02) = £v >^ I{£vX'v9l,Xv02)- 

Thus, TTi.i, lifts to n+. 
(2) Ey = 1, i.e. =Fv® F„. 

(a) ^ 1, i.e. F„] = 2, and {EE')., ^ E'^ (B E'^. 

We have 11+ = e„ x /(/i^6'(,, //^0J,e^), where 6'(, are unramified charac- 
ters of F^ such that ^„ = /i^ o N^jz/j? and 9v — O'^o ISIe'/f- 
By assumption, w splits into two places vi,V2 of £'-„, and tti is equal to 
I{B'^,0'^e'^) (g)i (xi (8) X2), where Xi (* = 1, 2) denotes Xvi- The unramified 
representation Tri t, lifts to x ^^/(xij X2) of Gt,. 
The condition °^x/x = e' o N^;/^ implies that 

^ (x) ^ (y) = e'y {xy) , y{x,y) ^ E^ ^ F^ © F^ ; 
X2 Xi 

hence, Xi/X2 = 

By the condition /i o N^^;/ = X ° N^;^;/ y^;, we have 

Xl{^E' /FZi)X2{^E' /FZ2) = ^1,(2:122), 

v(zi,z2) e ©^'^. 

Consequently, xi ° ^E'/f = X2 ° ^E'/f = ^J■v = fJ-'v ° ^E'/f, and 
{Xii X2} = {^^v,£v^^v}■ It follows that ni^v lifts to n+. 

(b) 4 = 1, i.e. E'^^Ev^Fv® Fv, and {EE')v ^ Fv ® Fv ® Fv ® Fy. 
Suppose V splits into vi,V2 in and into v'i,V2 in i?'. For i — 1,2, 
let Hi,6i,Xi denote ^y',9v',Xvi, respectively. Then, 11+ is equal to 1 x 
/(/xi^i, ^2^2)- The representation TTi_y = 1(01,62) (8)1 (xi ® X2) lifts 
to X1/X2 XI X2l{0i,02)- The condition "'x/x = e' ° N^;/^ implies that 
Xi = X2- Likewise, /ii = /X2. 

The condition ^ o e'/e' — X° ^e E'/e implies that 

Mi(a;y)M2(zi) = Xi(2;^)x2(yi), y{x,y,z,t) e {EE')^; 

hence, fJ-i — fJ,2 — Xi — X2- We conclude that ni y lifts to 11+. 
The packet {11} lifts to I{tte' ^'^e' {f^^)) of GL(4, Ap). By the same argument used 
in the proof of Claim l4!28l we conclude that if an automorphic representation 7r2 — tt(E)2T] 
of H2(Ai?) contributes to the e-trace identity, then tt = "'tt. Consequently, tt = B^/pT 
for some automorphic representation t of GL(2, Af), and 77 is equal to either Wt or euur- 
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In the first case, we know from Proposition 14. 1 71 that r 01 1 must contribute to the trace 
identity, which is a contradiction by Theorem l4.10l The second case is ruled out by Lemma 
14.291 The proposition follows. □ 

4.37. Claim. The following holds for matching functions: 

(4-9) I n ii^tJv) - (n-, /.) J = i {7TE' {9) ®i X, h)s ■ 

Proof. This follows from Proposition 14.361 and the equation ( 13.7b . Since '^x/x = 
e' o N^/j?, the packet tte'{9) <Xii '^X of Hi(A_f) is equal to e'lTE'id) (^ix = T^E'id) (^i x- 
Consequently, TTE'{d) ®ix is the only contribution from Hi to the trace identity. Since by 
assumption 6 ^ 9, the cuspidal iS'-monomial representation tte' (/i^) is not iS-monomial, 
whence the coefficient 1/2. □ 

4.5.0.5. Induced Automorphic Representations o/GSp(2, Af). Let t be a cuspidal 
non-i?-monomial, or one dimensional, automorphic representation of GL(2, Af). Let 11 
be the (normalizedly) induced representation e x r of G(Af). For any place v of F, 
let n+, n~ denote the two constituents of n^, if it is reducible. If lit, is irreducible, put 
n+ := n„ and n~ := 0. From Section [3.L2.3l the intertwining operator Mp^^ (s2q+/3, 0)„ 
acts trivially on 11+ and as the scalar multiplication by — 1 on 11^ . 

4.38. Claim. The following twisted trace identity holds for matching functions f in 
E{wi,W2, G{Kf),uj) and /2 in E{wi,W2, H2(Af), 

(4-10) \ n ((n,t,/.), - (n-,/„)J - \ {Be/ft®! ^r£,/2)<j. 

■ues 

Proof. This follows from Lemma l4.29l and a comparison of F-H classes. □ 

The following global character identities follow from local identities which we shall 
prove in Section lSTI We record them here for the completeness of the global picture. These 
global identities hold for aU matching test functions, being products of local identities. 

For matching functions, 

(1) {e'e X 7r(x), /), = (x/(l, 1) ®2 xIa^ ' h) , 

where x is a character of Ce such that '^x/x = e'cN^ for some nontrivial 
quadratic character e' of Cf\ 

(2) (£ X £ X ^, /)^ = (^/(l, 1) ®i 1, /i) = ((/i O ^e/f) /(I, 1) ®2 I2) , 

where e, p are charaters of Cp', 

(3) (£X7r(x),/), = (/(!, l)®ix,/i>, 

where x is a character of C^;. 

4.6. Final Words 

Let a be the generator of Ga\{E / F). The Galois group Gal{E/F) acts on the repre- 
sentations r of GL(2, Ke) via '^r(g) = T{ag) for all g G GL(2, A^). 

For an automorphic representation r of GL(2, A^), let 7r(r) denote the automorphic 
representation of GL(4, hp) which is obtained from r via the twisted endoscopic lifting 
from R£;/fGL(2) to GL(4). 

For an automorphic representation tt of GL(2, Aj?), let Bp/pTr denote the automor- 
phic representation of GL(2, A^;) obtained from t via base change (||Ll, BFlll ). 

For an automorphic representation/packet tt^ of Hi(Ai?) (« = 1, 2), let £,*{Tri) denote 
the (quasi-)packet of GSp(2, A^) which is the lift of tt^. 
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We say that a global (quasi-)packet is discrete spectrum if it contains a discrete 
spectrum automorphic representation. A discrete spectrum (quasi-)packet of the group 
GSp(2, Ai?) is said to be £-invariant if it contains a discrete spectrum, e-invariant, auto- 
morphic representation. 

We now give the list of (quasi-)packets which comprise the image of the £-endoscopic 
Ufting in the discrete spectrum of GSp(2). These packets are necessarily e-invariant. 

(1) Unstable, cuspidal: 

(a) [tt, en] = Q (i" ®i 1) = Q {Be/ft^ ®2 w^), 

where tt is a cuspidal, non-ii-monomial, automorphic representation of 
GL(2, Ap). The packet lifts to the induced representation 1(2,2) (f) £7'') of 
GL(4,Af). 

where 0, x are characters of such that none of 0,x-i0x,9 "^x is invari- 
ant under the action of a. The packet Ufts to the induced representation 
/(2,2)(7r(ex),7r(e"x))ofGL(4,Air). 

(2) Unstable, residual: 

[Atl2,eMl2] = C?(m12 ®l 1) = ^2 ((/^ ° N_e/f) 1gL(2.Ae) ®2 H^) , 
where /i is a character of Cp, and I2 denotes the trivial representation of 
GL(2,Af). The packet lifts to 1(2,2) (/^l2, eAtl2) of GL(4,Af). 

(3) Stable, cuspidal: 

(a) Ciir^ix), 

where r is a cuspidal, non-i^-monomial, automorphic representation of 
GL(2, Ai?), X a character of Ce, such that there is no quadratic charac- 
ter (trivial or otherwise) e' of Cp for which "^x/x = s' o Ne/f and r is 
equivalent to e'r or e'er. 

The packet lifts to the e-invariant, cuspidal, automorphic representation 

T^ixBE/FT) ofGL(4,AF). 

(b) ^2*(^B«'2M), 

where te is a cuspidal automorphic representation of GL(2, A^;), /x a char- 
acter of Cp, such that te 7^ "^te and lUte = M ° '^e/f- 
The packet lifts to the e-invariant, cuspidal, automorphic representation 
n{TE) of GL(4,Ajr). 

(4) Stable, residual: 

(a) {L(£i/, u-^/^x))} = Ciih ®i X), 

where x is a character of not fixed by Gal(£^/i^). The quasi-packet Ufts 
to J(i^^/^7r(x), z/~^/^7r(x)), the Langlands quotient of the induced repre- 
sentation /(2,2)('^^^^7r(x), i^"^/^7r(x)) of GL(4, Af). 

(b) {L(eCr^,i/-i/27r(x))} = C2* (x1gl(2,a^) ®2 xUj ' 0, 

where ^ 7^ e is a nontrivial quadratic character of Cf, X a character of 
Ce, such that "'x/x = C ° ^e/f- The quasi-packet lifts to the Lang- 
lands quotient J{v^/^Tr{x), v~^^'^'^{x)) of GL(4, Ai?-). Note that the packet 
{L{C,v, z^~^''^7r(x))} is disjoint from {L{eC,v, z^~^/^7r(x))}, but they both 

liftt0j(l/V2^(^),j.-l/2^(^)). 

4.6.0.6. Surjectivity of the Twisted Endoscopic Lifting. Recall the definition of the 
operator pt^{e), or p{e), on L{G{Ikp),bj): 



Pu;{e) : <j) ^ ecj), V0 G L(G(Af), w). 
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4.39. Lemma. If an irreducible, discrete spectrum, automorphic representation 11 of 
G(Af), with central character uj, is e-invariant, then the distribution / i-^- tr Ti{J)puj{e) 
on C'{G{Ap),Lu) is nonzero. 

Proof. Let G = G{Af) x {±1} x (e), where e"^ = 1, and (1, 1, e)(.g, 1, 1) = 
ig,e{g),e). 

By assumption, 11 is a subrepresentation of the right-regular representation on 
L{G{Ap),uj). Hence, p„(e)n is a subrepresentation and consequently belongs to the 
discrete spectrum. By the assumption that the multiplicity one theorem holds for G, the 
operator p^^ (e) maps the space of 11 to itself, with 

(4.1) pU£r'Ti{9)pU£) = eigMg), V.g G G(A^^). 

We extend 11 to a representation Hi of G, on the space of 11, as follows: 

ni(g,l,l) :=n(g), ni(l, ±1, 1) ±1, ni(l, 1, e) := p^(£). 
For all g e G{Ap), we have: 

ni( (1, l,s){g, 1, 1) ) = p^ie)n{g), U,iig,eig),e)) = e(g)7r(5)p^(£). 

It follows from ( 14.11) that Hi is indeed a representation of G. 

We extend 11 also to a representation 112 of G such that 112 is the same as Hi on the 
subgroup G{Ap) x {±1} of G, but 112(1, :— ~p^{e). Since 11 is irreducible, it 
follows from Schur's lemma that Hi and 112 are inequivalent. 

The center of G is Z = {(z, 1,£) : z e Z(Af-)}, where Z is the center of G. For 
i = 1,2, the character of Ilj is (11^, / ) = tr /g^g ^i{9)f{g) dg, which is equal to 

tr / ±Il{g)fi~g)d~g + tT f ±U{g) AJ {~g) dg , 

J{g={g,±l,l)} J{g={g,±l,e}} 

where Ai — Pu,{£) and A2 — —pui{e). Hence, the difference (Hi, / ) — (112, /) is equal 
to 

2tr / ±Il{g)p^{e)f{g)dg 

J{g=(g,±l,e)} 

= 2tr/ Il{g)p^ie)fiig,l,e))d~g-2tv f n(gK(£)/((.g, -1, e)) dy. 

Suppose the twisted character (11, /)^ (^^^ is identically zero. Then, both terms in the 
sum above are zero, which implies that {Hi, f) — (112 j / ) = for all test functions / on 
G. Since Hi ^112, we have a contradiction by the linear independence of characters. □ 

4.40. Lemma. Let {Hi, TI2, ■ ■ ■ , n„} be afinite set of inequivalent automorphic rep- 
resentations ofG{Ap) which satisfy the hypothesis ofLemma \4.39\ The twisted characters 
{{Hi, f)p^(^g)}i<i<n are linearly independent. 

Proof. For each 1 < i < n, let 11; 1, Hi 2 be the representations of G defined as 
in the proof of Lemma |4.39l Suppose there exist complex numbers ci, C2, . . . , c„, not all 
zero, such that 

n 

(n„/)^^(,)=o. 

i=l 
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Then, by the same argument used in the proof of Lemma l4.39l we have: 

n 

^c,((n,,i,/V(n^,2,/)) -0 

1=1 

for all test functions / on G. Hence, we have a contradiction by the linear independence 
of the characters {(11,^ , /)}i<i<„ . □ 

4.41. Corollary. Each s-invariant, discrete spectrum, automorphic representation 
ofG{Kp) with two elliptic components belongs to a packet listed in this section. 

Proof. Suppose a discrete spectrum automorphic representation 11 of G(Ai?), with 
central character lo and two elliptic components, is e-invariant. If we set up an e-trace 
identity using the global datum of 11, by Lemma |4.40| the G side of the identity is nonzero. 
Consequently, there must be nonzero contribution from the endoscopic groups side of the 
trace identity. The image of the lifting of the discrete spectrum automorphic representa- 
tions of the endoscopic groups consists precisely of those representations which appear in 
the list, whence the claim. □ 



CHAPTER 5 



The Local Picture 

Let A: be a p-adic field with ring of integers O. 

For an algebraic fc-group H, let H — li{k). Let H'^°^ denote the set of regular 
elements in H. Let Zq (H) be the maximal fc-split component of the center of H. Let H 
denote the quotient H/Zq (H). Let C{H) denote the space of smooth, compactly supported 
modulo Zq {H) functions on H. For a character oj of Zo {H), let C {H, uj) denote the space 
of functions f \nC{H) which satisfy 

f{zh) = u{z)'^f{h), Vz e Z^{H), heH. 



Let J = 




e GL(4). Let G be the reductive fc-group 



GSp(2) = {g e GL(4) : *gjg = X{g)J for some A(.g) e &,„} . 

We call X{g) the similitude factor of g. The character A G Hom(G, Gm) descends to a 
character in Hom(G', k^). Let Z — {diag(z, z,z,z) : z G Gm} be the center of G. Since 
Z is fc-split, the group Zo{G) is equal to Z. 

Let e be a quadratic character of fc^ . We let e denote also the character 

g ^ s{X{g)) 

on G. The similitude factor of any diag(z, z, z,z) E Z is z^; hence, e is trivial on the 
center of G. 
Notation: 

• For a representation tt of G, let en denote the representation of G on the space 
of TT defined by 

en = e n : g 1-^ e{g)n{g), V.g G G. 

• For g G GL(2, fc), put e{g) := e(dct .g). For a representation r of GL(2, fc), let 
£T denote the GL(2, fc)-module on the space of r where g in GL(2, fc) acts by 

Let G' be either GSp(2,fc) or GL(2, fc). For an admissible (|BZ|) representation 
(tt, V) of G', where V is the complex vector space on which G' acts via n, put 

HomG'(7r,e7r) := {A G Homc(y,F) : e(.9)7r(g)yl = An{g), Vg G G'}. 

We call A G HomG(7r, £7r) an intertwining operator. 

5.1. Definition. We say that an admissible representation n of G' is e-invariant if n 
is equivalent to en, i.e. there exists a nontrivial intertwining operator A in Home {'^i f")- 

Let (tt, V) be an irreducible, admissible, e-invariant representation of G. Let A be a 
nontrivial operator in HomG(7r, en). Since e is quadratic, A^ intertwines the irreducible n 
with itself. Hence, by Schur's lemma A^ is a scalar multiplication on V. Multiplying A by 
the scalar {A^) if necessary, we assume A^ = 1. Then, A is unique up to a sign. 
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Fix once and for all a Haar measure ( IIBZII ') dg on G — G/Z. Let ujt^ denote the central 
character of vr. For / G C{G, lutt), define the convolution operator 7r(/)A on V as follows: 

n{f)Av := / f{g)n{g)Av dg, Vw G V. 

JG 

Since / is locally constant, compactly supported modulo Z, and tt is admissible, 7r(/)A 
has finite rank and its trace tr 7r(/)A is finite. We often drop the u;-^ from C{G, w^) and 
write simply C{G). It should be understood implicitly that the test function / transforms 
under Z via uj^^. 

Recall from chapter |2] the definitions of the e-endoscopic groups Hi,H2 of G over 
k. From local class field theory, there is a quadratic extension /C of fc which corresponds 
to e. In particular, e is the unique nontrivial quadratic character of fc^ whose restriction to 
Njc/fc^^ is trivial. The group of fc-points of (i = 1, 2) is as follows: 

(1) Hi = (GL(2,/c) X /C^)' := {{g,x) G GL(2,A:) x /C^ : dct.g = N^/kx}; 

(2) H2 = (GL(2,/C) X fc^) //C^, 

where /C^ embeds into GL(2, /C) x via a; 1— > (diag(a;, x), N^^/fc^^"^)- 

We have: 

ZoiHi) = {(diag(z,z),z) : z G k""}, 

Zo(ff2) = {(diag(l,l),2)^ :zGfc><}, 

where the lower * signifies the image in H2 of an element in GL(2, K.) x k^ . 

Let i = 1,2. Fix once and for all a Haar measure dhi on Hi — Hi/Zo{Hi). Let 
TTi be an irreducible admissible representation of Hi. For z G Zo{Hi), TTi{z) acts as a 
scalar uJti-{z) on the space of vr^. We call uJj^. the split central character of tt,;. For 
fi G C{Hi,ujT^.), let 7r(/i) denote the convolution operator 

/ fi{h)Tii{h) dhi. 

It has finite rank; hence, its trace tr TTi{fi) is finite. As in the case of G, we often write 
C{Hi) instead of C{Hi, WttJ. It should be understood that the test function fi transforms 
under Zo(i?i) via t^j^.^. 

Notation/Terminology: 

• Put GL(2, k)'^ := {g G GL(2, k) : det g G Njc/kJC''}. 

• For any quadratic extension C of k, we say that an admissible representation tt 
of GL(2, k) is £-monomial if it is the monomial representation tt{0) associated 
with a character 9 of (see |JL , Thm. 4.6], |K|). 

• We say that a representation is fully induced if it is an irreducible parabolically 
induced representation. 

• For a representation t of GL(2, k) and a character x of /C^, let t ^i x denote 
the following representation of Hi on the space of r: 

T(g)ix- {g,x) 1-^ x{x)T{g), y{g,x)eHi. 

Note that t ^i x is reducible of length two if t is /C-monomial (" OLLD . 

• For a representation tt of GL(2,/C), a character /i of fc^, such that uJt^ = /i o 
Njc/j,, let TT ^2 fJ- denote the following representation of H2 on the space of vr: 

7r(g)2 : (3, c)* /^(c)7r(.g), y{g,c)^ G ^2- 

The lower * signifies the image of {g,c) G GL(2,/C) x fc^ in H2. Note that 
TT (g)2 is well defined because of the condition on uJt^ and /i. 
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• For an admissible e-invariant G-module tt, a nontrivial intertwining operator A e 

HomG(7r, £7r), and a function / in C{G), put 

(tt,/)^ :-tr^(/)A 

It depends implicitly on the fixed Haar measure dg on G. 

• Let i = 1 or 2. For an admissible i?j-module tTj and a function fi e C{Hi), put 

:= tr 7ri(/,). 

It depends on the fixed Haar measure dhi on Hi . 

• Let a be the generator of Gal(/C//c). For 7 e /C, put 7 0-7. For a character x 
of/C^,put'^x(7) x{l) for all 7 e /C^. 

For a representation tt of GL(2, JC), let '^tt denote the representation 

= V(5,,)eGL(2,/C). 

5.1. Induced Representations 

5.1.1. The Intertwining Operator. Let P = AIN he the upper triangular Heisen- 
berg parabolic subgroup of G with Levi component 



M=U .... ) :aefc^<?2eGL(2,fc) 
and unipotent component 



N 



1 * * * 
1 * 
1 * 
1 



We identify A/ with fc^ x GL(2,A:) via (^"32 ^^^^^ ^^^^ (0,52)- 

Let /i be a character of fc^ . Let x be a character of /C^ . Let (t2, V2) be the monomial 
representation tt{x) of GL(2, k) associated with x- Let (/i (g) T2, V2) be the representation 
of P defined by 

fi(g)T2 : {a,g2)n ^-> ^(a)r2(52), V (0,52) G A/, n G TV. 

Let (tt, V) — h xi T2 := /p (/i ® T2) be the representation of G normalizedly induced 
(1111) from /i(g)r2. 

Let T = /i (g) T2. For TO e M, let SM{m) = |det(Ad 

^In)!? where u denotes the Lie 
algebra of N. By the definition of normalizedly induced representations, the vector space 
V consists of the smooth (|BZ|) functions (p : G ^ V2 which satisfy 

1/2 

(p {mng) = {6fl,j T){m)ip{g), Vm G M, n E N, g E G. 

The group G acts on V via right translation {TT{g)ip) (h) = (p{hg). 

The similitude factor of (a, 52) G M is equal to det g2', hence, e (g (/i x T2) = ^ xi 6X2. 
Since T2 = tt{x) is e-invariant (in the context of GL(2, k)), the induced representation tt = 
/I X T2 is e-invariant (in the context of GSp(2, k)). In what follows, we define a nontrivial 
operator A in HomG(7r, en), and then we compute explicitly the twisted character (vr, /)^ 
for/GC(G). 

Let GL(2, k)'^ = {5 G GL(2, k) : det 5 G N^^/fc^^}- It is a subgroup of index 2 in 
GL(2, /c). From ILLI Sect. 2], there exist subspaces ¥2^ , V2 in the space V2 of T2 such 
that V2 = V2 ffi ^2 ^ GL(2, A;)'^-module. Moreover, is equal to T2{w)V2 for any 
element w G GL(2, k) — GL(2, k)^ . Let A2 be the operator on V2 defined by 

A2{v'^ + t;") := w+ - w", Vu+ G ^2^, G V2 . 
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It is an intertwining operator in HomGL(2,fe)('''2, £t-2) whose square is the identity. Note 
that by the symmetry between and , a choice is involved in the definition of A2. 
Define a map A from V to the set of smooth V2 -valued functions on G as follows: 

(5.1) iAip){g) := eig)A2iip{g)), Vg G G, ^ G 

5.2. Claim. The map A is an automorphism ofV such that A^ = 1, and 

eTT{g)A = AT:{g), g e G. 

In other words, A is a nontrivial intertwining operator in Home (tt, ett). 

Proof. First, we show that A is an endomorphism of V . It then follows trivially that 
A^ = 1 and hence A is invertible. 

1 /2 

For every ip £ V,ws need to show that {A^p){mng) = {Sj^j T){m)ip{g) for all m — 
(a, 52) G M, n E N, g E G. The restriction of e to is trivial, for the similitude factor 
of a unipotent element is 1. We have: 

{A(p){mng) = e{m)e{n)e{g)A2{ip{mng)) 

= e{detg2)e{g)A2 (dl^^{m)fi{a)T2ig2)(p{g)'j 

= (5i,f(m)//(a)£(detg2)£(det 52)7-2 (g2)£(g)^2(¥'(g)) 
= {6l/\){m)e{g)A2{p{g)) 
= {Sl/\){m){A^){g). 

Hence, Aip lies in V. 
Next, we show that 

(5.2) eig)n{g)A^ ^ ATT{g)ip, V.g eG, ipeV. 
For all h E G, on the left-hand side of i5.2\ we have: 

{eig)7Tig)Ap>){h) = e{g){Aip){hg) = e{g)e{hg)A2{ipihg)) - eih)A2Mhg)). 
On the right-hand side, we have: 

(AiTigMih) = e{h)A2i{TTig)ip)ih)) = e{h)A2{^{hg)). 
Hence, left-hand side equals right-hand side, which completes the proof. □ 



5.1.2. A Trace Identity between G and Hi. Suppose the field K, is equal to fc( v B) 
for some B E — . We define an embedding : JC^ ^ GL(2, k) as follows: 

(f>:a + bVB^ (g^'f ) , ya,bEk; {a,b) ^ (0,0). 

Note that, for 7 E /C^, the (possibly non-distinct) eigenvalues of ^(7) are 7,7, and 
det(/)(7) = N;c/fc7- Let 

Tk = {0(7) : 7 e /C^ } . 
For an element t2 E GL(2, k) which is conjugate to 0(7) for some 7 E JC^ , put 

DrAh) 

|N/c/fc7| 

Recall that T2 = 7r(x) is the /C-monomial representation associated with a charac- 
ter x of /C^. We have defined in the previous section an intertwining operator A2 in 
HomGL(2,fe) (r2, £T2). Let x%2 e-twisted Harish-Chandra character associated with 
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the distribution / i-^ tr T2{f)A2 on C(GL(2, k)). In particular, for g,h (z GL(2, k), we 
have Xr^ih^^gh) = e{K)x%^{g). 

Let t2 be a regular element in GL(2, k). If (^2) 7^ 0, then the centralizer of ^2 must 
be a torus which lies in the kernel of e. All such tori are conjugate to Tjc; hence, x%2 (^2) 
is zero unless ^2 is conjugate to an element in Ty^. By iL] Lemma 7.19], for each regular 
t2 = (/)(7) e Tyc, 7 e /C^ - fc^, we have: 

(5.3) D]{^{t2)xl(^){t2) = d ■ A(/C/fc, ij) ■ e(7 - 7) [x(7) + x(7) 



Here, A(/C/fc, ip) is a constant independent of t2, and d is ±1 depending on the choice of 
sign involved in the definition of A2. For simplicity, we assume A2 is chosen such that 

d=l. 

Let T = \ \ *2 ): a G fc^ , t2 G Tr >. It is an elliptic maximal torus in M. 

l\ {dctt2)/aj J 

Observe that, for 7 e /C^ , 

' (det.(.))/.)) = '^""''^^^^^ = ^^(^^/^-^^ = ^' 

hence, T lies in the kernel of e. 

Fix a Haar measure dtonf ^ T/Z. Let dg/dt. For t e T and / e C(G), put 



JT\G 



Note that e(g) is well defined because T C kere. 

Recall that we identify (a, 32) in fc^ x GL(2, k) with blockdiag(a, (72, (det g2)/a) in 

M. 

5.3. Lemma. Let ^ be a character of k^. Let x be a character of K,^ . Let A in 
HomG'(/i X 7r(x), M ^ ^^(x)) ^'^^ intertwining operator defined in Section lS.Lll Then, 



(5.4) (A^X7r(x),/)^ = i / 

■ \{lC/k,4>)s{l - l)D]l^Gii)OULt) dt. 

Here, t2 = ^(7) G Tyc, 7 G /C^. 

Proof. We keep the same notation used in the previous section, i.e. T2 = 7r(x), 
(tt, V) — fi yi 7r(x), — /i T2, . . . , etc. Let i^T be the hyperspecial maximal compact 
subgroup GSp(2, O) of G. We have the Iwasawa decomposition G = PK = NMK; 
hence, G ~ NMK, where M = M/Z. We also have the corresponding measure decom- 
position dg = 6]^ {m)dndmdk, where dm is a measure on M. Recall that e\N — 1- For 



N 



K/kl 



[X(7) + X(7)] 
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heG,if£V, 

= [ f{9){7r{9){A^)){h) dg= [ f {g){A^){hg)dg 

JG JG 

= [ f{h-^g){A^){g)dg= [ f{h-^g)e{g)A2{^{g))dg 

JG JG 

= 11 I f{h~^nimk)£{nimk)A2{ip{nimk))S]^{m)dkdmdni 

JN JM JK 

f{h~^nimk)e{mk)S]^^'^{m)A2{T{m)ip{k)) dk dm dni. 



M 

N JM JK 

Writing a general to G M in the form (a, g2), where a G k^ and (?2 G GL(2, k), the above 
expression is equal to 

f{h~^nimk)£{g2)£{k)d^^'^{m)fji{a)A2T2{g2)'p{k) dk dm dni 

N JM Jk 



1 /2 

f{h~ nimk)£{g2)£{k)5 ' {m)n{a)e{g2)T2{g2)A2(fi{k)dkdmdni 

N JM JK 

= / / / f{h~^nimk)e{k)S^^^{m)ii{a)T2{g2)A2^p{k)dkdmdni. 
Jn Jm Jk 

For each m G M, we change variables ni n, where n is defined by nr^mnm~^ = 
rii. The resulting Jacobian is |det(l — Ad TO)|n|. Let£)M\G("^) = |det(l — Ad m)|g/n,|, 
where lower case gothic type denotes the Lie algebra of a group. Since 

<\gM = ^m'^^) Idet(l - Ad to)U| , 
the trace {■n{f)Aip) {h) is equal to 

j j j f{h~^n~^mnk)e{k)D^J^Q{m)ii{a)'i:{g2)A2ip{k) dk dm dn. 

JN JM JK 

Since G = PK and functions in V transform under P via r, we may identify V with a 
space of functions on K. The operator ip ■jT{f)Aip on V is therefore an integral operator 
with kernel 

{h,k) e K X K ^ 

/ / f{h~^n~^mnk)e{k)D^j^?Q{m)ii{a)'!r{g2)A2 dm dn. 

JN JM 

This kernel is an operator on the vector space V2 of T2, for each {h, k) G K x K. 

We compute (tt, /)^ = tr Tr{f)A by integrating the character of this kernel (as an 
operator on V2) over the diagonal {{k,k) : k G K}. We have: 

{^J}a= / / f{k~'^n~^mnk)s{k)D]^j^Q{m)ii{a)Xr2i92) dmdndk 
JkJnJm 

— / -^M\G("^)'"WXr2(52) / / f{k~^n~^mnk)s{k) dn dk dm, 

JM JK JN 

Let Ng{M) be the normalizer of M in G. Let Wm\g = Ng{M)/M. Then, 
I Wm\g I = 2, and the nontrivial element of Wm\g sends (a, 52) to ((det g2)/a, 52)- We 
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have: 



M\G\ JM 



Jk Jn 



dm. 



Let t2 be a regular element in GL(2, k). For any g2 G GL(2, k), put := g2^t2g2- 
Recall that x^^C^a) is zero unless t2 is conjugate to an element in Tic, and Xt2(^?) = 
e(g2)XT2 (^2) for all 32 G GL(2, fc). By the Weyl integration formula, if a function / on a 
group H is zero outside of the conjugacy class of a maximal torus T, then 



(5.5) 



fih) dh 



H 



T\H\ JT"=s 



DT\H{t) I f{h~'th) dh dt. 



T\H 



Here, Dj^\fj{t) := |dct(l — Ad i)|(,/t|- Viewing (tt, /)^ as an integral over M, the inte- 
grand vanishes outside of the union of the tori conjugate to T in M. Applying ( 15.5b . we 
obtain: (tt, /)^ = 



t\m\ 



W^ 



M\G\ Jt=(a,i2)eT" 



T\M 



it) 



D 



m=(ft,S2)eT\A/ 



dctt? 



f{k n m tmnk)e{k) dn dk dm dt 



K JN 



1 



T\G\ Jt={a.t2)eT' 

r 

rh={b,g2)eT\M 



f{k~^n~^ffi~^tffink)e{k) dn dk dffi dt. 



K JN 



Here, Wt\g denotes the Weyl group of T in G. 

For TO = (6,52) e M, we have Xral^f ) = £(.92)Xr2 (^2) = e{m)x%{t2)- Inserting 
e(n) = 1 (n e A^) at an appropriate place, we express (tt, /)^ as follows: 



Dr\Mm\ilG(t) + (^)] Xr2(^2) 



T\G| Jt=(a,t2)eT"B 



e{m) 



T\M 



f{k ^m ^tmnk)e{nk) dn dk dm dt 



K Jn 



rrr^ /_ DnM(i)<\G(*) + M (^)] X^2(i2) 

I " T\G I JT'°s 



T\M J K J N 



e{mnk)f{k ^n ^m ^tmnk) dn dm dt 
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I " T\G I JT'°s 

■ D'J^^,j{t)D'J,l^{t) J^^^ e{g)f{g'Hg) dg dt. 

Since Af = fc^ x GL(2, fc), DT\M{{a,t2)) is equal to DrAt^) -DTx:\GL(2,fc) (^2) 
Moreover, Dt\mDm\g — Dt\g- Hence, 

(5.6) {^,f)^^^-^f _ [^(^a)+^,{^)]D}/^'{t,)x^^^^it,) 



By ( I5.3l l, the above expression is equal to 
1 



%{t)ouf.t)dt. 



T\G\ Jt=(a, 4>{-t))eT"=s 



/i(a)+/i(^)]-[x(7) + x(7) 



\i]C/k,i,)ei-f-j)D'J^^it)OUf,t) 



dt. 



Since | Wt\g| — 4, the lemma follows. □ 

Let Pi be the upper triangular parabolic subgroup of Hi. Its Levi component is the 
maximal diagonal torus 

Ti ~ {(diag(a, b),x) : a,b ^ ,x ^ K-^ , ab — Nj^/j-x}. 

For characters ^1,^2 of fc^ and a character x of /C^, let /ii (g) x denote the repre- 

sentation of Pi defined as follows: 

Let /(/ii , ii2)^iX denote the representation of Hi normalizedly induced from /ii(8)/i2'8)iX. 

Due to the condition that each element (diag(a, b), x) e Ti satisfies ab = N/c/k^, the 
_ffi-module /(/ii, /i2) <8)i X is equal to r]^^I{fii, 112) ®i (?7 o N^^/j.) • x for any character 
rj of . In particular, we have: 

/(Ml,Ai2) «■! X = 1) ®1 (M2°NK;/fc) -x- 

Hence, any iJi -module induced from Pi has the form 1) (g)i x, where /x, x are char- 
acters of fc^, /C^, respectively. 

Let Ti = ri/Zo(ffi). For a e fc^, 7 G /C^, recall that (a, 0(7)) denotes the element 

diag(a, 0(7), (N;c/fc7)/a) € T C G. The map 



Ai : (a, 0(7)) ^ ((" ,7) 



defines an isomorphism from T to Ti. Let dti be the Haar measure on Ti which is com- 
patible with the measure dt on T via Ai. That is, for each measurable subspace 5 C T", we 
have J;,^ (5) dti = dt. 

For ti e Ti and fi £ C{Hi), let 



Ohi(/i,<i)= / hihihihi) dhi 
Jt,\h, 



Let /i,x be the characters of fc^,/C^, respectively. The split central character of 

/(^i, l)(g)iXisxUx -M- 



5.1. INDUCED REPRESENTATIONS 
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5.4. Lemma. For fi e C{Hi,x\kx ■ 
(5.7) (/(/i,l)®ix,/i) 

4 Jti = (diag(a,6),7)efi"^ 



/i), the following holds: 



fi{a)+fi{b) x(7)+x(7) 



Proof. We skip the proof, which is similar to that of Lemma 15.31 and is simpler 
because there is no twisting by e. □ 

Recall the embedding cf) : IC^ ^ GL(2, k) which sends a+b^B to ( g ). Note that 
det(j){j) = N;c/fc7forall j e JC^ . Given a, b e , j e JC^ - , such that a6 = ^ic/kl 
and a ^ b, the element t = blockdiag(a, (pi'j), b) E M is regular Every norm of t in Hi 
is conjugate to either <i = (diag(a, b), 7) or ti = (diag(a, b),j). In particular, ti and ti 
are G-regular. We make the following choice of transfer factors for the pairs {ti,t), {ti,t): 

A(ti,t) = A(ti,i) = A(/C/fc»£(a)e(7-7) 



D 



Ti\Hi 



5.5. Definition. We say that / e C(G) and / e C{Hi) are weakly matching if 

OH,(/i,ti) = A(ii,t)0^(/,i) 

for every (ii , i) e Ti x T''°s such that ii is a norm of i. 

The assumption is that there exists a choice of transfer factors for Hi x G, compatible 
with A(ti , t), such that matching implies weakly matching. 

5.6. Proposition. Let n be a character of k^. Let x be a character of K,^ . For 
weakly matching functions, the following character identity holds: 

if^ X T^ix), Da = (^(^M, 1) ^1 X, h) ■ 
Proof. The elements in H^^^ which are not G-regular form a set of measure zero. 
Hence, by Lemma 15741 and our choice of dti, (/(e/i, 1) ®i Xj /i) is equal to 

1 



4 ./t=(a,0(7))ef" 



(5.8) = - 



eM«)+eM(^)][x(7) + x(7) 



D 



1/2 



4 Jt={aM'r))eT" 



e{a)[^i{a)+^i{^^)][xh)+x{l) 



■D](^^^^{\i{t))OHAfuMt))dt. 
Since the functions /i e C{Hi) and / G C{G) are weakly matching, we have: 

DT\G{t) 



Oh, (/i , Ai (i)) = \{K/k, ^)£(a)e(7 - 7) 
for all regular t — {a, E T. The expression 



(5.9) i 



t=(a,0(7))eT-s 



NK/fc7 



is therefore equal to 

xh) + xii) 

A(/C/fc,V')£(7-7)^T\GWOG(/,i) 



dt. 
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By Lemma l5.3l the proposition follows. 



□ 



5.1.3. A Trace Identity between G and H2. Let T2 — {(diag(a, /3), c)* : a,/3 G 

/C^,c G fc^jbe the maximal diagonal torus of i?2- Here, lower * denotes the image of 
(diag(a, /?), c) in H2. Let T2 = Ts/ZoliJz). 

Recall that T = {(0X7)) : a S fc^,7 G /C^} C G, where (0,^(7)) denotes the 
element blockdiag(a, (t>{"f), (det 0(7) )/a). Any element in T has the form 

t = (cNK;/fca,c0(a/3)) 

for some c G , a, (3 JC^ . 

The norm correspondence between G and H2 gives the following isomorphism from 
TtoTa: 

A2 : (cN;c/fcaiC(/)(a/3)) 1-^ (diag(a, c)*, V a,/9 G /C^, c G fc^. 

Let dt2 be the Haar measure on T2 which is compatible with the measure dt on T via A2. 

For t2 G T2 and /2 G C{H2), let 



OhAHM) 



T2\H2 



/2(/l2 ^^2/12) rf/l2- 



Let c be an element in fc^ . Let a, (3 be elements in /C^ . Suppose a/3 1^ fc^ , then the 
element t — (cNyc,fea, c(/)(a^)) G T is regular A norm of t in H2 is conjugate to either 
t2 — (diag(a, /?), c)* ort2 — (diag(a, c)*. Extend the character e of fc ^ to/C^. We 
make the following choice of transfer factors for the pairs (^2, t), (^2, t)'- 

- -| 1/2 



X{JC/k,^P)e{aP-af3) 



-^T2\H2(^2) 



5.7. Definition. We say that / g G(G) and /2 G C{H2) are weakly matching if 

OH.(/2,t2)-A(t2,t)0?;(/,t) 

for every (^2, i) G T2 x r''°s such that t2 is a norm of t. 

5.8. Proposition. Lef /x, x be characters ofk^ ,fC^ , respectively. For weakly match- 
ing functions f in C{G) and f2 in C{H2), the following character identity holds: 



X7r(x),/ = / 



l^,h 



Here, A is the intertwining operator defined in Section lS.l.ll 

Proof. For simplicity, let N denote Nj^/j,. By Lemma 
equal to 



Xlfcx 



A 



(5.10) 



1 



4 Jt={cNa, C(l}(al3))<^T-""i 



M(Na) (x (^) + X (I) ) + M(N/3) (x (f ) + X (f ) 



• \{lC/k,iP)e{cal3 - cal3)D]i^^{t)0UJ, t) 



dt. 
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Employing the same technique used in the proof of Lemma |531 we obtain: 

X ' 

1 1 



(5.11) (/(i£^,x)®2M,/2 



|Gal(/CA)| \WT,\n,\ 

M(Na) (x (f ) + X (I) ) + m(N/3) (x (f ) + X (f 



t2 = (diag(a,/3),c).eT^^'=8 



M(c)i^Tfw.(^2)OH,(/2,t2)di2. 



By our choice of dti, and the fact that |Gal(/C,A:)| = |^T2\if2| — 2, the above 
expression is equal to 



t=(cNa, c</)(Q/3))eT'^'=s 



MNa) (x (I) + X (I) ) + MN/3) (x (f ) + X (f ) ) 



A*(c)i^Tf\H2 (t) )Oh2 (/2 , A2 (t) ) dt. 



The proposition now follows from the weakly matching condition on /, /2. □ 

Remark. By the Weyl integration formula and the Iwasawa decomposition for real 
reductive groups, it is clear that the archimedean analogues of Propositions 15.61 15.81 also 
hold. That is: If fc = M, /C = C, and /i, x are characters of , , respectively, then 

>^ 7r(x), /)^ = (/(ea*, 1) ®\ X, /i) , 
^>^-(x),.4 = (/(^, X) «2M,/2 
for matching functions on G(K), Hi(M), H2(K). Here, e (a;) is the sign of x for all a; e K. 

5.1.4. Examples. For an admissible representation t of GL(2, fc), let -Byc/fcT denote 
the representation of GL(2, /C) which is obtained from r via base change (0, BFlll ). 
In particular, for characters /ii,/i2 of fc^, B]Q/i^I{fj.i, ^2) is the induced representation 

/(^loN;C/fc, M2 0N^/fe). 

For X e fc, let orda; denote the p-adic valuation of x, with ordO :— 00. Let q be the 
cardinality of the residue field of k. Let 1/ : x t-^ g-ordx normalized absolute value 

function on fc. 

5.9. Corollary. Let 9 be a character of IC^. The following holds for weakly match- 
ing functions f € C{G) and fi G C{Hi) : 

Proof. Noting that /(i/^/^, i/"i/2)(g)i6' = 1)01 (i^^^/^ o Nk;/^) •6', the corollary 
follows from Proposition |5.6l □ 



5.10. Corollary. Let rj be a character of fc^. For weakly matching functions 
/j /ij /2 on G, iJi, H2, respectively, the following quantities are equal to one another: 



94 



5. THE LOCAL PICTURE 



Proof. The representation ev x e ><i ^^^rj is equal to eiy ><> tt ((i/ ^^^rj) o N^^/fc)- 
The representation 77/(1^^/^, ®i 1 of Hi is equal to 1) ®i (i^^^/^ry) o Ny^/^j. 

The corollary follows from Corollary 15. 9| and Proposition 15. 8 1 □ 

Let ly/c be the normalized absolute value function on IC. 

5.11. Corollary. Suppose the extension IC/k is unmmified. Let 9 be a character of 
K,^ which satisfies 9 / — e' o^iQ/j, for some quadratic character e' of . The following 
holds for weakly matching functions f € C{G) and /2 G C{H2) '■ 



EE V V 

Proof. Since JC/k\s unramified, vjc is equal to o N^^/fc- The corollary then follows 
from Proposition l5.8l □ 

5.2. Induced Representations — Split Case 

Let be a number field. Let Cp denote the idele class group of F.Let £ be a nontrivial 
quadratic character of C^?. Let E be the quadratic extension of F which corresponds to £ 
via global class field theory. 

Regard G ~ GSp(2) as an F-group. Let Hi and H2 be the elliptic ^-endoscopic 
groups of G over F. 

Let z; be a (possibly archimedean) place of F which splits in E. Then, By := E ®f 

Fy ^ Fy ® Fy. Wc havc! 

Hi(F,) - (GL(2,F,) X F^^ x F^^)' 

:= {(5, a, b) G GL(2, Fy) x F^ x : det 5 = ab} , 

H2(F„) = (GL(2, Fy) X GL(2, Fy) x F^) / {{ah,bl2, (ab)-') -.a^beFy^}. 
Let Gy = G{Fy), H„, - Il,{Fy) (i = 1, 2). 

Let My denote the Levi component of the Heisenberg parabolic subgroup of Gy . The 
norm correspondence between G and Hi gives the following isomorphism from A/„ to 

Ai : (a, 52) (52,a, (detg2)/a), Vae A:'', 32 e GL(2,A:). 

Here, (a, 52) denotes the element blockdiag(o, 52, {detg2)/a) in My. In particular, Ai 
defines a one to one correspondence between the conjugacy classes of the maximal tori in 
My and those of the maximal tori in Hi y. 
Each maximal torus in My has the form 

r„ = {(a,t') :aei^,^t'e^a, 

where T,^ is a maximal torus in GL(2, Fy). 

A norm in Hi_y of a regular element t — {a,t') e My is conjugate to either ti = 
{t', a, (det t')/ a) or ti — {t' , (det t') / a, a). Let Ty, Ti,y be the maximal tori which contain 
t, ti, respectively. We define the transfer factors for the pairs {ti,t), {ti,t) as follows: 

- n , (t) 1 

.-^Ti.,\Hi_^[tl)_ 

Let Zy be the center of Gy. Let C(Gy) denote the space of functions on Gy which are 
smooth and compactly supported modulo Zy. Let Z'{Hi y) denote the subgroup 

{(diag(z,z),z,z) : z e F^} C Hi^y. 



5.2. INDUCED REPRESENTATIONS— SPLIT CASE 
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It is the group of i^^-points of the maximal F-spht component of the center of Hi. Let 
C{Hi^v) denote the space of functions on Hi,v which are smooth and compactly supported 
modulo Z'{Hi^„). 

For a maximal torus Ti,v in Hi,v, put Ti^t, :— Ti_^/Z'(i7i_„). Put G„ :~ Gv/Zy, 
Hi^v := Hi,v/Z'{Hi,v). We fix a Haar measure dt on each maximal torus Ti, in Gy It 
induces via Ai a measure dti on the maximal torus Ti,v — Xi{Tv) in Hi.v 

We say that fv e C(G„) and fi^v G C(i/i,„) are weakly matching if 

for all {ti ,t) <E Hi,y x A/™s g^ch that ti is a norm of t. 

5.12. Lemma. Let r i>e an admissible representation of GL(2,F„). Lef ^i,/i2 
characters of . Then, 

X fv) ^ {t ®l (Mi «> M2) , /l,-!;) 



for weakly matching functions. 

Proof. The proof is similar to that of Proposition^ 
By the Weyl integration formula, x M2'''i is equal to 

E ^i7^ 1 / ^TAM„(i)t(«)XM.r(i')<\G WOG„(/.,i) dt 

^ \ WT^\M^\Jt=(ad')(iTl°'^ ^ ^ 



D^^t., {t)u^{a)u2\^]yM')D'J:^ (t)On..(L.t) dt. 

Here, Ty ranges over a set of representatives of the conjugacy classes of the maximal tori 
in My, and Wt^\m„ is the Weyl group of Ty in My. The last equality holds because 

The trace (r (g)i (/ii ® ^2), fi,v) is equal to 

rp^ ^ \^Ti,,,\Hi,,,\ Jti = {t', a, {dctt')/a)eT^';^ ^ ^ 

,1/2 



Ai(T„) I^Ai(7'..)\-Hi,^>l "'t=(a:t')6T, 



Here, Ti „, T^, range over sets of representatives of the conjugacy classes of the maximal 
tori in 77i „, G„, respectively. 

By assumption, fy, f\^y are weakly matching functions; hence. 



D 



for all regular t in My. Moreover, | Wt„\m„ | = \^{t^)\Hi „ | = 2 for all maximal tori 
Ty in My. The lemma follows. □ 



96 



5. THE LOCAL PICTURE 



Let T2,v be the maximal diagonal torus in H2,v Let Ty be the maximal diagonal torus 
in Gv Any element in Ty has the form t = diag(ac, ad, be, bd), a, b,c,d G . The norm 
correspondence between G and H2 gives the following isomorphism from Ty to T2.v'- 

A2 : diag(ac, ad, be, bd) ^ (diag(a, b), diag(c, d), 1)^ . 

Here, lower * denotes image in H2.V 

A norm in H2^v of a regular element t — diag(ac, ad, be, bd) E T„ is conjugate to 
either ^2 = (diag(a, b), diag(c, d), 1)* or 12 = (diag(c, d), diag(a, b), 1)*. We define the 
transfer factors for the pairs {t2,t), (^2, t) as follows: 



A{t2,t) = A{i2,t) 



.^T2,„\ff2,^(*2,i;)_ 

Let Z'(iJ2,t,) {(diag(l,l),diag(l,l),z)* : z e F^} C H2,v It is the group of 
i^^-points of the maximal F-split component of the center of H2. Let C{H2^v) denote the 
space of smooth, compactly supported modulo Z'{H2,v) functions on H2,v 

I^itT'2,i> ■— T2.v/Z'{H2^v)- As usual, the Haar measure (it2 on T2,t) is chosen such that 
it is compatible with the measure dt on Ty via A2. We say that the functions /„ e C{Gy) 
and /2,t, e C'{H2,v) are weakly matching if 

OH,,Af2,v,t2) ^ Ait2,t)0GAfv,t) 

for every {t2, t) E T2^v x T^''^ such that t2 is a norm of t. 

5.13. Lemma. Let ai, a2. Pi, P2 be characters of F^ such that ai(3i = a2P2- Then, 

(/3ri/(a2,/32) x/3i,/.) = (/(ai,/3i) x/(a2,/32),/2,«) 

for weakly matching functions fy G C{Gy), f2,v G C{H2,y). 

Proof. The induced representations are supported only on the conjugacy classes of 
the maximal diagonal tori. As in the proof of Lemma 15. 121 the character identity follows 
from the Weyl integration formula and the weakly matching condition on the test functions. 

□ 

5.3. e-Invariant Packets 

Recall that k is our fixed p-adic field, e is a nontrivial quadratic character of fc^ , and /C 
is the quadratic extension of k corresponding to e. Let G = G{k), Hi — Hi(fc) (i — 1, 2). 

Let G = PGSp(2, fc). Let Co = PGL(2, k) x PGL(2, k). For representations ti,T2 
of PGL(2, k), let ti x T2 denote the Co-module where {g, h) E Co acts by Ti{g) T2{h) 
on the tensor product of the spaces of ri , T2. 

Let r be a cuspidal or one dimensional representation of GL(2, k) with trivial central 
character Write f for + if t is cuspidal, or x if r is one dimensional. Following the same 
notation as m fF4l, we let {tt^tt" '} denote the local (quasi-)packet of G which lifts to 
the representation /(2,2)('''i ^'t) of PGL(4, k). In the terminology of |F4|, which we also 
adopt, {7r+, TT^} is a packet, while {tt^ , tt^} is a quasi-packet. 

5.14. Lemma. The representations tt^ and tt^ are e-invariant. 

Prooe. Let /, /4, fco be matching functions on G, PGL(4, k), Co, respectively. Let 
C = 1 or £. By HI Prop. V. 5] and |F4, Prop. V. 8.6], we have: 

(C^^ /) - ^ ( {(1(2,2) {r, er), /4) + (Cr x (er, fc„) ) 
(C^r- J) = l{ (^(2,2) (t, er), /4) - (Cr x (er, f^,) ) . 



5.4. CHARACTER IDENTITIES FOR UNSTABLE PACKETS 
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The representation I{2.2){t, st) is e-invariant. By the norm correspondence between G 
and Co, and the matching condition on the test functions, the convolution operator (r x 
ST){fca) is equal to {er x t)(/co). Hence, the right-hand sides of the above equations are 
independent of the choice of Consequently, 

(7r-,/) = (£^-,/). 

By the linear independence of characters, we conclude that tt^ and tt^ are e-invariant. □ 

5.15. Corollary. Let F be a totally imaginary number field. Let £ be a nontrivial 
quadratic character of the idele class group of F. Let T be a cuspidal or one dimensional 
automorphic representation o/GL(2, A/?) with trivial central character Let {11} be the 
unstable {quasi)-packet [T,£T] of G{Ap) (see Section [4.3. lb . Then, every member of 
{n} is £-invariant. 

Proof. Let n be a member of {n}. By Lemma 15. 141 Hy is 5i,-invariant for each 
finite place v. 

Let E be the quadratic extension of F corresponding to £. Let v be an archimedean 
place of F. Since F is totally imaginary, Fy is algebraically closed. Thus, v splits in E, 
which implies 5„ = 1. □ 

5.4. Character Identities for Unstable Packets 

Notation 

• For a number field F, let Cp denote the idele class group of F. 

• Suppose 5* is a set of places of a number field F. For any adelic object (repre- 
sentation, test function, trace, . . . , etc) over F, let subscript S denote the tensor 
product of local components over the places in 5*. For example, if 11 denotes an 
irreducible representation of G{Kf), we put lis '-^ ®ves^v- 

• For an algebraic group H over a number field F, put Hy :— H(F„) for each 
place V of F. 

5.4.1. One Dimensional Representations. Let l2,; (I = k, K.) denote the ti-ivial rep- 
resentation of GL(2, 1). It is nontempered. Let St2./ denote the Steinberg representation of 
GL(2, 1). It is square integrable. 

Let ^ be a character of fc^ with = 1. Let {n^ ,tt^} be the local quasi-packet of 
G which lifts to the representation /(2,2) (^l2,fc, ££,^2.k) of PGL(4, k) according to IIF4I 
Prop. V. 8.5]. In other words, is the nontempered subquotient L{i'e, e xi ^~^/^^) of the 
induced representation j/e x e x v^^^'^S^ (see iSTl ). and tt^ = 5~ {ev^^'^St2,k, ^^^^"^0^ 
the cuspidal member of the local packet which contains the unique square integrable sub- 
representation (5(ei/^/^St2,fe, v'^/'^O of t/£ X £ X i^^^/^i^ (see llF4l Sect. V. 8]). By Lemma 
15.141 TT^ and tt^ are e-invariant representations. 

5.16. Proposition. Suppose e is unramified. There exist nontrivial intertwining op- 
erators G Hom(3(7r^ , evr^ ), G HomG(7r^ , ett^) such that the following identities 
hold for matching functions: 

(7^^/)^, -(7r-,/)^_ =((eoN^/,)l2,K®2l,/2). 

Remark. It is likely that the proposition still holds if we remove the condition that e 
is unramified; however, the author is unable to prove it. 
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The proof will be given after Claim l5?T9l 

Using Krasner's lemma and the strong approximation theorem (see [PR]), we con- 
struct a totally imaginary number field F and a quadratic extension E of F such that: 

• There exists a finite place w of F such that = k; 

• the place w is unramified, prime in E; 

• -E^ = /C. 

Here, w denotes both the place of F and the unique place of E which lies above it. Let V 
be the set of places of F. Let V^''^{E/F) be the set of places of F which are unramified in 
E. 

Let £ be the quadratic character of Ci? which corresponds to the extension E/F via 
global class field theory. In particular, 5^ — e. 

Consider G as an F-group. Let Hi, H2 be the elliptic ^-endoscopic groups of G over 
F. For i = 1, 2, we have Hi{Fu,) = Hi. We fix Tamagawa measures ([PR)) dg = ®ydgy 
on G(Ai^-), and dhi = 'S)vdhi^y on H.i{Ap), such that dg^ and dhi^^ coincide with the 
local Haar measures we have chosen for G and Hi, respectively. 

Let I2 be the trivial representation of GL(2, Ap). Let 12,e be the trivial representation 
of GL(2, Ae)- Let Z he a character of Cp such that ~ 1 and Z^j = ^. Let tti be the 
one dimensional representation ZI2 ^1 1 of Hi(Ai?). Let tt2 be the one dimensional 
representation [Z o Ne/p)12.e (^2 1 of H2(Ai?). Let 

{n} = 0{u^,n-} 

vev 

be the unstable quasi-packet [Zl2,£Zl2] of G{Ap) (see Section 14.3.11 ). It lifts to the 
induced representation 7(2,2) (-ZI2, f-Zl2) of GL(4, Ai;-). From HI Sect. V. 10.6], = 

L{evi^v,£v x i^v^^^S,v) for each place v, and 

^ ^ |<5-(e,i^y'St2,.,i/-i/2e„) ife. ^ 1, 
\L{iyl^'^St2^v,i^v^^^^v) if e„ = 1. 

Here, is the normalized absolute value function on Fy, and St2,t; denotes the Steinberg 
representation of GL(2. Fy ). In particular, Ilj^ = tt^ and 11^ = 7r~. 
Fix a place u of F which splits in E. Then, is trivial, and 

i7i,„ = Hi(F„) = {(g, a, b) e GL(2, F„) x F^ x F^ : det g = ab}. 

We have 7ri_„ — Z„12,m ^1 (1 ^ 1). Here, 12,m 1gl(2.f„)i the trivial representation of 
GL(2,F„). The representations 

are the two inequivalent nontempered subquotients of 1 x Zul2.u (see IISTI Lemma 3.8]). 

5.17. Lemma. For matching functions fu on Gu and on Hi^u, the following 
holds: 

{KJu) + (n-,/„) = (1 X za2.u, fu) = ^i,u,/i,«) . 

Proof. The first equaUty is clear. The second follows from Lemma l5.12l □ 

The group of F^-points of H2 is 

H2,u = (GL(2,F„) X GL(2,F„) x F^) / {{al2,bh,{ab)-^) ■.a,be F^}. 
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For a character uju of the center Zu of Gu, let C{Gu, (^u) denote the space of smooth 
functions on Gu which are compactly supported modulo Zu and transform under Zu via 
Wu^- If — 1' then each G C{Gu, 1) defines a test function /„ on PGSp(2, Fu). 

The map diag(z, z, z, z) i-^ (diag(l, 1), diag(l, 1), z)*, z e , defines an isomor- 
phism from Zu to 

Z'iH2,u) ■■= {(diag(l, 1), diag(l, 1), z), : z e F^} C H2,u- 

Here, lower * denotes image in i/2,M- For a character a;2,« of the group Z'{H2,u), let 
C{H2^u,^2.u) denote the space of smooth, compactly supported mod Z'(H2.u) functions 
on H2.U which transform under Z'{H2.u) via (jJ2u- If a function /2,„ in C{H2^u,i^2.u) 
matches some /„ G C(G„, 1), then u!2.u is necessarily trivial. 

The map {g, h, c)* (g, ch) defines an isomorphism from H2.U to the group 

(GL(2,F„) X GL(2,F„))/{(z/2,z-i/2) : z e 

Hence, the representations of iJ2,u with trivial central characters may be identified with 
the representations of PGL(2, Fu) x PGL(2, which is the group of F^-points of the 
F-group Co = PGL(2) x PGL(2). Moreover, if a function /2,„ in C(iJ2,«, 1) matches 
a function /„ in C(G„, 1), then /2,u defines a function /2.„ on Co,u which matches /„ in 
the context of twisted endoscopy for PGL(4) (see |F4|). 

5.18. Lemma. The following holds formatching functions fu G C{Gu,i) and f2 u G 
CiH2,uA): 

(llu - (n« ,/u) = ('Zul2,u X Z„l2,„, /2,ti) = (7r2,«,/2,«) ■ 

Proof. The first equahty follows from |l F4l Prop. V. 8.6]. Let ui, 1*2 be the distinct 
places of E which lie above u. For i — 1,2, we have Eu^ = Fu, ^2,e^. — l2.«, and 
(Z o N^;/^^) ^ = Zu- Hence, 7r2.„ = {Zul2,u x 2ul2.u) (^2 1, which may be identified 
with the representation Zul2,u x 2ul2.u of Co,u- The second equality follows. □ 

In summary, the following local identities hold for matching functions: 

(n^/„) + (n-,/„) = (7ri,„,/i,„), 
(n^/„)-(n;:,/„) = (7r2,„,/2,n). 

Let S' be the finite set of bad places for Z, i.e. it is the union of — V'^^{E/F) and 
the set of places v where Z„ is ramified. In particular, the fixed places w, u lie outside of 
S' . For each place v ^ S' , tii,^ and 7r2,t, are unramified representations. 

Fix two places wi,W2 ^ S"U {w} which are prime in E. For a character lo of the center 
of G(Ai?), recall the definition of E{wi, W2, G{Ap),uj) (resp. F(wi, W2, H,;(Ai?), oj)): 
It denotes the space of functions in C{G{Ap),uj) (resp. C(H.i{Ap),uj)) whose local 
components at wi , W2 are elliptic. 

Let So = S' U {wi,W2}- Let 5 be a finite set of places of F containing Sq. 

By Corollary 15.151 each representation 11' in {11} is ^-invariant; hence, the twisted 
character (11', f)^ is equal to a product Y[u (n^ji fv)£ of twisted local characters. Here, 
(n^, fv)^ denotes the trace of n^(/t,)p(£)„, where p{£)v is the operator on the space of 
n; restricted from the operator p{£) : </> i-> £0 on L'^{G{F)\G{Af)). Put {W , f)^ g 

Let / = ®ufv be a function in E{wi, W2, G{Ap), 1) such that /„ is spherical for 
all V ^ S. For i — 1,2, let fi — ®vfi,v be a function in E{wi,W2,'ai{AF), 1) which 
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matches / and has spherical local components at all v ^ S. The following £-trace identity 
follows from Proposition l4.17l 

(5.2) ™(n')(n',/)£,s = i(^i,/i)5 + i(7r2,/2)5- 
n'e{n} 

Here, TO(n') is the multiplicity of 11' in the discrete spectrum of G. From IF4I Sect. V. 
10.6], we have: 

m(n') = i(l + (-l)"(n')), 

where n (11') is the number of places v for which 11^ — . In other words, 11' e {11} 
appears (with multiplicity one) in the discrete spectrum if and only if If',, = n~ for an even 
number of places v. 

Let ^+(5*) denote the set of representations 11' in {11} such that 11', is unramified for 
a\lv ^ S, and 11^ — for an even number of places v in S. 

Let {S) denote the set of 11' in {11} such that 11'^ is unramified for all v ^ S, and 
— for an odd number of places v in S. 

By the multiplicity formula for {11}, the equation (15.2b is equivalent to 

(5.3) 2 J2 (n',/)£,5-^l'/l)5 + ^2,/2)5- 

n'GP+(s) 

5.19. Claim. The following identities hold for matching functions: 

2 E (n',/kso-(^i,/i>s, 

n'eP+(So) 
n'GP-(So) 

Proof. Recall that we have fixed a place u which splits in E. The identity ( 15.3b . 
when applied to S* = 5*0 U {u}, is equivalent to 

(5.4) 2 J2 (n',/k5o(n^/«) + 2 E (n',/>,,5o(n;,/n) 

n'eP+(So) n'ep-(So) 

= (tTi, fl)s^ (7ri,„, + {tT2, f2)so {'^2,u, f2,u) ■ 

By ( 15.1b . the right-hand side of the above equation is equal to 

((^l,/l>5o + (^2,/2)sJ (n^/„) + ((7ri,/l)s„ - (7r2,/2>5j (n-,/„). 

Since the representations IIJ , 11^^ are inequivalent, the claim follows from the linear inde- 
pendence of characters. □ 

Proof of Proposition s. 161 Recall that we have fixed a place w of such that 
the local components of the global objects (fields, groups, representations, . . . , etc.) at w 
coincide with the desired local objects over k. Applying (15.3b to S* = 5*0 U {w}, we obtain 
the following identity for matching functions whose local components at all u ^ 5 are 
spherical: 

(5.5) 2 (n',/)^_^„(n:^,/.)^^ + 2 (n',/)^^^,,(n;,/.)^^ 

n'eP+(So) n'eP-(So) 

= {t^IiIiISo {'^l,w,h,w) + (7^2, f2) So ('^2,M), f2,w) ■ 



+ (7^2, /2) So ' 
- (7^2, /2) So • 
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By Claim l5?T9l the left-hand side of the above equation is equal to 
Rearranging terms, ( 15.51 ) is equivalent to 



(5.6) {ttiJi)s^ (n^ +n„,/u,)^^ - (7ri.,„,/i,„) 



Pick a place v € Sq which does not split in E. Recall that an elliptic regular element in 
Gt, is of type i (i = 1, 2) if its norms lie only in Hi(F„). Choose /„ to be a function on G„ 
whose -twisted orbital integral is supported only on the set of elliptic regular elements 
of type 1. We may then set /2 = without violating the matching condition on the test 
functions. For such choices of test functions, ( 15.6b becomes 

^i'/i)so [(n^ + n-,/„)^^ - (7ri,„,/i^^)] =0. 

Since there exists /i G E{wi,'W2, Hi(Ai?), 1) such that (vri, 71)5^ ^ 0, we obtain: 

We may likewise pick a place v in Sq, and choose the function /, such that the twisted 
orbital integral of /„ is supported only on the elliptic regular set of type 2. It then follows 
that 



(5.8) 



Let /, /i, /2 now be matching test functions on G, Hi, H2, respectively. For * — 
X, — , we have by construction IIJ^ ~ tt*. Let A* E HomG(7r*, en*) be the intertwining 
operator defined by p{£) w By ( 15.71 ) and ( 15.81 ), we have: 

('^^/)^x -(tt-,/)^- = ((e°Nyc/fe)i2x®2i,/2). 

If one of , is zero, then 

(^2,* ®1 1, ./l) = ± ° N;c/fc)l2X ®2 1, /2) . 

Let / be an arbitrary test function on G whose e-twisted orbital integral is supported only 
on the elUptic regular set of type 1. Let /2 = 0. Then, (^l2,fc ^1 1, /i) is zero for each 
elliptic function /i on Hi which matches /, which is a contradiction because l2,fc ^1 1 
is supported on elliptic elements. Thus, neither A^ nor A^ is trivial. The proposition 
follows. □ 



Remark. Our proof of Proposition 15 . 1 61 relies on the multiplicity formula deduced 
in IIF4II for the global quasi-packet [ZI2, £Zl2]. Said multiplicity formula is proven only 
for the case of trivial central character, hence the assumption that the character ^ in the 
hypothesis of the proposition satisfies ^■^ = 1. If the same multiplicity formula holds in 
general, then it is clear that we may remove the condition = 1. 
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5.4.1.1. Steinberg Representations. Suppose the character e of fc^ is unramified, i.e. 
IC/k is an unramified field extension. 

Let v, fjc be the normalized absolute value functions on k,JC, respectively. In partic- 
ular, since IC/k is unramified, vic — v o N/c/k- Recall that St2,i (/ = k,IC) denotes the 
Steinberg square integrable representation of GL(2, 1). 

Let ^ be a character of A:^ with = 1. By |ST' Lemma 3.6], the induced representa- 
tion J = £!/ X £ X i/^^/^^ of G is reducible, with 4 distinct subquotients; 

Here, 6{h'^/^eSt2,k,i^~^^^£,) is the unique square integrable subrepresentation of /. For 
C = e^, the representation i(i'^^^£StQL(2,fc)i ^^^^^C) is the unique nontempered quo- 
tient of i/^/^eSt2,fe X The representation L{v£^£ x i^^^^^f) is a nontempered 
quotient of z^^/-^el2,fc x v^^/"^^. 

Since the representation i(i/^/^eSt2,fc, v^'^^'^Cj is the unique nontempered quotient of 
i/i/2est2,fc X andL(i^i/2£St2,fc,V-i/2e^) that of 

we have L(i/^/^eSt2,fc, v^^l'^e^^ = eL{iy^^^eSt2,k,t^^^^^0- Since the subquotients of / 
are distinct, neither L{i'^^^eSt2^k, I'^^^^C) nor L(z^^/^eSt2,fe, I'^^^^eS,) is e-invariant. 

Recall that the representation (5(i^^/^eSt2,fe, i^^^^^S,) belongs to a local packet of size 
two. The other member of this local packet is a cuspidal representation, denoted by 

<5-(^^i/2eSt2,fc,z.-i/2^). 

Let S = (5(iyi/2eSt2,fc,i/~i/20' ^r" = 6- {i^^^^eSt2,k, t^^^^^O^ and let tt^ denote 
i(i^e,£ X iy-i/2^). 

5.20. Lemma. There exist nontrivial intertwining operators G Home ((^, £(5), 
A" e Home (tt^ , ETT^ ), iMc/; f/iaf the following twisted character identities hold for 
matching functions: 

{6, Da^ - , Da- = St2,fe ® 1 1, /i) , 

(5, /)^, + , /)^_ = ((e O N;CA-)St2X ®2 1, /2) . 

Proof. The representation I — eiyxexi v^^f^S^ is equal to ev x ev^^^^^), 
and /(i/^^/^^, £j/^^/^^) is equal to the monomial representation 7r((i^^^/^^) o N^^/fc) as- 
sociated with the character (I'^^^^O ° ^K/k of /C^ . Thus, 

/ = £i.X^((l.-l/2e)oN;C/fc)- 

Let A e Home (/,£/) be the operator defined in Section IS. 1.11 It intertwines each 
subquotient L of / to a representation which is equivalent to eL. The subquotients 

L(^V2,St2^,, V2^)^ L(^V2,St2,,, V2,^) 

are obtained from each other by tensoring with e. Since they are inequivalent, A swaps 
their spaces, which implies that 

tr Li,.'/^sSt2,k, - tr Liiy'^'eSt2M, iy-'^'eOif)A - 0. 

Since S is the unique square integrable subrepresentation of /, the operator A maps the 
space of 6 to itself. We have determined the image under A of three of the four subquotients 
of /; hence, A must map the space of the unique irreducible quotient vr^ of / to itself. 
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Let denote the restriction of A to 6. Let A' denote the operator on tt^ induced from 
A. Then, A^, A' are nontrivial operators in HomciS, eS), HoniG(7r^ , eir^ ), respectively. 
Moreover, we have: 

(5.10) (/,/>^-(^,/)^, + (^^/)^,. 

For the e-endoscopic groups, we have: 
(5.11) 

1^-1/2) ®i 1 = a2.fc <»i 1 + e St2M «)i 1, 
By Corollarv lS.lOl the following characters are equal to one another: 

• (S^/fc {il{v^l\v-^l^)) ®2 1, h) = ° ^KIk)l{y]l\^K^h ®2 1, /2). 

By Proposition 15. 161 there exist nontrivial intertwining operators A^ , A^ such that 

(^^/)^. + (^-,/)^--(ci2,fc®ii,/i>, 

(tt" , /)^, - (tT-, /)^_ = O N^/fe)l2X ®2 1, /2) . 

Recall that A^ is restricted from a global operator on L^(G(i^)\G(Aj?)) (see proof 
of Proposition |5 . 1 6] l. The representation tt^ is irreducible. Since both A and A^ have the 
property that their squares are the identity, by Schur's lemma we have A^ = d ■ A', where 
d = ±1. It follows from dSTTI ). (I5l2b . and dSlOl l that 

(C St2,fc ®i 1, /i) = -d (7r>< , f)^, - {7T-J)^_ + (<5, f)^s + (it'' , f)^, . 

The representation tt^ is nontempered, while the rest of the representations in the above 
equation are square integrable. The central exponents of square integrable representations 
all decay ( [Be. Prop. 29]). Invoking the linear independence of central exponents (see 
llFKl Sect. 21]), we conclude that ~d (tt^ , f)^, + (tt^ , f)^, = 0. Hence, d = 1, and 

St2,fc ®i 1, /i) = {6, f)^s - (vr-, /)^_ . 

Applying the same argument to ((^ o N;c/A;)St2,K; ^2 1, /2), we obtain: 

((e°N;C/fc)St2X ®2 l,/2) = {S, f)A^+{^-j)A- ■ 

The lemma follows. □ 

5.4.2. Cuspidal Representations. In this section, the character e is not assumed to 
be unramified. 

In what follows, we prove local character identities by contructing global objects 
whose local components at a chosen place coincide with specific local conditions. For 
instance, we contruct automorphic representations whose components at a chosen finite 
place are the p-adic representations we are interested in. To do so, we make use of the 
following generalization of E Prop. III. 3]: 

5.21. Proposition. Let F be a number field. Let H be a reductive connected F- 
group. Fix a nonarchimedean place w of F. Let be a cuspidal H^-module. Let 
be a finite set of nonarchimedean places. For each i € I, let Ty. be a square integrable 
Hy. -module. Let S be a finite set of places which contains the union of w, {vi}i£i, and 
all the archimedean places. Then, there exists an automorphic representation n o/H(Ai?) 
such that: (i) tTw = Tw,' (ii) vr^; — Ty. for all i G I; (iii) ttv is unramified for all v ^ S. 
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Let T be an irreducible, cuspidal, non-/C-monomial representation of GL(2, k) with 
trivial central character ojr- Let {tt^,tt^} be the local packet of PGSp(2, k) which lifts to 
the induced representation 1(2.2) (''"i £''') of PGL(4, fc), according to flF4l Prop. V. 5]. 

5.22. Proposition. There exist nontrivial operators in Hom(3(7r+, eir'^), A~ in 
YiorcLQ{'K^ ^ETT"), such that the following twisted character identities hold for matching 
functions J G C{G), /, € C{Hi) {i = 1,2): 

(7r+, /)^+ = ^ ®1 1, /l) + ^ {BK./kT ®2 iOr, f2) , 
{t^'J)a- = ^ ®1 1' h) - \ {BK/kT (E)2 OJr, f2) ■ 

Remark. Note that by assumption Ur is equal to 1. We nonetheless write ujr in the 
above equations, for we expect the same character identities to hold in the cases where 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F with the following properties: 

• There exists a finite place w of F, prime in E, such that Fw = k. 

• Ew = IC. Here, w denotes both the place of F and the unique place of E which 
lies above it. 

Let V be the set of places of F. Let V^^E/F) C V" be the set of finite places which 
are unramified in E. Let wi,W2 E V he two (finite) places, different from w, which are 
unramified, prime in E. 

Using Proposition 15.211 we construct a cuspidal automorphic representation T of 
GL(2, Ap) with trivial central character such that: 

• %, = t; 

• 7^. {i = 1, 2) is the Steinberg representation St2,Mii of GL(2, F^J; 

• 7^ is unramified for each finite place v ^ {w, wi , W2}- 

In particular, since r is non-/C-monomial, T is non-i?-monomial. 

Let £ be the quadratic character of Cp which corresponds to the extension E/F. In 
particular, 5^ = e. View G = GSp(2) as an F-group, and Hi, H2 as the elliptic £- 
endoscopic groups of G over F. 

Let {n} = (8)t,{n„} be the unstable packet [T, £T] of G(Af) (see Section l43?T] ). It 
Ufts to the induced representation 1(2,2) ("^j S"^) of GL(4, Ap). For each place v where % 
is square integrable, the local packet {11^} consists of two (square integrable) representa- 
tions n+, n~. In particular, 11+ = 7r+ and n~ = 7r~. 

At a place v where %, is fully induced (for instance, where % is unramified), the 
packet {Hv} consists of a single representation, denoted by 11+. For convenience, we put 
n- := 0, and write {HJ = {n+,n,-}. 

At the place Wi {i = 1,2), where T^. — St2,u,., the local packet {11^^} consists 
of the square integrable representation 11+. = <^(euii^'i{^St2,^., i^w}^^) and the cuspidal 

By Corollarv l5.15l each representation 11' in {11} is ^-invariant. Hence, as in the case 
of one dimensional representations (Section|5AT]), the twisted character (11', f)^ is equal 
to a product Y[y (H^ , fv)^ of twisted local characters. 

Let TTi be the automorphic representation T (X)i 1 of Hi (Ap). Let 7r2 be the automor- 
phic representation Bp/pT ^2 1 of H2(Air). 
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Let So = V- V'^iE/F). Note that w may or may not lie in 5*0. Let Si = SqU {w}. 
Let S = Si U {wi,W2}- By Corollary 14.181 the following f -trace identity holds for 
matching functions / in E{wi, W2, G{Af), 1) and fi in E{wi,W2,fli{AF), 1) (i — 1, 2) 
whose local components at all u ^ 5 are spherical: 

(5.13) "^(n')(n',/)£,5 = ^(^i:/i>s + ^('^2,/2)s- 

n'e{n} 

Here, TO(n') is the multiplicity of 11' in the discrete spectrum of G. From MF4I Sect. V. 
10.3], we have: 

m(n') = i(l + (-!)"("')), 

where n (11') is the number of places v for which 11^ — 11^. In other words, 11' e {n} 
appears (with multiplicity one) in the discrete spectrum if and only if II'j, — 11^ for an even 
number of places v. 

Let ^+(5*) denote the set of representations 11' in {11} such that 11^ is unramified for 

all V ^ S, and 11^ = n~ for an even number of places v in S. 

Let P~ (S) denote the set of H' in {11} such that II'j, is unramified for all v ^ S, and 
— n~ for an odd number of places v in S. By the multiplicity formula, the equation 

(15.13b is equivalent to 

(5.14) 2 (n',/>i:,s = ^i,/i>s + (^2,/2)s- 
n'ep+{s) 

If a place w of F is archimedean, then GL(2, F„) is equal to GL(2, C) because F is 
totally imaginary. Hence, 7^ is a fully induced representation. 

If w is a finite place not in S, then by construction % is unramified. Since T is cuspidal, 
7r„ is fully induced. 

Hence, for all v ^ Si — {w}, Ty is fully induced. Suppose Ty = I{ay, (3y) for some 
characters , Py of Fy . Then, 





V prime in E 


V splits in E 


7ri,t, = 


I{ay,f3y) (g)i 1 


I{ay,l3y)(g>i (1(8 1) 


7r2,D = 


BE/Fl{av,Pv) (8)2 {ayPy) Nejf, 


{l{ay,Py) X I{ay,l3y)) (g)2 Uy f3y 



Let n" be the induced representation SyOy/fSy xi I{(3y, fSySy) of Gy. By Propositions 15. 61 
15.81 and Lemmas l5 . 1 21 [5 . 1 31 {tti,v, fi,v) and {n2.y, f2,v) are equal to (H'y, fy)ji^^ Here, Ay 
is the intertwining operator defined in Section lS.l.ll if v is prime in E; otherwise. Ay — 1. 

For each v E Si — {w}, regard the local components of the test functions at all places 
It 7^ w as fixed. By ( 15.141 ) and the linear independence of characters, we conclude that 
{n„} is the singleton consisting of 11^. Hence, the {Si — {w}) -components of both sides 
of (15.141 1 cancel one another. 

Let S3 ^ S — {Si — {w}) = {w, wi, W2}. After cancellation, ( 15.14b becomes 

(5.15) 2 Y <^')i^'J)£,S,= Ili^hvJl.v)+ll{7T2,vj2,v). 

n'eP+(S3) veSs ueSa 

Here, e(n') = ±1. It appears in the equation because (11", /t,)^ = ± (11", fy)^ for 

V G Si — {w}. Absorbing the signs e(n') into the local intertwining operators p{£)y at 

V E Ssif necessary, we assume that e(n') = 1 for all H'. 
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By consttuction, Tri,.^; = St2,uii 1 and TT2,Wi — BE/FSt2,Wi <X'2 1 for z = 1,2. 
Hence, by Lemma l5.20l there exist constants e^, ^ ^^'-h 

The equation (15.15b is therefore equivalent to 

n'eP+({io,toi}) / 
n'eP-({tu,toi}) / 

=41 n (^^1.-/1.^')+ n ^2,.,/2,.) j (n+^,/.2)£„^ 

By the linear independence of characters, we have: 

(5.16) 2 (n', 

n'GP+({u.,toi}) 

(5.17) 2 ^ (n',/)£,{^.„,} 
ii'eP-({w,wi}) 

Equation ( 15.161 ) has the same form as ( 15.151 ), with W2 removed from the set 5*3 = 
{if, wi , W2}. By applying the same argument inductively on the set {wi , W2}, we conclude 
that 

2 (n',/)^ = ej^e+ ((7ri,„,/i,u,) + (7r2,u,,/2,u;)) • 

n'eP+{{w}) 

Hence, there exists a constant e+ = ±1 such that 

(5.18) 2(n+/^,)^^=2 Y (^^/>^:.{^,} = e+^l,»,/l,^„) + e+(7^2,^„,/2,»). 

n'ep+({w}) 

Similarly, ( 15.17b implies that there exists e_ = ±1 such that 

(5.19) 2(n,-,/^)^^ =2 Y (n',/)£^{,„} =e"(7ri,», (7r2,^,/2,»). 

n'ep-{{w}) 
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For * = +,—, let p{£)*^ denote the operator in HomG^(n^, ftull^) restricted from 
p{£). Let A* = €* ■ p{£)w- The proposition then follows from ( 15.18b and (15.191) . 



Remark. As in Proposition 15.161 we may extend Proposition 15.221 to the case of 
nontrivial central characters if the multiplicity formula for the global packet {11} holds in 
general. 

5.4.2.1. Monomial Representations. Let x be a character of /C ^ . The representation 
TT = 1 XI 7r(x) of G is reducible with two inequivalent tempered constituents 7r+, tt^. 

5.23. Lemma. There exist intertwining operators A* £ HouiQiTT* , ett*) (* = +, — ) 
such that the following holds for matching functions f in C{G) and fi in C{Hi) : 



Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There is a place w of F such that F„, = fc; (ii) w is prime in E, E^, — JC. 

Let wi, W2 be two (finite) places, different from w, which are prime in E. 

Let £ be the quadratic character of corresponding to the extension E/F. We 
identify the generator a of Ga\{JC/k) with that of Gal{E/F). 

Construct a character A" of such that: (i) (i — 1, 2) is not fixed by the action 
of ct; (ii) Xy is unramified for each finite place v ^ {wi , W2}. 

Let tt{X) be the cuspidal i?-monomial representation of GL(2, A^?) associated with 
X. At each finite place v where X^, is unramified, tt{X)v = Tr{Xj;) is fully induced. 
Since F is totally imaginary, Tr{X)y is a fully induced representation of GL(2, C) for each 
archimedean place v. 

Let TTi be the automorphic representation 7t{X) (g)i 1 of H(Ai?). In particular, tti is 
parabolically induced for each v ^ {wi,W2}- 

Let T be the following representation of the Heisenberg parabolic subgroup P of 



Let n = 1 X Tr{X), the representation of G{Ap) parabolically induced from T. Since 
£ (g) {1 >} Tr{X)) = 1 X £tt{X) ^ 1 X tt{X), the representation II is ^-invariant. At each 
place V where 7r{X)y is fully induced, Hy is irreducible. If TT{X)y is cuspidal, then Hy has 
two inequivalent tempered constituents 11+, n~. 

The operator Ip^r{£), defined in Section [3.1.11 intertwines II with £11. For each 
place V, let Ip.t{£)v € Houig^X^v j ^v^v) be the local component of Ip^r{£) at v. For 
an iiTeducible constituent II' of II, and a test function / on G{Kp), put (n', /)^ := 



tr n'(/)Jp,r(f). It is equal to the product n„ey {KJv)^ , where {KJy)^ 
trU'y{fv)Ip,Ti£)v. 



Let So be a finite set of places of F which contains the union of {wi,W2}, the 
archimedean places, and the finite places which are ramified in E. Let /, /i be matching 
functions on G{Ap), Hi(Ai?), with elliptic components at wi, W2 and spherical compo- 
nents at all the places outside of 5*0. By ( |4.6l l in Section [431 we have: 



□ 



G{Ap): 




n ((n+ /.)^^_-(n-,/„)^J = n (^1.-/1,-) 
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Since tti^v is fully induced for all v ^ wi,W2, by Proposition 15.61 and Lemma 15.121 the 
(5o — {wi, i(;2}) -components of the above equation cancel. Hence, 

(5.20) n ((n+,/,)^^ -(n-,/,)^J = n (7ri,„,/i,,). 

Now, construct a character X' of Ce such that: (i) — x; (ii) <^i, = ^^wi for 
i = 1, 2; (iii) 7r(A'')„ is fully induced for each u 7^ wi, W2. 

Let n = 1 XI 7r(A"). Let tti = 7r(A") (g)i 1. Let 5" = 5o U {w}. By (|43] l and the usual 
cancellation, we have: 

n ((n+ /,)^^ -(n-,/,)^J = W (7ri,„,/i,,). 

By ( 15.201 ). the {wi, W2}-components of the above equation cancel each other; hence, 

Since n+, 11^ are inequivalent, Ip.t{£)w either swaps their spaces, or it maps each 
space to itself. Since the right-hand side of the above character identity is nonzero in 
general, we conclude that Ip.t{£)w restricts to Ip^t{£)w in HomG^,(n+, £^11+) and 
Ip,t{S)w in HomG„(n-, 5^,11"). 

Let A+ = Ip^T{£)to- Let A- = -Ip^t{£):u,- The lemma follows. □ 

Let 0, X be two distinct characters of JC^ such that none of 0, x, Ox, d "x is fixed by 
the generator a of Gal(/C/fc). 

Suppose 6'xUx = 6''^xU=< = Then, the central characters of 'niBx) and ■k(Q'^x) 
are trivial. Let \ti^ , tt" } be the local packet of G which lifts to the induced representation 
^(2,2)(7r(6'x),7r(6' "x)) of PGL(4, fc) according to LF4, Prop. V. 5]. 

5.24. Proposition. There exist operators A* € HomG(7r*, ett*) (* = +, -), and a 
constant e = ±1, such that the following character identities hold for matching functions: 

{^^^ f)A+ + (^'' = (^W ®i h) , 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There is a place w of such that F^ = k; (ii) w is prime in E, E.^ = IC. 

Let wi, W2 be two (finite) places, different from w, which are prime in E. 

Let £ be the quadratic character of corresponding to the extension E/F. We 
identify the generator a of Gal(/C/fc) with that of Gal{E/F). 

Construct characters X, O of Ce such that: (i) — 0, Xyj = x; (ii) X^. (i — 1,2) 
is not fixed by the action of a; (iii) O^i ~ U^i ° ^e/f (* = 2) for some character Z^/^^ 
of F^. ; (iv) Xy, Oi, are unramified for each finite place v 7^ wi, W2, w. 

Let {n} be the global unstable packet [k{OX),'k{0 "^X)] of G(Af), described as 
follows: 

• At a place v where tt{OX)i, and tt{0 '^X)^ are fully induced, {n„} is the sin- 
gleton consisting of an irreducible fully induced representation, denoted by 11+ . 
For convenience, we put 11^ := and write {n^,} = {11+, 11^}. 

In particular, {I\-v} is a singleton for each v which splits in E. Since F is 
totally imaginary, the archimedean places all split in E. 

• At a place v, prime in E, such that — '^O^ but X^ ^ " Xy, the local packet 
{n„} consists of the two inequivalent tempered constituents 11+, 11^ of 1 xi 

^{OyXy). 
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• At a place v, prime in E, where none of Ov,Xy, OvXv^Ov "X^ is fixed by a, 
the local packet {liv} consists of two inequivalent cuspidal representations 11+ , 
n~. In particular, {!!„,} = {7r+,7r^}. 

From IIF4I Sect. 10.3], a representation 11' e {11} appears in the discrete spectrum of 
G with multiplicity 

m(n')-i(l + 

where n(n') is the number of places v for which 11^ = 11^. In other words, 11' appears 
with multiplicity one in the discrete spectrum if and only if 11', — 11^ for an even number 
of places V. 

Let TTi be the representation tt{X) ®i O of H(Ai?). Let tti = ti{0) ®i X. By the 
construction of X and O, we have tti ^j = 7r(x) ®i 9 and tti ^ — Tr(9) 01 x- Moreover, 
the representations vri „, tti ^, are parabolically induced for each place v ^ w,Wi,W2- 

For a finite set of places S, let P+ (S) denote the set of representations 11' in {11} such 
that H'y is unramified for each v ^ S, and 11^ = 11^ for an even number of places v in S. 

Let (5) denote the set of 11' in {11} such that 11',, is unramified for each v ^ S, and 

~ for an odd number of places v in S. 

Let 5* be the finite set of places {w,wi,W2}- Let /, /i be matching functions in 
E{wi,W2,G{Af),1), ^^(it;!, W2, Hi(Af), 1), respectively, whose local components at 
all the places outside of S are spherical. By ( 14.31 ) and the usual cancellation, we obtain: 

(5.21) 2 J2 i^'J)£,S=I[{^l,vJl.v) + ll{^l,vJl,v). 

n'6P+(s) v<ES ves 

For V — wi,W2, have by construction Oy =Uv oNe/f for some character Uy of 
. Hence, 

TTl^y = Tr{Xy) (8)1 Uy O Ne/F = UylT [Xy) (g) 1 1, 
TTl^t, = Uy /(I, Sy) ®l Xy. 

The local packet {II^} consists of the inequivalent tempered constituents 11+, n~ of 1 xi 
UyTr{Xy). By Lemma l5.23l we have: 

(5.22) (tti,., = e+ (n+ fy)^^ + (H", /,)^^ . 

Here, ey,ey = ±1. They appear because each twisted character in Lemma 15.231 mav 
differ from the corresponding character here by a sign. Since is elliptic and tti is 
parabolically induced, the term Hues /i ") ( I5.21l i vanishes. 

Let V be still wi or W2. Let n„ = 1 x n{OyXy) = 1 xi h(yn{Xy). Let A be the 
intertwining operator in HomG„ (Uy, £y^y) defined in Section lS.l.ll By Lemma |531 the 
twisted character (IIu, /t,)^ is zero for all elliptic test function fy on Gy. Since Uy — 
n+ + n^, the twisted character (n+, ,fy)j^ must be equal to — (n~, /u)^ for all elliptic 
fy. Hence, there exists a constant £_y = ±1 such that (n+, fy)^ = £^y (n~, fy)^ , and 

(tTI,!,, /l,!,) = {^tJv)^^ + <^y^V (n+, fy)^^ . 

Since (7ri_„,/i,„) for a general elliptic test function the twisted character 
(n+, fy)^^ is nonzero. Moreover, the sign e+ must be equal to e^^„. There is therefore a 
constant e = ± 1 such that 
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We conclude that the equation (15.21b is equivalent to 
(5.23) 2(n+^,/^,)^^^ 

,n'GP+({ii?,twi}) v^{w,wi} H' ^ P ~ {{w ,w i}) v^{w,wi} 

Hence, 

E n iKJv)e.+u E n (n;,/«)£„ 

= <^W2 Y\. i'^l-v, fl.v) ■ 
v^{w ,wi} 

By repeating the same argument for the place wi, we conclude that there are constants 
^+ = ±1 such that 

By the symmetry between tti — 7t{x) <Xii and tti^^ = Tr{6) x, we conclude that 
there are constants = ±1 such that 

(ni, /^>)£^_ + C {nwJw)^^ = {Tri,w,fl.w) ■ 

Since 7ri.„, ^ tti.ui, the ordered couple is equal to neither nor 

(-^+, -^"), or else we would have {tti.^Ji^^) = ± {tti,^, fi,^). 

For * = +/~, let p{£)'^ be the operator in Hom(n*,, £^,11*,) restricted from p{£). 
The proposition now follows on letting A* = £_* p(f )^ and e = ^+/^+. □ 



5.5. Character Identities for Stable Packets 

5.5.1. Lifting from Hi. Let JC/khe the quadratic field extension corresponding to e 
via local class field theory. 

Let X be a character of /C^ such that x 7^ "^X- From |ST, Prop. 4.8], the induced 
(local) representation x v~^/^'k{x) of G is reducible of length 2. Its constituents con- 
sist of a nontempered quotient, denoted by i^^^/^7r(x)), and a square integrable 
subrepresentation, which we denote here by S^i^e, v~^/'^tt{x))- 

5.25. Lemma. Let L denote the local representation L{v£^ '^^^^^"'(x)) of G. There 
exists an intertwining operator A G HomG(L, sL), and a nonzero constant c, such that 
the following identity holds for matching functions f e C{G), fi € C{Hi): 

(L,/)^ = c(l2,fc®iX,/i). 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that; (i) There exists a finite place w of F such that F^, — k, (ii) w is prime in E, 
(iii) Ew = IC. We identify the generator a of Gal(/C/fc) with that of Gal(£;/F). 

Let V be the set of places of F. Let C V" be the set of finite places which 

are unramified in E. 
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Let £ be the quadratic character of Cf corresponding to the extension E/F. In par- 
ticular, £w — e. We consider G as an i^-group, and Hi, H2 as the elliptic ^-endoscopic 
groups of G over F. 

Construct a character X of Ce with X^, — X- 

Let {n} = (S'uinii} be the stable quasi-packet 

{l(v£,u-^'^^{X))} 

of G(Af) (see Section 14311 |F4, Prop. V. 10.10]). It lifts to the Langlands quotient 
representation j(i'^/^7r [X) , z/^^/^tt (A")) of GL(4, A^). Here, by abuse of notation we 
let denote also the normalized absolute value function on Ap. The local components of 
{n} are as follows: 

• If £y ^ 1 and Xy ^ '^Xy, then the local quasi-packet {n^,} consists of 

LiUy£y,iy-'^\{Xy)), 

the unique nontempered quotient of i^y£y x i^y Tr{Xy). In particular, {II^} is 

1/2 

the singleton consisting of L. Since ' 7r(A'„)) is the unique nontem- 

1/2 

pered quotient of the -invariant ^-^^^ X ^-i, ' 7r(A'„), it is £t,-invariant. 

• If £y 1, and Xy =Uy o Ne/f for some character ZY„ of Cp, then {II.u} is the 
quasi-packet 

{L{iyy£y,£y>iUyiy-^/^), (5 " (f , J/l/ ^ g ^ ^ ^ ^ , J," 1 / 2^^^ ) } . 

By Lemma l5.14l each member of {11^} is f^, -invariant. 

• If w splits into two places vi, V2 of E, then {11^} is the singleton consisting of 
the irreducible representation A'l / A2 x A2l2,F„. Here, Xi :— Xy. {i — 1,2), 
and l2,_F„ is the trivial representation of GL(2, Fy). 

It follows from the above remarks that each member of {11} is ^-invariant. Hence, 
for each 11' €E {n}, (11', /)^ is the product ntiev (^'v fv)£ of twisted local characters. 
Here, (11^, /i,)^ :— tr n^(/^)p(£)i,, where p{£)y is the local intertwining operator in 
Homc^ (n^, £yfl'^) restricted from p{£). 

Let wi, W2 be two (finite) places, different from w, which are prime in E. 

Let Sq be the (finite) set of bad places for X. That is, it is the union of - V™\E/F) 
and the places v £ for which Xy is ramified. In particular, since Xyj ^ '^Xy,, 

the place w lies in 5o. Let 5 = 5o U {wi, W2}. 

The split central character of tti is X\cp- Let / e E{wi,'W2, G{Ap), X\cp), fi E 
E{wi, W2, Hi(Ai?), A'Icjj) be matching functions whose local components at the places 
outside of S are spherical. 

Since {11} is stable, each representation 11' £ {11} occurs with multiplicity one in the 
discrete spectrum of G. Here, we are assuming that the multiplicity one property holds for 
GSp(2). 

By Claim 14341 and the stability of {11}, the following twisted trace identity holds: 

(5.1) J2 (n',/)f:,s = ^(l2®iA',/i)5 + i(l2®i^A',/i)5. 

n'e{n} 

By the matching condition on the functions / and /i, the terms {I2 '^i , fi) s ™d 
(I2 '^X,fi)s have equal contribution. For each 11' e {H}, Wy^ is equal to L = 
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L{ve, V ^^^7r(x)). Hence, (15.1b is equivalent to 

E (n', f)s,S-{u,} ■ ■ = n ®1 h,v) . 

^n'e{n} / -uss 

Here, e(n') = ±1. It appears in the equation because, for two distinct members 11', IT" 
of {n}, the local intertwining operators p{£)w for i as a component of 11' and for L as a 
component of 11" may differ by a sign. 

Fixing the local components of the test functions at each place in S* — {w}, the lemma 
follows. □ 

Let X be a character of K.^ such that x 7^ °X- Let L ~ L{ue,v^^^^7r{x))- Let 

5.26. Proposition. There exist intertwining operators in ]lomQ{L, eL), and 
in HomG'(5, e6), such that the following identities hold for matching functions: 

(LJ)al ^ (l2,fc«)i xJi) , 
{6,f)^s = (St2,fe (8)1 X, /i) • 

Proof. Let / = i^e x i^^'^/'^tt{x). Thus, I = S + L. 

Let A be the operator in Hom(3(/, el) defined in Section 15.1.11 By Proposition l5.6l 
we have: 

Since 5 is the unique subrepresentation of /, and L is the unique quotient, the operator 
A induces operators A\s in HomG(^, eS) and A\l in HomG(i, eL). We have therefore: 

(5.2) (/, f)^ = {S, /)^|^ + (L, /)^|^ = ^-1/2) 

By Lemma [5.251 there exist a constant c and an operator e lloma{L, eL) such 

that 

(5.3) {LJ)^,=c{l2M(^ixJi)- 

The operator differs from Aj^ by at most a sign. Absorbing any negative sign into the 
constant c if necessary, we may assume = A\l. 
Since 

/(i/i/^ 0^ ^ ^ (8)1 X + St2,fe 8)1 X, 

by iS.H and (|5.3l l we have: 

{S, /)^|_^ - (St2,fc (8i X, /i> = (1 - c) (l2,fc (8i X, h) ■ 

The right-hand side of the above equation consists of a nontempered representation, while 
the representations which appear on the left are square integrable. The central exponents 
of a square integrable representation all decay. By the linear independence of central ex- 
ponents (see BFKI Sect. 21]), we conclude that c—1. 
Hence, 

(L, f)j^r. = (l2,fc 8)1 X, /i) , {5, Dau = (St2,fc 8)1 X, /i) • 

Let A^ = A\s. The proposition follows. □ 
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5.27. Proposition. Let r be an irreducible, cuspidal, non-tC-monomial, admissible 
representation o/GL(2, k), x be a character of K,^ , such that: There does not exist a 
character e' of such that "xlx = s' ° '^K/k '^'^^ — There exist a collection [tt] 
of distinct e-invariant, cuspidal, admissible representations of G, and an operator A{'k') 
inHomGij^' , st:') for each tt' e [tt], such that the following holds for matching functions: 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There exists a place w of F such that _F,„ = k; (ii) w is prime in E, with 

= /C. We identify the generator a of Gal(/C//c) with that of Gal(£;/F). 

Let £ be the quadratic character of Cp corresponding to E/F. Thus, £^ = e. We 
view G as an F-group, and Hi, H2 as the elliptic ^-endoscopic groups of G over F. 

Let wi, W2 be two (finite) places, different from w, which are prime in E. 

Construct a character X of Ce such that: 

• -^ii. = x; 

• X^,^ T^-A-^, (i = 1,2); 

• Xy is unramified for each finite place v ^ w,wi,W2- 

Construct a cuspidal automorphic representation T of GL(2, Ap) such that: 

• = St2,^i (i = 1,2); 

• 7^ is unramified for each finite place v 7^ w,wi,W2- 

In particular, since r is not /C-monomial, T is not £^-monomial. 

Let TTi be the automorphic representation T (E)i X of Hi(Ai?). Let ""tti be T (g)i '^A'. 
Let be the set of places of F. 

Let {n} = ^y^yi^-v} be the global packet of G{Ap) whose global datum is the 
lift of the global datum parametrizing tti (see Section 14.1.1. lb . By Lemma 14.201 {11} is 
a stable packet. Hence, each representation 11' e {11} occurs with multiplicity one in 
the discrete spectrum of G. Here, we are assuming that GSp(2) has the multiplicity one 
property. 

Let {n}^ denote the set of f-invariant representations in {11}. For each H' e {H}^, 
the character (H', /)^ is a product Huey (n'u, fv)£ of twisted local characters. 

For a finite set of places 5", let {n}g denote the set of representations in {11}^ which 
have the same unramified local component at each finite place v ^ S. 

Let C y be the set of finite places which are unramified in E. Let Sq = 

V — V^'^{E/ F). Let S — So U {w,ijUi,'W2}- Then, tti^^ is unramified for each place 

Let oj be the split central character of tti. Let / and /i be matching functions in 
E{wi,W2, G{Ap),uj) and E{wi, W2, Hi(Af), t^), respectively, such that their local com- 
ponents at the finite places outside of S are spherical. 

By Proposition ^. 19l and the stability of {H}, the following twisted trace identity holds: 

(5.4) Yl (n',/>£,s = ^('^i./i)s + ^(V./i>5- 

n'G{n}| 
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The matching condition on / and /i impHes that (tti, fi)g and ('^tti, fi)g have equal 
contribution to the trace identity. Consequently, (15.4b is equivalent to 

(5.5) (n',/>£,s = (^iJi)5 = 11(^1.- /i.-)- 

n'e{n}| ves 

Since F is totally imaginary, and % is unramified for each finite place v ^ 'w,wi,W2, 
the representation tti is parabolically induced for each place v in S — {w, wi, W2}- For 
i = 1,2, the representation tti^^. is equal to St2.^. X^^- By Propositions 15.61 [5.261 
Lemma l5.12l and the linear independence of characters, the local components at each place 
V S — {w} of the representations in {n}| are all equal to the same representation Hq.v 

Hence, the {S — {w}) -components of ( 15.51) cancel up to a sign. That is, there exists a 
set {e(n') = ±1 : n' e {n}|} such that 

J2 e(n')(n;,/^)£^, = (7ri,„,/i,„). 
n'e{n}| 

The signs e(n') appear because, for a place v E S — {w,wi,W2} (resp. v = Wi, W2), the 
twisted character in Proposition 15.61 (resp. Proposition 15.261 ) may differ from (Ely, fy)^ 
by a sign. 

For n' e {n}'^, let p{£)\w.w denote the operator in Homc^, (H'^,, £„,n^) which is 
defined by the restriction of p{£) to 11'. Let 

M = {n:„:n'e{n}|}. 

Since the local components at each place v ^ w of the representations in {H}^ are all 
equal to the same representation, the elements in [tt] are distinct. 

Since tti is cuspidal, its central exponents are equal to zero. Hence, by the linear 
independence of central exponents (|FK, Sect. 21]), every representation in [tt] is cuspidal. 
For each tt' = 11^ in [tt], let A{tt') — e(n') • p{£)\yi',w The proposition follows. □ 

5.5.1.1. Some Additional Twisted Character Identities for Hi. Using the global char- 
acter identities listed in Section |431 we list the following local character identities. We 
skip their proofs, which are no different in nature from what we have encountered so far. 
For an e-invariant representation tt of G, we let A be the (unique up to a sign) nontrivial 
intertwining operator in HomG(7r, ett). 

(1) Let 6, X be characters of K,^ such that 6x = p ° ^K/k for some character /i of 

Suppose '^x/x does not factor through N/c/k- Then, tt (°x/x) is cuspidal, 
and the following holds for matching functions: 

(n(^^^ >^ /A /^^ = (7r(0) ®i X, /i) . 

If "^x/x — £' ° ^K/k for some nontrivial quadratic character e' of k^ , then 
the following holds for matching functions: 

{e' X e'e x /i, f)^ = {Tr{0) (g)i x, /i) • 

(2) Let /C' 7^ /C be a quadratic extension of k. Let e' be the quadratic character of 
k^ corresponding to /C'/fc via local class field theory. 

Let X ^ character of JC^ such that "^x/x = s' ° ^K/k- In particular. 
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Let be a character of JC'^ which is not fixed by the action of Gal(/C'/fc). 
Let /X be a character of JC'^ which satisfies o N^^K' /K' — X° ^kk' /k- Here, 
/C/C' is the compositum of JC and JC' . 

Let TTyc' {9), TTjc' (/ifi*) be the /C'-monomial representations associated with 6, 
jjiO, respectively. 

The following holds for matching functions: 

(ee' X ^:K.'{^^e), f) a = ®i X, A) ■ 

5.5.2. Lifting from H2. Let vic be the normalized absolute value functions on the 
p-adic fields fc,/C, respectively. Let I2.1 (l — fc,/C) denote the trivial representation of 
GL(2, /). Let St2,; denote the Steinberg representation of GL(2, 1). 

For a nontrivial quadratic character ( of , and a cuspidal ^-invariant representation 
T of GL(2, fc), let L — L^Qu^v^^^'^t) denote the unique nontempered quotient of the 
induced representation Qu x v^'^/'^t of G. Let 5 — 6{Cv,v^^^'^t) denote the unique 
square integrable subrepresentation of xi v^'^/'^t. 

Let X be a character of /C ^ such that x^'^x — ^' ° / fc for some nontrivial 

quadratic character e' of fc^ . Thus, the £-invariant representation 7r(x) is also e'-invariant 

(lED). 

5.28. Lemma. Let Q = e' or e' e. There exists an operator A in ^ouyq{L, eL), and 
a nonzero constant c, such that the following holds for matching functions f G C{G), 
/2GC(if2): 

(L, /)^ = c (XI2./C ®2 xlfcx • C, A) ■ 

Proof. This is due to Claim 14.351 The proof is otherwise identical with that of 
Lemma IB. 251 and we skip it. □ 

5.29. Proposition. Let C, — e' or e'e. If the extension JC/k is unramified, then there 
exist operators in HomG(i,eL), and A^ in Home ((5, £(5), such that the following 
identities hold for matching functions: 

{L, f)AL = {X^2,K ®2 X\k^ ■ C, A) , 
{<>, Da^ = (xSt2,/C «'2 Xlfex • C, /2) • 

Proof. Since /C/fc is unramified, z^yc is equal to o N^^/;;. By Proposition 15.81 we 
have: 

(£C'^xz.-i/2;r(x),/)^ 

= {L, J) J, + {5, f)^ = l;xi{y)t .^K^^^) ®2 xlfcx • C, a) . 

Here, A is the intertwining operator defined in Section I5.L1I Using Lemma 15.281 the 
proposition follows from the same argument used in the proof of Proposition l5.26l □ 

For a representation t of GL(2, /C), let °t denote the following GL(2, /C)-module on 
the space of r: 

'^r : (g,,) ^ T{{ag,j)), V(.gy-) € GL(2,/C). 

5.30. Proposition. Let r be an irreducible, cuspidal, admissible representation of 
GL(2,/C) such that: (i) r ^ 'V, and (ii) lUt- — H o 'Hj^/i^for some character fi of k^ . 
There exist a collection [tt] of distinct e-invariant, cuspidal, admissible G-modules, and 
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an operator Aij:') in HomG(7r', ett') for each tt' G [tt], such that the following holds for 
matching functions: 

= ^®2M, /2)- 

7r'G[7r] 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There is a finite place w of F such that F^ — k; (ii) w is prime in E, with 
E.U, = /C. We identify the generator a of Gal(A:/fc) with that of Gal{E/F). 

Let £ be the quadratic character of Ci^ corresponding to E/F. View G as an i^-group, 
and Hi, H2 as the elliptic ^-endoscopic groups of G over F. 

Let V be the set of places of F. Let V'^{E/F) C V he the set of finite places which 
are unramified in E. 

Let wi, W2 be two finite places, different from w, which are unramified, prime in E. 

Construct a character W of Cf such that: (i) Uw = A*; (ii) ^tui = ^iu2 = 1^ (iii) is 
unramified for each finite place v ^ w, wi , W2. 

Construct a cuspidal automorphic representation T of GL(2, A^;) with the following 
properties: 

• CUT = U o ^e/F\ 

• For i — 1,2, the representation Tuj. is equal to Xwi^^2,wi, where Xwi is a char- 
acter of E^. such that: (i) Xw, 7^ "Xw,, and (ii) Xwi = 1; 

• 7^ is unramified for each finite place v 7^ w,wi,W2- 

Let 1^2 be the cuspidal automorphic representation T(g)2^ of H2(Ai?). Its local component 
at w is ■K2,w — T (E)2 1^- Let "'712 = "^T (E)2 U. 

Since the number field F is totally imaginary, 'K2.V and '^tt2,v are fully induced for each 
archimedean place v. 

Let {n} = ^ufzyi^v} be the global packet of G(Ai?) whose global datum is the 
lift of the global datum parametrizing 112- Since all the cases of lifting to the unstable 
(quasi-)packets of G(Ai?) have been accounted for, the packet {11} is stable. Hence, each 
representation II' S {11} occurs with multiplicity one in the discrete spectrum of G (that 
is, assuming that the multiplicity one property is valid for GSp(2)). 

Let {n}'^ denote the set of representations in {11} which are ^-invariant. For each 
n' in {n}^, the twisted character (II', f)^ is a product H^jey (n^,, fv)^^ of twisted local 
characters. 

For a finite set of places S, let {n}^ denote the set of representations in {11}^ whose 
local components at each place v ^ S are the same unramified representation 11^ . 

Let So = V - V™{E/F). Let S' = U {w,wi,W2}. Let uj be the split cen- 
tral character of 712- Let / and /2 be matching functions in E{wi,W2, G{Af),oj) and 
W2, H2(Ai?), cj), respectively, such that /„, /2,^ are spherical for each place w ^ S. 

By Proposition l4.30l and the stability of {II}, the following trace identity holds: 

(5.6) Yl (n',./U5 = ^('^2,/2)s + ^r'r2,/2)5- 

n'e{n}f. 

The matching condition on /, /2 implies that (7r2, 72)5 — {'^'^2, f2)s- Hence, (15.61 1 is 
equivalent to 



(5.7) 



n'e{n}| v&s 
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For each place v E S — {w, wi, W2}, the representation tt2.v is fully induced. For 
V — wi,'W2, it is equal to XvSt2,v '^2 1- By Propositions 15. 81 15.291 and Lemma l5.13l and 
by the linear independence of characters, we conclude that the local components at each 
place u e S — {w} of the representations in {n}| are all equal to the same representation 

^0,v- 

Hence, as in the proof of Proposition l5.27l the {S ~ {?i;})-components of ( I5.7l i cancel 
up to a sign. That is, there exists a set {e(n') = ±1 : 11' e {njf} such that 

e(n')(n:„,^)£„ =(7r2,™,/2,«,). 

n'e{n}| 

For each 11' in {H}^, let p{£)\yi'. w denote the operator in HomG„ (n^, £^,11^) which 
is defined by the restriction of p{£) to 11'. Let 

M = {n:„:n'e{n}|}. 

Since the local components at each place v ^ w of the representations in {n}f are all 
equal to the same representation, the elements in [vr] are distinct. 

Since 7r2,u, is cuspidal, its central exponents are equal to zero. Hence, by the linear 
independence of central exponents (|FK, Sect. 21]), every representation in [tt] is cuspidal. 
For each tt' — H'^ in [tt], let A{tt') — e(n') • p{£)\yi',w The proposition follows. □ 

5.5.2.1. Some Additional Twisted Character Identities for i?2- Let ^ be a character 
of . The induced representation e xi /il2,fc of G is irreducible ( ||ST[ Prop. 4.8]). It is 
e-invariant because £(g) (ex ^l2,fc) = exe/x l2,fc is equivalent to e^^ xee/x l2,fe = ex/il2,fc. 

5.31. Claim. Suppose the characters and e are unramified. There exists an inter- 
twining operator A in HomG'(e x /il2,fc, s » ep l2.k) such that the following holds far 
matching functions f e C(G), /2 G C(i?2) : 

(e X pl2,k, f)A = ((M°N;c/fc)l2,/c «'2 M^e, /2) • 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There exists a finite place w of F such that — k; (ii) w is prime in E, 
with = IC. We identify the generator a of Gal(/C//c) with that of Gal{E/F). 

Let V be the set of places of F. Let C ^ be the set of finite places which 

are unramified in E. 

Let £ be the quadratic character of Cp corresponding to E/F. We view G as an 
F-group, and Hi, H2 as the elliptic ^-endoscopic groups of G over F. 

Let wi, W2 be two (finite) places, different from w, which are prime in E. 

Construct a character U of Cp such that: (i) Uw = p, and (ii) Uy is unramified for 
each finite place v ^ 'w,wi,'W2- 

Let I2 be the trivial representation of GL(2, Aj;-). Let T be the following representa- 
tion of the Heisenberg parabolic subgroup P of G(Af): 

T^£®lll2:( dot ]^£ia) Z^(det 32). 



Let n = £ X UI2, the representation of G{Ap) parabolically induced from T. 

• At a place v where is trivial, n„ is reducible, with two nontempered con- 
stituents n+ = i(zy„,l X i^y^^^Uy) and H" = L{vl''^'Bt2,F^,Vv^''^Uy) ( lISTl 
Lemma 3.8]). 

• If £y ^ 1, then 11^ is irreducible. We put n+ := IIu and 11^7 := 0. 
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In particular, 11^, is by construction irreducible and unramified. 

Let {n} = {^^gy{n+, 11^7} be the set of irreducible automorphic constituents of 
n. That is, an irreducible constituent 11' of 11 is a member of {11} if and only if 11^, is 
unramified for almost all v. 

The representation 11 is ^-invariant. The operator Ip^t{£), defined in Section D. 1.1 1 
intertwines 11 with £11. For an irreducible constituent 11' of 11, and a test function / on 
G{Af), put (n', />£ := tr n'(/)/p,r(f ). It is a product Uvev (K^ of twisted 
local characters. 

Let l2,E be the trivial representation of GL{2, Ae). Let tt2 be the representation 
{U oNe/f) '^2.e®2W^£ of H2(Ai?). In particular, 712, u, is equivalent to (^oNx;/fc)l2,K;'Xi2 

Let Sq ^ V - V^iE/F). Let S'l = U {^1,^2}. Then, n„ and 7r2,„ are un- 
ramified for each place v ^ Si. The split central character of 7r2 is equal to U^£. Let 
/ e E{wi,W2, G{Af),U'^£) and /2 G E{wi,W2,'H.2iAF),U^£) be matching functions 
such that fy, /2,t, are spherical for each v ^ Si. By Claim l438l the following holds: 

(5.8) n (W'/-)£„ -(n^'Z-k) = n K.,/2,„). 

For each 11' in {11}, is equal to IIu, = e x /il2,fe. Let 5* = U {w}. Let /, /2 
be matching functions with elliptic components at ■wi,W2, and spherical components at all 
the places outside of S. Applying ( I5.8l l to S, we obtain: 

(5.9) {n^Jv)s^ n ((n^/->£„ -(n«, ^ {^2..n,j2,^) n {^2.vj2^v)s^. 

By ( 15.8b . the Si -components of the above equation cancel; hence. 

Let A be the operator in Homc^, (IIu,, f^IIu,) which is induced from Ip^r{£)- The claim 
follows. □ 

5.32. Corollary. Suppose the extension K,/k is unramified. Let fj, be an unramified 
character of k^. Let tt be the induced representation e xi /i St2,/c of G. There exists an 
operator A in HomG(7r, ett) such that the following holds for matching functions: 

Proof. We have: 

(Ai ° ^K/k) H'^lz^i'^K.^^^) = (a^ ° N;c/fc) I2X + {lJ-° ^K/k) St2X. 

Since the extension IC/k is unramified, e is an unramified character of fc^ , and i^jc is equal 
to o N/c/k- The corollary then follows from Proposition 15.81 and the previous claim. □ 

5.33. Proposition. Let t be an irreducible, cuspidal, non-K,-monomial representa- 
tion o/GL(2, k). Let tt be the induced representation sytrofG. There exists an operator 
A in HomG(7r, sn) such that the following holds for matching functions: 

i'^i Da = {^K/kT «'2 UJrS, /2) . 

Proof. Construct a totally imaginary number field F and a quadratic extension E of 
F such that: (i) There exists a finite place w of F such that F^, = fc; (ii) w is prime in E, 
with E^ = JC. We identify the generator a of Gal(/C//c) with that of Gal{E/F). 

Let £ be a quadratic character of Cf corresponding to E/F. We consider G as an 
F-group, and Hi, H2 as the elliptic ^-endoscopic groups of G over F. 
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Let V be the set of places of F. Let V'\E/F) C be the set of finite places which 
are unramified in E. 

Let wi, W2 be two (finite) places, different from w, which are unramified, prime in E. 
Construct a cuspidal automorphic representation T of GL(2, A^?) such that: 

• %n=T; 

• T^^= St2,_F„^ {i = 1,2); 

• 7^ is unramified for each finite place v. 

Let = Be/f'^ oJrS- It is a cuspidal automorphic representation of H2(A^), 

with TT2,w = Bfc/kT (^2 ^t£- 

Let n be the G(Ai?) -module £ xi T. It is parabolically induced from the representation 
57 — £ ®T of the Heisenberg parabolic subgroup P of G(A^). In particular, = e x r. 

Since F is totally imaginary, T„ is a fully induced representation of GL(2,C) for 
each archimedean place v. For each finite place v ^ w,wi,W2, the representation Ty 
is by construction unramified, hence fully induced. Therefore, by [ST Thm 4.2], HST[ 
Lemma 3.4], and IISTl Prop. 4.8], the representation n„ is irreducible for each place v. 
Consequently, 11 is irreducible. 

The operator Ip^n{£), defined in Section [3. L II intertwines 11 with EH. For a test 
function / on G(Af), put (11, f)g^_ := tr Il{f)Ip^n{£). It is a product Yl^^^v i^^' fy)£^ 
of twisted local characters. 

Let So = V- V'^E/F). Let S* = 5*0 U {w, wi , W2}. The central character of H and 
the split central character of tt2 are both equal to ujt£- Let / in E{wi, W2, G{Ap),u}q-£) 
and /2 in E{wi,W2, H2(Ai?), cjr^) be matching functions such that f2,v are spherical 
for each place v ^ S. 

By Claim l438l we have: 

(5.10) H (n„,/„)^^ = H (^2,.,/2,.) . 

ves ves 
Note that since 11 is irreducible, the term 11^ in Claim l438] is zero for each place v. 

By Proposition l5.8l Lemma l5.13l and Corollarv l5.32l the {SoU{wi, W2})-components 
of (15.10b cancel up to a sign e = ±1. Hence, 

(5.11) {nni, fw)£^, ^ £ {-^2,10, f 2. w) ■ 

Let Ip.n{£)w G HomG^, (Ilii,, £yjlyj) be the operator induced from Ip^u{£). Let A = 
e • Ip,n{£)w The proposition follows. □ 
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Summary of Global Lifting 

A.O.2.2. Notation: 

• E/F a quadratic extension of number fields, a the generator of Gal(i? / F) . 

• For a number field Q, Cq denotes the idele class group of Q, Cq the set of 
(unitary) characters of Cq, and 12,q the trivial representation of GL(2. Aq). 

• £ a character of Cp, with e 1 — e o Ne/f- 

• For an automorphic representation t of GL(2, A^), 7r(T) denotes the automor- 
phic GL(4, Ai?)-module associated with r via the twisted endoscopic lifting 
from R^/p'GL(2) to GL(4). Ke/f denotes restriction of scalars from E to 
F. 

• ^(GL(2)) denotes the set of equivalence classes of automorphic representa- 
tions of GL(2,Ai?). For t S A{GL{2)), Be/ft denotes the automorphic 
GL(2, A£;)-module obtained from r via base change. 

In the following tables, each entry in the second row is a (pseudo-)(quasi-)packet of the 
group above it in the first row. Two (quasi-)packets belong to the same row if the global 
datum parametrizing one is the lift of the global datum parametrizing the other via the L- 
group embedding associated with their corresponding groups (see Section !?. 1.1. lb . 



A.l. Unstable (quasi-)packets of G 

(1) re A{GL{2)) cuspidal non-i?-monomial, or one dimensional: 



GL(4) 


G 


Hi 


H2 


/(T,eT) 


[r, er] 


T(E)ll 


Be/fT ®2 OJt 



[r, er] is the unstable (quasi-)packet which lifts to I{t,£t) of GL(4, Aj?) (see 
Section l4.3.1l l. 

Remark: The above table also covers representations of the form t ®i x, 
with X ~ '^X^ because by Hilbert 90 x = A* ° ^e/f for some e Cf, and 

T ^ oNe/F = fJ-T ®1 1. 

(2) 6,x & Ce ; none of 9, x. Ox, °X is fixed by a. 

{tt{9)®iX} denotes the set of the packets 7r(6l)(g)ix, '^{0)®i"x, '^{x)®iO, 
7r(x) ®i "0. 



GL(4) 


G 


Hi 


i{^{ex)Md''x)) 


[<ex),<o-x)] 


{n{e) ®i x} 



A.2. Stable (quasi-)packets 

Every e-invariant stable (quasi-)packet of G(Af) is lifted exclusively from either Hi 
or H2. 
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A.2.1. Stable (quasi-)packets lifted from Hi via 6 : ^Hi ^ ^G. 

(1) T e ^(GL(2)) cuspidal; x G with x ^ "X- 



GL(4) 


G 


Hi 


T^ixBE/FT) 


ei*(^<»ix) 


r (g)i X, T «)i '^x 



^1 (r (g)! x) denotes the packet of G(Ai?) which is the lift of r (g)i x- All of its 
members are cuspidal. 
(2) x&Ce with X "X- 



GL(4) 


G 


Hi 


Ji^yMx),'^''/Mx)) 


Liev.v-^Mx)) 


l2,_F ®l X. 
12,^ «)1 ""X 



Remark: Since /il2,_F ®i x = l2,_F ®i o N£/i^)x, e Cf, the table 
above covers all cases of t ®i x where r is a one dimensional representation of 
GL(2,Af)- 

A.2.2. Stable (quasi-)packets lifted from H2 via ^2 ■ ^H2 ^ ^G. 

(1) T e ^(R£;/fGL(2)) cuspidal; /i e Cf with ujr — f-io N^/f- 



GL(4) 


G 




7r(r) 


^2ir ®2 


r (g)2 



^2 (■'' ®2 m) denotes the packet of G(Af) which is the lift of r ®2 M- of its 
members are cuspidal. 

(2) X ^ Ce, e' ^ e e Cf, with (i) e' ^ (e')^ = 1, (ii) ^x/x = e' ° Nf/f; 
C €{£',££'}. 



GL(4) 


G 


i?2 


J(z.l/2^(^)^^-l/2^(^)) 




Xl2,F «'2 x\Cf ■ C 
'^Xl2,F ®2 Xlcp ■ C 



Each e-invariant, discrete spectrum, automorphic representation of G(Af) with two ellip- 
tic local components appears in exactly one of the tables in Sections [A. 1 1 and IaTSI 

A.3. Induced representations 

(1) ^leC^F- 



GL(4) 


G 


Hi 


H2 




e X e x 12 


^/(l,l)(gi 1 


(Ai°NF/F)/(l,l)'»2M' 



(2) M e Gf; 0, X e C-F ; with (i) ^ -9, (ii) x ^ "x, (iii) = M ° ^e/f- 
(a) x" V- 



GL(4) 


G 




^(mt^Cx/x) 


Ti-C'x/x) X 


7r(6')(g)ix, 7r(6') (g)i '"x 



(b) 3 £' e Gf with (i) e' ^ [e'f = 1, (ii) ^x/x = e' o Nf/f- 



GL(4) 


G 




/is'e, /ie') 


e' X e'e XI /i 


7^(6*) ®i X 



(3) 61 e G^ with 61 ^ "^e. 



GL(4) 


G 




mo)Mo)) 


1 X 7r(6') 


7r(6') (8)1 1 




e X 7r(0) 


/(1, 1)010, /(1, 1)01^0 
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(4) [E', F] ^2,E' ^ E, with Gd\{E' / F) = {a'), 
e' e Cf with e' 7^ e' o N^/ /p = 1. 

X&Ce\ f^,0 £ Ce' ■Ai)'^x/X = £'°'^E/F,(n)f^o'!>iEE'/E' = X°^ee'/e, 
(iii) lie ^ -\ii6). 



GL(4) 


G 


Hi 


I{^TE'i^^O),e^^E'{^J.O)) 


ee' xj -ke' ifJ-S) 


T^E'iO) ®l X 



(5) r e y^(GL(2)) cuspidal non-i?-monomial. 



GL(4) 


G 




/(T,eT) 


e XI r 


Be/fT ®2 t^rE 



(6) e cj. 



GL(4) 


G 






1 X e X ^ 





Each parabolically induced G(Ai?)-module which contributes discretely to the fine X' 
expansion of the e-twisted trace formula of G(Ai?) appears in exactly one of the tables in 
Section IA3] 
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Fundamental Lemma 

Let F he a p-adic field. Let e be a character of with = 1. To prove the 
Fundamental Lemma in the context of G and Hi, H2, by |,H2J it suffices to prove it for 
the case where F has odd residual characteristic, and then only for the unit elements in 
the Hecke algebras of the groups, when e ^ 1 and also when e = 1. Moreover, we may 
assume that e is an unramified character The case of e = 1 is straightforward, given the 
results of IIF3I . Hence, in this chapter we assume that F has odd residual characteristic, 
and that e is nontrivial. 

We fix once and for all an element A £ F^ — such that Fa F{^/A) is the 
unramified quadratic extension of F which corresponds to e via local class field theory. 
Consider G = GSp(2) as an F-group. Let G ~ G{F). Recall the definitions in Chapter 
|2]of the elliptic e-endoscopic groups of G: 

(1) H, = Hi(F) = {(g,0 e GL(2,F) xF^:detg^ ^f^/fx}. 

(2) H2 = H2(F) 

= {{g,c) e GL(2,F^) x F^}/{{diag{z,z),Np,/pz-') : z e F^}. 

Let R be the ring of integers in F. Fix a uniformizer w of F. Let K be the maximal 
compact, hyperspecial subgroup G{R) of G. Let Ik in C^{G) be the characteristic 
function of K. Let dg be the Haar measure on G for which the volume of K is one. For 
a function / e C^(G), define the e-twisted orbital integral of / at an element (5 G G as 
follows: 

06{f)= I f{g-Hg)e{g)dg. 

JZg(S}\G 

Here, Zq (S) is the centralizer of S in G. 

For i = 1,2, the group Hj is defined over R. Let Ki = Hi(i?). Let dhi be the Haar 
measure on Hi for which has volume one. Let G C^{Hi) be the characteristic 
function of K,. For H ^ Hi or H2, Jh e G^{H), and Sh G H, let 

OsAfH)= f fH{h-^SHh)dh, 
JZh{Sh)\H 

Here, the sum in the second expression is over representatives S'^^ of the F-conjugacy 
classes within the stable conjugacy class of 6h- 

B.l. Theorem. Let i = 1,2. For a regular element S G G and a G-regular 5i in Hi 
which is a norm of 5, there exists a choice of transfer factor A ((5^,(5) € C such that the 
following holds: 

S' 
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The sum on the right is over representatives 6' of the F-conjugacy classes within the the 
stable conjugacy class of 5. 

Remark. Since Os' {^k) is equal to zero if 5 is not stably conjugate to an element in 
K, it suffices to prove the theorem for the elements 5 which lie in K. 

We shall prove the theorem only for the elliptic regular elements. For elements which 
lie in parabolic subgroups, the theorem reduces via Harish-Chandra descent (see, for ex- 
ample, IHl) to the Fundamental Lemma for lower rank groups. 

An element g e G is called absolutely semisimple if = 1 for some integer m 
prime to the residual characteristic of F. An element g is called topologically unipotent 
if g^'i converges to 1 as the integer N approaches infinity. Here, q is the cardinality of 
the residue field of F. By an extension of a theorem of Kazhdan's ( IIF3I Prop. I. H. 1]), an 
element 6 E K decomposes uniquely as S — su = us, where s is absolutely semisimple, 
u is topologically unipotent, and s,u E K. 

With regard to proving Theorem IB. II we restrict further our attention to the ellip- 
tic regular elements which are topologically unipotent. For elements whose absolutely 
semisimple parts are nontrivial, the method of semisimple reduction ( IIF3I Part. Ill]) re- 
duces the theorem to the Fundamental Lemma for lower rank groups. 

B.0.0.1. Notation. 

• For a field k and an element B E k^, let denote the possibly trivial field 
extension k{y/B) ofk. 

• Let GL(2,A:)'=« denote the subgroup {g E GL(2, fc) : det .g E ^ks/kkg} of 
GL(2,fc). 

• For ^ = a + b^B E kg, a,b E k, put 

Observe that if [ks : k] = 2, then det 4>^{^) = Nk^/kC for all ^ E kg. 

• For p E k^ , £^ E fcs, put 



Let denote the maximal torus {(f>p{S,) : S, E k^} in GL(2, k). It is elliptic if 

[kB : fc] = 2. 

• Let L = ksiV^), where £, E kg. For I ^ a + (3^/1 E L'^,a,i3 E fcs, put 

• For(2^),(:f)eGL(2),put 

B.l. Norm Correspondence — ^Elliptic Elements 

We now describe the norm correspondence between the elliptic regular elements of G 
and the elliptic G-regular elements of Hi, H2. But first, we need to classify the stable 
conjugacy classes of the elliptic regular elements of the groups. This is equivalent to 
classifying the stable conjugacy classes of the elliptic maximal tori. We list below the 
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representatives of these stable conjugacy classes. Moreover, we list the conjugacy classes 
within each stable conjugacy class. 

B.1.1. Elliptic Tori of G. The e-twisted orbital integral of a function on G at an 
element 5 g G is zero if Zs{G) is not contained in the kernel of e. In fact, as we shall 
see, elliptic G-regular elements of the e-endoscopic groups can be the norms of only those 
elliptic regular elements in G whose centralizers are contained in kere. Thus, for our 
purpose, it suffices to list only the stable conjugacy classes of the elliptic tori which lie in 
kere. 

Recall that Fa is the quadratic extension of F which corresponds to e via local class 
field theory. The stable conjugacy classes of the elliptic tori of G are computed in fF31 
Sect. I. C]. The representatives of those classes which lie in the kernel of e are as follows: 



III, A, AD 









D,AD e F' 

Tm,D,AD — 


< -AF 


X 2. 









D,AD eF"" - AF 

7lv,A,_D - 



iF:A:D 



L = Fa{^), D e F^ - F^\ 

Note that Tui a.ad and Tui.d.ad are distinct cases, for A depends on e and is not arbitrary. 

With the exception of Ti^a, the conjugacy class of each elliptic maximal torus listed 
above are stable. In the case of Tj ^i, there are two conjugacy classes within the stable 
conjugacy class, described as follows: 



For ^ 



bVAGF2ia,beF), put cl^iiO 



a h-cuA 



Put 



Ti,a(^ 1^ J ={[</.^(7),0^(C)] :Nf./i.7 = N^./FC}. 

From IIF31 Sect. I. C], the tori Ti^a and are representatives of the conjugacy classes 
within the stable conjugacy class of Ti,a- 

B.1.2. Elliptic Tori of Hi. There are two stable conjugacy classes of elliptic tori in 
Hi. They are represented by the following tori: 



• 


Ti,A^ 


{(0^(7),C) :7,CeFj^; N^,/f7 = N^./i=^C} 




• 


Ti^AD 


= {(0^''(7),C) : 7 e J^AD, C e FJ^; N^,„/^^7 





D,ADeF'' - AF"". 

An element of Hi has the form (gX) e GL(2,F) x F^, with detg = 1^Fa/fC- 
Suppose two elements {g, C), (17', (') in Hi are stably conjugate to each other. Then, ( = 
C'. Since Hi(F') GL(2, F) x F^ x F^ , and there is no distinction between stable 
conjugacy and F-conjugacy for GL(2), the elements g, g' are conjugate via some element 
of GL(2,F). 
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Let GL(2, F)^^ denote the sub group of elements in GL(2, F) whose determinants lie 
in Nfji/fFa ■ i^^ys an exact sequence: 

1 ^ GL(2,F)^^ ^ GL(2,F) ^ i^^N^^/^F^ ^ 1. 

Since [F'' : Np^/pF^] = % GL(2, F)^^ is a subgroup of index 2 in GL(2, F). Thus, 
there are at most two conjugacy classes within the stable conjugacy class of each element 

geGU2,Ff^. 

B.2. Claim. A regular element 5i = (0"^(7), C) G ^i,a is stably conjugate but not 
conjugate to 5f = (?!>^(7), C)- 

Proof. Since (f>^i'y) = ^ ^'^{l) ( ^ ^ ). it is clear that 5i is stably conjugate 
to (5^. Suppose g is an element in GL(2,F) such that g~^4'"'^{^f)g = (f)1^{j). Then, 
g{^ ^) commutes with (p^ij); hence, g{^ ^) = ( f ) for some x,z & F. The de- 
terminant of g is therefore equal to w~^{x'^ — z^A), which does not lie in "Hp^^ipF^, 
for — z^A lies in Nj^^/j^F^, while w does not because Fa/F is unramified. Hence, 
g ^ GL(2, F)^^, which imphes that 5^ is not conjugate to 5i in iJi. □ 

B.3. Corollary. The conjugacy class of the tori in Hi which are stably conjugate 
but not conjugate toTi^A is represented by 

B.4. Claim. The conjugacy class o/Ti^ad is stable. 

Proof. Suppose an element S' = (t', C) in Hi is stably conjugate to the element 
S = (0^^(^),C) G Ti^AD, where Np^^/p^ = Np^/pC There exists g in GL(2,F) 
such that f/ = g-'^cp^^iOg- Since GL(2,F) is the disjoint union of GL(2,F)^'^ and 
GL(2, F)^^diag(l, zu), we may assume that g = diag(l, vu). Since by assumption the 
residual characteristic of F is odd, and Fa/F is unramified, the extension Fad/F is 
ramified. Hence, there exists an element 7 G Fj^^ such that ^p^^/p'y = Since 
4>^^{0 commutes with 0'*^(7), t' is equal to 

(</.^^(7)5)"'-</.^^(0-('/'^^(7)5). 

The element 4>^^{'j)g, having determinant 1, lies in GL(2, F)^-*; hence, 5' is conjugate 
toJiniJi. □ 

B.1.3. Elliptic Tori of iJ2. For an element £) e F^,andl = a+(3VD e F^(\/^)>< 
(a, /3 e Fa), put 

:=(^''i')GGL(2,F^). 
A maximal elliptic torus in H2 has the following form: 

T2,z5 = {(0^-^^(O,c) :/eF^ ceF><} , 

where D e F^ - F^%nd F = Fa{VD). There are 3 possibilities for D: 

• D G F^ — AF^"^; hence, F/F is Galois, biquadratic. 

• D ^ F^, E/F cychc of degree 4. 

• D ^ F^ , E/F non-Galois, with Galois closure F of F over F. Then, the Galois 
group Gal(F/F) is equivalent to D4, the dihedral group of order 8. 

Since H2 is a quotient group of GL(2, Fa) x F^ , there is no distinction here between 
conjugacy and stable conjugacy. 
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B.1.4. Norm Correspondence — Explicit Description. We now use the results in 
Section 12.41 to describe explicitly the norm correspondence between elliptic regular ele- 
ments. 

The groups of F-points of Hi, H2 are as follows: 

Hi(F) = {(5, a, (3) e GL(2, F) x i^^ x : det g = a/3}, 

H2(F) = (GL(2,F) X GL(2,F) x /{(a/2, /3/2, M)"') : a,/3 e F^}. 

Recall the definitions of Ni , N2: 

Ni : Hi(F) 3 (diag(a, A/a); 6, A/6) ^ diag(6, a, A/a, A/6) e G(F), 

N2 : H2(F) 9 (diag(a, 5), diag(c, rf), 1) 1-^ diag(ac, ad, be, bd) e G(F). 

By definition, an element 5i E Hi(F) (i = 1, 2) is a norm of an element S E G(F) if 6i is 
conjugate to a diagonal element ti in Hi(F), and 5 to a diagonal element t in G(F), such 
that t = 'Ni{ti). 

For an algebraic group H, and elements g,h E H(F), we write g ^ h if g,h aie 
conjugate under H(F). 

B.l. 4.1. Matching Ti^a- Let a be the generator of Gal(F^/F). Put 7 := 0-7 for 

7 e Fa. 

B.5. Claim. Let 7, ^ /je elements in — such that ^Fa/fI = ^Fa/fC- The 
element 5 1 — ((/''^(7),C) in Fi.yi /s a norm o/[0'*(C), 0'^(7)] G Ti^a- 

Proof. The element (0^(7), C) is conjugate to (diag(7, 7); C, C) in Hi(F). We 
have: 

Ni : (diag(7,7);C,C) diag(C, 7, 7, 0- 
The element diag(C, 7, 7, C,) is conjugate to 5 in G(F). □ 

It is clear from the proof of the claim that 

{c^\l)X), (0^(7),C), ('/'^(C),7), (</.^(C),7) eTi^A 

are all norms of 5. If 7 7^ Ci C the elements listed above are not stably conjugate to one 
another. This is an example of a norm correspondence which is not one to one. 

B.1.5. Matching ri,A_D- Let D be an element of F^ - AF^"^ . Recall our notation: 
Fad = F(\/AD), Fd = F{VD). Let E be the biquadratic extension F(/D, v^) of F. 

Suppose Gal(F/F) = (ct, r), such that Fa = E^, Ed = E", and Fad = F'"^. Here 
El" denotes the subfield of F fixed by ^ e Gal(F/F). Thus, Gal(FD /F) = (t) = (ar), 
G&\{FaIF) = (a) = (rrr), and GaKF^^j/F) - (a) = (r). 

B.6. Claim. Let C. be an element of F^jy — F^, 7 an element of F^ — F^, such 
that ^Fad/fC = ^Fa/f1- The element Si — (</>'^^(C), 7) 'n Ti ad is a norm of 5 = 
[4>^{-f),ct^^^{0]^Tni.AAD. 

Proof. Consider ^i, 5 as elements in Hi(F), G(F), respectively. We have: 

5i ^ (diag(C, rC); 7, (77) ciiag(7, C, rC, (77) ~ J. 
The element 5 lies in Tm ^ because 

det</)-^^(C) = Nj.,^/;,C = Nf./F7 = det 0^(7). 

□ 
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Observe that the elements (</>'^^ (C) , 7) and (^"^"^ (C) > f 7) in Ti^ad, though not stably 
conjugate to each other, are both norms of [^"^(7), <?^'^^(C)] € Tih^a^ad- 

2 

B.1.6. Matching T2.D, Biquadratic Case. Let D be an element in — AF^ . 

Then, E = FA{\fD) is a Galois, biquadratic extension of F. Suppose G&\{E/F) = 
(ct,t), such that Fd = E'^ , Ea = E^, and Fad = E"''. Then, Gal(^b/-F) = (r) = 
(ar), Gal{FA/F) = (a) = (ra), and Gal(i^^z3/^^) - (ct) = (r). 

B.7. Claim. For c e F^ and I G F^, f/ze element 82 = {(j)^^'-'^{l),c) in T2,d 
is a norm of 5 = [(j)^'^{cC,'),(f)^''^^{cC,)] e Tiii^d,ad, where (' = '^e/Fd^ = 1(^1 c^nd 

C = '^E/Fad^ = l^^"^^- 

Proof. Recall that H2(F) a quotient of GL(2, F) x GL(2, F)x F"". The image of 
62 in H2 (F) is represented by {(j)^^--^ {l),c a(t>^^--° (0,1). 

Suppose I = a + ^\fD for some a, /3 e F^. Since £> e F>< and a\fD = \fD, the 
element (^!>^-^^^(0, cc7^^^^^(0, 1) is equal to 

((/i") ,^(:rr) -1) ~ (diag(Z,rO,diagM,craO,l) eH2(F), 
which maps via N2 to 

diag(dCT/, clral, ctI ■ al, tI ■ ral) = diag(c^', cC, crC, ctC,') 

Since det (j)^'^ {cQ') = c^Ne/fI = det (/)^^^^(cC), the element 6 lies in Tm^D^D- □ 

IfZ ^ F^, the regular elements (^^■^^'^(0, c), (cr(/>'^^^-°(0, c) € Ta^D, which are 
not stably conjugate to each other, are both norms of the (possibly singular) element 

B.1.7. Matching r2,D? Non-Biquadratic Case. Let F> be an element in F^ ^ ^a ■ 

Let E be the Galois closure of F = F{\/D) over F. Let a be the element of order 4 
in Gal(F/F) defined by aVJ = -VJ, aVO = VaD, ct^VD = -/D, ct^/D = 
— VaD. In particular, Gal(Fyi/F) is generated by the restriction of a to Fa- 

B.8. Claim. For c e F^ and I e E^, the element 62 = c) in T2,d is a 

norm of 8 = cj)^'^'-^ (dal) e Tiv,a,d. 

Proof. The image of 82 in H2(F) is represented by {(l)^^'-^{l),ca(f)^^'-^{l),l). 
Suppose I = a + l3\fD for some a, f3 G Fa- Then, 82 is equal to 

{{''/^) 'l) ~ (diag(/,a20,diagM,ca3Z),l) e H2(F). 

We have: 

N2 : (diag(/, a^i), diag(ccr/, ca'^l), 1) 1-^ diag(dcr/, cla^l, ca^l ■ al, ca^l ■ a^l) 

^8 = <i)^'-^'-^{clal). 

Since ^e/FaI<^^ = 1(^1 ■ • e F% = F, 8 Ues in Tiv.A.n- □ 

If / ^ F^, the elements (0-^^^^(O,c) and {a(l)^^'-^{l),c) e Ta,!, are not stably 
conjugate to each other, but they are both norms of the element (j)^'^'^ (dal) in Tiv.a.d- 
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B. 1.7.1. Summary. In summary, the norm correspondence between the stable conju- 
gacy classes of the elUptic regular elements is as follows (bar denotes action of a): 

(1) CaseofiJi 

(2) CaseofiJ2 

T2,D 9 { ItlO'i;^:^ } — [</.^(d<7O,0^^(darO] e Tni,z,,AB. 

B.2. Comparison of Orbital Integrals 

Recall that e is the nontrivial, unramified, quadratic character of F^, and Fa is the 

quadratic, unramified extension of F. It corresponds to e via local class field theory. We 
fix a uniformizer w in the ringer of integers R of F. Since Fa/F is unramified, w is also 
a uniformizer for Fa- 

Let if = G{R), K, = H,(i?) (i =1,2). 

For H = G, Hi, or H2, fix a pair (B, T), where T is the maximal diagonal torus 
of H, and B is the upper triangular Borel subgroup of H containing T. Let A be the set 
of roots of H with respect to (B, T). We define the discriminant Dh{5) of an element 
,5 e H(F) as follows: 

Dh{S) := n Hts)-l\p. 

Here, | • |p is the unique absolute value on F extending the normalized p-adic absolute 
value on F, and tg is an element in T{F) which is conjugate to 6 in H(F). The discrimi- 
nant Dh{S) is independent of the choice of ts. Note that Dh{S) = if 5 is not regular. 

For a p-adic field k with ring of integers Rk, each element x G may be written as 
X = u tu^'^"^'"'^, where m is a unit in Ri~, Wk is a uniformizer of k, and ordfeX is an integer. 
The function ordfc : — > Z is independent of the choice of Wk- Let q be the cardinality 
of the residue field R/ [tu) of F. Put ord := ordi?. Let Rp^ be the ring of integers of Fa- 

For elements (/, /i in a group, put 

lni{g)h := ghg~'^. 

B.2.1. Comparison for Ti ^4, Tj ^4. 
B.2.1.1. Stable Orbital Integral— Tx,a- 

B.9. Claim. Let C, C be elements in Rp^ — R^ such that ^Fa/fC = ^Fa/fC Sup- 
pose ^ = a + b\/A, where a,b G F. Let 5i = {<1>"^{C),0 ^ The following equality 
holds: 
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Proof. Let GL(2,F)^'* be the subgroup of elements in GL(2,F) whose deter- 
minants lie in Np^^pF^ . Let K' = GL(2,i?). Since Fa/F is unramified, K' is a 
maximal compact subgroup in GL(2,F)^^. The group Ki = Hi(i?) is then equal to 
{K' X R^J := {(.9,7) e K' x R^^ : detg = N^,/^7}- 

Forp e F^ , put (f)^ (a) := Int(diag(l, p~-'^))(/)'^(a). There are two conjugacy classes 

within the stable conjugacy class of Si. One is represented hy 5l :— Si, and the other by 

Sf (0^(0, e). 

For p e {1, nj}, put 

Tf := Zh,{S'i) - {{(f>f{a),(3) : Np^/pa = Np,/pf3}. 

Put Ti := = Ti ^. Let d/i denote the fixed Haar measure dhi on Hi. 
By definition, 

The quotient Tf is equal to rj^\GL(2, F)^-^, where {(jjfij) : 7 S }. 

From I.F3. p. 30], we have the decomposition 

where the disjoint union is over all nonnegative integers j. Since K' is a subgroup of 
GL(2, F)^-^, and w ^ Nj^^/^i^^, the above decomposition implies that 

GL(2, Ff^ = I 'j ( 1 ) K'. 

Let be the GL(2, F)-component (\)^{C) of ^i. Put S'^ <?!)^(C)- For any h = 
[h' , 7) e i/i, the element Int (/i^^) i5i lies in ifi if and only if Int {h!^^^ S'l lies in K' . 
The stable orbital integral SOs^ (l/^j ) is therefore equal to 

lK'{l^t{h'-^)S'i)dh' + [ lK'{lryt{h'-^)S'i'^)dh' 

= E / lK.{V^t{k-^^^-,))5'i)dk 

J even >0 "'A"nlnt(diag(l,m-J))TA\X' 

+ E / U,(lnt(fc-i(i^_,))^0*- 

J odd >0 "'A:'nInt(diag(l,^i-J))TX\if' 

Here, dfc is the Haar measure on K' such that K' has volume one. 
For a nonnegative integer j', let 

RfaU) = {a + b\^: a,be F; \a\ < 1, \b\ < \zu^\ = q-^}. 

Then, the group ii'' n Int ( ( ^ j ) ) Ta is isomorphic to Rp^ (j) ^ . 
Hence, for /?€{!, tu} we have: 

[if' n Ta : if' n Int (( 1 )) T^] = [i?^^ : i?F.(jr ]• 



B.2. COMPARISON OF ORBITAL INTEGRALS 



133 



Consequently, 



j even >0 



(B.i) + E [Rk--R^AjrnK' '^r 

j odd >0 

j>0 

Since Fa/F is unramified, the cardinality of the residue field Rfa/{w) is q^. 
The index [i?^^ : i?ir^ (j) is therefore equal to 

[i?^^ : 1 + wmp,] I [RfAjY ■■ 1 + ^'RfA 

+ ifj>0. 
Since l/f' ( ( ^'^^^ ) ) ^^'^^ unless j < ord 6, we conclude that 

I 1 ord b „ 

SOsAIk) = 1 + ^ ^ = i+l^oM. _ 2 

g-1 q-l 

□ 

B.2. 1 .2. Twisted Orbital Integral — Ti^a- 
Notation: 

• [(?s),(rD] 

\ c d, 

• Co := {[51,52] : 51,52 G GL(2,F); det5i = det52} C G. 
. C^ = (GL(2,F)xGL(2,F))' 

:= {(51,52) e GL(2,F) X GL(2,F) : det5i = detsa}. 

. TA:={4>H0--i&n}- 

• For p e F^, put := Int(diag(l, p"^))rA, and 

r; := (T^ X T^)' := {(^1,^2) G Ta x : dctti = detis} C C^. 

• Forp e F><,put(/);^(7) := Int(diag(l,p-i))0^(7). Put 

■■= TIa ■■= { [<^^(«), ^fiP)] ■■ ^F./pa = Nf,/f/3} C G. 

• Put iCo := (GL(2,i?) x GL(2,ii))', where the prime denotes equal determi- 
nants. 

• For an integer m, put ■= {(5,^) & C'q : g — ehe G ■uj"^M2{R)}. Here, 
M2{R) denotes the set of all 2 x 2 matrices with coefficients in R, and e := 

eGL(2,F). 

Let be elements in i?^^—i?x suchthat^ 7^ CoraC, andN^^/FC = ^Fa/fC- Let 
S be the regular element [^^(C), ?^^(C)] in Ti^A- Let be the element [<?i^(C), ^^(C)]- K 
is stably conjugate but not conjugate to 5. We assume that S is topologically unipotent. 

Suppose ^ = ai + h\\fA, ^ = 02 + 62 a/A, where ai,bi (i = 1,2) are elements in F, 
with bi 7^ 0. Let Ni = ordftj. Let X = ord (ai — 02). 
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B.IO. Claim. The sum Os{\k) + Os^ (Ik) of e-twisted orbital integrals is equal to 



q-1 



Proof. We make use of the following decomposition of G ( IIF3I Lemma I. J. 1], see 
also IWel ): 



GSp(2,F) = |J Coz{m)K. 
Here, the disjoint union is over nonnegative integers m, and 



z{m) 



(I 





nj-™ \ 





1 


TU"" 








1 


^0 





1 1 



'PvXK^" := Co n z(m)ifz(m)-i. For p e {l,w}, put(5p [(^"^(O^plC)]- we 
lK{9^^5pg)£{g)dg 



have: 



Tp\G 



m>0 "'Tp\Co/Conz(m)/f2:(m)-i 



lif(z(m) ^dpgz{m))e{gz{m))dg 



E 



>Q JTp\Co/Conz{m)Kz(m)-^ 



lKiz{m) ^g ^Spgz{m))e{g)dg 



E 



Co 



1r-Co(5 ^Spg)e{g)dg. 



Note that e is trivial on K because it is unramified. Also, \K\ = 1 by our choice of 
measure. 
Let 

C'o = {(51,52) e GL(2,F) X Gh{2,F) : detg, = detgs}. 

Let e = (^_]^), w = (1^) G GL(2,F). For an integer m, define an isomorphism 
(pm ■ Cq Co as follows: 

0m((5i,52)) = ( [5i,ew52 we] ( ^ 

Forp e {l,n7},let<5; = (0^(O>p(C)) € C^. Let T; = Zc^(^;). For an integer 
TO > 0, let (5p,„ = (/)„i((5p) e C^. Let T^^^ = Z^' ((5p,™). 



Let 



K„, - {(51,52) e : 51 - egse e ti7'"M2(i?)}, 



where M2{R) is the set of 2 x 2 matrices with coefficients in R. Then, maps ii'„ 
isomorphically onto K'^° (HI p. 38]). 
Let Ko = (GL(2, K) x GL(2, i?))' 

:= {(51,52) e GL(2,i?) X GL(2,i?) : detgi = detgs}- 
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Then, [K : Kg°] = [Kq : K„,]. We have; 
(B.2) Os^{Ik) 

m>0 ''Tp.m\C[, 

By abuse of notation, for g' = {91,92) G Cq, let e{g') denote the value of e{(j>rn{g'))- 
It is equal to £(det gi) — e{det 32) and is independent of to. 

We change variables g' (( j'^ ) , ( q ) we) g'. Since 

H{{IJ-)^{1 J- ) 4) = eidet{ I J..)) = = (-1)™, 



the expression ( IB.2I ) is equal to 



(B.3) Y.^Ko:K^]f ^ ^ 1kM~' S'^ g')e[{{lJ,.) , HJ,.) we) g')dg' 

J2{-mKo ■■ K,^] I lK^{g'-'5'^g')e{g')dg'. 



m>0 



m>0 



For p € {1, to}, we have the following decomposition of Cq ( MF3I p. 45]): 



where 



Tip := 



Here, (i) ji , j2 are nonnegative integers, with ji — j2 + ord p even; (ii) e is a representative 
in of a class in /R^'^; (iii) e' is an element of Rp^ such that Ni? j/j?e' = e. 
Let i?T; = Kq n T^. The sum ( IB. 31 ) is then equal to 

^(-ir[^o : i^m] ^[i?T; : T'^ n rKor-^]s{r) f lK^{k-^r-H'prk)dk. 

For r — G 7?.p, we have 

Thus, (Ik) is equal to 



(B.4) ^(-l)™[ifo:i^™] E {-l)'nRT^--T'pnrKor-'] 

lK„Sk^^r-H'rk)dk. 



m>0 jlj2>0; 

jl-i2+ord p even 



Hence, the sum describing the e-twisted orbital integral Os (1a') is quite similar to 
that describing its nontwisted counterpart in LF3]. They are identical but for the factors 
(— 1)™, (—1)"'^ which appear above in the e-twisted case. 

The quantities [i?T; : T'^ (1 rKor''^] and [Kq : K^] Jj^^ \K^{k^^r-^6'prk)dk are 
computed in Sect. II. C]. Recall that^ = ai+^iv^, C = a2^b2\/A, andiVi = ord6i 
(i = 1, 2), X = ord (ai - 02). We follow the notation in US and let N = min(iVi, 7V2), 
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= Ni- ji. Let 5{m = 0) be if m 7^ 0, and 1 if m 7^ 0. Let 5{m > 1) be if m < 1, 
and 1 if m > L It follows from HS] Sect. II. C] that Os{Ik) + Os„ (Ik) is the sum of 
the following three quantities: 



I. 



N 



(B.5) ^ (-1)" {5{m = 0) + 5{m > 0)(1 - 



E E 

ui—m U2—m 
Ni-1 

q + 



E 



N2-I 

E' 



N2 — l'2 



II. 



N-l 2N-U 



(B.6) 



E E i-'r\ 



III. 



(B.7) 



E (-1) 



m=N+l 



E E (-1)' 



1 



1 



9 



The sum I + II + III has the same form as the sum on pF3', p. 60] (even though they describe 
orbital integrals for different groups). There, it is computed to be 

■((g+l)g^^-2- 



The proof of Claim IBTTOI is now complete. 



9-1 



□ 

B.2.1.3. Transfer Factor — Ti,a,Ti,a- Let ^, C be distinct elements in — i^^ such 
that ^^C, crC Let 6 be the element [<p^{0, (/-^(C)] in Ti,A C G. Let 61 = {(f>'^{0, C) e 
Ti^A C Hi. Then, S is regular and Si is a norm of S. 

There are two conjugacy classes in the stable conjugacy class of S. One is represented 
by S, and the other by 5„ [0^(0, (/-^(C)]- 

Since we are proving the matching of 
orbital integrals for the unit elements in the Hecke algebras, we may assume without loss 
of generaUty that 5i e Ki and 5 e K, or in other words ^, C G Rp^ — ■ 

Extend e to by letting e{x) = (-1)°'"^^^^ for all x e F^. We define the transfer 
factors for the pairs {61,6) and {Si,S^) as follows; 



Ai5i,S) = A{Si,S^) = e (^((^ + aO - (C + ^^O) (^^f )) 



We do not explain here why the above expression constitutes a transfer factor. For those 
interested in further details, MLS I and MH2 I are both useful sources on transfer factors. 

Suppose ^ = fli + bi\/~A, ( = a2 + h2\fA, where ai.hi £ F (i — 1,2). Let 
Ni — ordbi. Let X — ord (ai — 02). 
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B.l 1. Claim. The following holds: 

Proof. The proof is a straightforward computation, and we skip it. □ 
B.12. Proposition. The following identity holds: 

SOsAIkJ = A{S,,S)0s{1k) + A{S,,5M„{'^k)- 
Proof. This follows from Claims EH HOl andETU □ 

Let Si — {(l)^{£,)iC) € Ti,A, i-e. we swap ^ and ^ in 5i. Then, Si is not stably 
conjugate to Ji, but it is also a norm of (5 = [4>^i£,)^4''^iC)]- We define the transfer factors 
for the pairs {Si, 6) and {Si,S^) as follows: 

A(^i, <5) = A{Si,S), ACSi,S^) = -A{Si,S). 

B.13. Proposition. The following holds: 

pe{l,ro} 

Proof. Put Of (1^) := Oa-(Ik) - Os„{Ik)- Thus, 

E A{Si,Sp)0s^{1k) = ACSi,S)Or{lK). 

pG{l,ro} 

It follows from ( |B.4| l that 0"''(lx) is equal to 



'"jlij^i'^' m>0 
il+j2 even 



^K^k^^r-^^'^rk) dk 



^Jl,J2'e' m>0 
il+i2 odd 



p6{l,ro} '"31,32."!' rn>0 
jl+i2+ordpeven 



/" lK„(fc-V-M'rfc)dfc. 



Hence, the quantity OY{1k) is obtained from X]pe{i ro} ^^^(Ix) on multiplying 
each summand in the expressions ( IB. 5b through ( IB. 7b by 

In other words. Of (l^) is equal to the sum of the following three quantities: 
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N 



(B.8) (-^(^ = 0) + ^("^ > - 



—m 1/2— m 
Ni-l 



Z — ^ fi 



II. 



(B.9) 



E E (-1)' 

0— !>" in—u-^-l 



.1 M + i 
2 



N2 — yi~)^m+2i' 



III. 



(B.IO) J2 (-1) 



t g + 1 „2jV+m 

Q 



N-l X-i. 



1 



9 



m=N+l 

E E (-i)i 

i/=0 m=2Ar-i/+l 

The sum of the above quantities is the same as ro} ^5 (-'^^)' where 



i.e., S with the two GL(2, F)-components swapped. 
By Claims IbIoI and lBTTl we have 



pe{l,ro} 



-q) 



N2+X 



((9 + 1)'? 



A(^i,<S) = (-g)-^-^. 
By Claim lROl the stable orbital integral SOg_^ {^Ki ) is equal to 



q-1 



The proposition follows. 



□ 



Remark: Since 6 = [(f)^ (0 ^ (t'^ iO] is conjugate to S ^ [(l)^ (0 , [0]^ it seems 
contradictory that Y.pe{i,^} ^^^pi^K) should differ from O^^(lx)- However, 

note that we have chosen [</'"^(C), 0^(0] to the representative of the conjugacy class, 
different from that of 5, in the stable conjugacy class of 6. In other words, the choice of 
the representative involves a bias towards the second component of [(f>^{£^), More 
concretely, there exists an element g & G such that S = g^^Sg, but [(f>^{(), 0^(0] is not 
conjugate to [(j}'^{0>4'^{0] ^i^ the same g. 
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B.2.2. Comparison for Ti,ad, Tiu,a,ad- Let D be an element in — AF^'^ U 
F"" . Note that since by assumption Fa/F is unramified, A lies in — . Let 
E = Fa{VD) = F{VA,VD). Suppose Gal{E/F) = {a,T), such that Fa = E^, 
Fad = E", and Gal{FA/F) ^ (a), Gal{FAD/F) = (r). Since by assumption the 
residual characteristic of F is odd, the quadratic extensions Fd /F, Fad / F are ramified. 

For a p-adic field k, let Rk denote the ring of integers in k. Let nj be a uniformizer of 

F. 

Since Fad/F and Fd/F are ramified, without loss of generality we assume that 
AD — ~m, D — —A~^w. We let hjad = \/— be the uniformizer of Fad, thus 
^Fad/f ^ad — (We may also let ^/—A^'^m be the uniformizer of Fd, but we do not 
use it in this section). 

Let ^ be an element in R^^, C ™ element in Rp^^, such that ^ R^ , and 

^Fa/F^ = ^FAn/FC Let 

Si^{^^''{C),0&Ti,ADr)Ki, 

S^[^^{0,'l^^''iO]^Tui,A,ADnK. 

Then, S is regular, and Si is a norm of 5. Recall from Section IB. II that the respective 
conjugacy classes of Si,S are stable. We assume that S is topologically unipotent. 

Suppose ^ = ai + h\\/~A, C = + h2\/ AD, where 0^,6^ & F (i = 1,2). Let 
A^i = ordbi. Let X = ord (ai — 02). 

B.2.2. 1 . Stable Orbital Integral — Ti ad- 

B. 14. Claim. 77ie stable orbital integral Os^ i^Ki ) is equal to 

g^^+i - 1 
q-l 

Proof. Recall that GL(2,F)^-* denotes {g G GL(2,i^) : detg e N^^i/f^a}- 
Since the field extension Fa/F is unramified, K' = GL(2,i?) is a maximal compact 
subgroup in GL(2,F)^-*. 

Let 

Tli, - {0^''(7) : 7 e ^^"z.; Nf,wf7 e N^,/F^^^"} C GL(2,F)^-. 

For a nonnegative integer j, put Vj = cf)'^-'^ (w^jy) ( ^ ^3 ). Lemma I. I. 1 of IIF3I implies 
that GL(2, F)^^ decomposes as follows: 

(B.ll) GL{2,Ff-=[j T^--r,-K'. 

Let 

RfaoU) = {a + bVAD ■.a,beF] \a\ < 1, |6| < \vu^\ = q-^}. 
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We have K' n rJ^T^^r, = K' n rJ^TADT, = Rf^AjV, and [R^^^ : i?F,„Or] is 
equal to for all nonnegative integers j ( IIF3I Sect. 1. 1.]). Hence, 

JTi,ad\Hi 

lK'{h-^(f>'^^{Oh) dh 

tX^\GL(2,_F)^a 



V/ Ik' {lni{k-\j^) 5[) dk 



J>0 

j>0 j=0 



, - 1 



□ 



B.2.2.2. Twisted Orbital Integral — Tju a^ad- Recall: ^ = oi + biV A £ ^i?^, C = 
as + e ^F^o, = ordbi (i = 1,2), X = ord (ai - 02). Recall that S = 

B.15. Claim. The e-twisted orbital integral Os{1k) is equal to 

\Ni+x / y i 



Proof. As before, Cq denotes the group (GL(2, F) x GL(2, i^))', and Kq denotes 
(GL(2, R) X GL(2, R))', where the prime indicates equal determinants. Recall that 
{(5, h)eC^:g- ehe G zu^'A'hiR)}, e := diag(l, -1). 

Let S' = (0^(0,0^^(0)- Let 
r = Zeiss') = {(0^(a), 0^^(/3)) : a G e F^^; N^^^/^a = ^f.o/fP}- 

Repeating the procedure used to compute the orbital integral in the case of Ti,a, we obtain: 

(B.12) 05(lx) = E(~l)™[^"'^'"] / , li^..(5"''5'5)d5. 

m>0 •'T'\C'a 

Recall that wad is a uniformizer of Fad such that N^^^/^ hj^f) — w. From IIF3I 
Sect. II. G], we have the decomposition 

^0 = U • • ^^'o- 
Here, 7?. is a set indexed by the couplets of nonnegative integers ji,j2, and the classes in 
R^ y/jx 2 Pqj. ^ representative e G R^ of a class in R^ / R^ ^, let e' be an element in F^ 
such that N^^/j? e' = e~^. For an integer j, let Sj be if is even, 1 if j is odd. The set TZ 
consists of the elements 

rn... = (0^(eV-L-/^J ilJ,, ) , ^^^{w-^r^nilJ. )) e C^, 
Let Rt' = T' n i^o- Then, ( IRT2] i is equal to 
(B.13) Y^^Rt' ■.T'nrKor~^]e{r)Y,i-'^r[Ko:K^] f lK^{k-\-^5'rk) dk. 
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The quantities [Rt' : T' n rKor-^] and [Kq : I<rn]Ji^^ \K^{k-^r-^S'rk) dk are 
computed in MF3I p. 64]. Moreover, 



(det(n.-L-/^J(JJ,)))=(-ir- 



= e I 



It follows that ( IB.13I ) has the same form as 1/2 times the sum on page 78 of IIF3L which is 
computed there to be 



2(-9y 



□ 



B.2.2.3. Transfer Factor — Ti^ad, Tiu a.ad- Recall: i = cii + bi^/A e Rpj^^ C 
a2 + 62\/AD e -Rf^j^, Ni = ordbi (i = 1,2), X = ord (ai - 02). Recall that Si 
(0^^(0,0 e Ti,^z3'and <5 = [0^(0, '/'^^(C)] e r„i,A,AD. 

Recall that E = \^). We extend e to by letting 

/ N / / \ ordR a; , , 

£(a;) = (\/^) , yxeE"". 
We define the transfer factor A{Si, S) as follows: 



:(^((C + ae)-(C + TC))-(- 



1/2 



2\/I // V^^^i('5i) 
B.16. Proposition. The following equality holds: 

Proof. This follows from Claims lRT4llB.2.2.2l and the fact that 

A(^i,<5) = (-g)-^^-^. 



B.2.3. Comparison for r2,£), Tiii^ij^^i,. Let be an element in F^'-AF'' UF"" . 
The quadratic extensions Fd / F, Fad I F are ramified, for the residual characteristic of F 
is odd and Fa/ F is unramified. 

Let E be the biquadratic extension F{-\fA, y/D) of F. The quadratic extensions 
E/Fd, E/Fad are unramified. Suppose Gal(F/F) = (cr, r), such that Fa = E^ , Fd = 
E-^, and F^i, = F'"^. Thus, Gal(FA/F) = (cr) = (err), Gal(Fz5/F) = (t) = (rcr), and 
Gal(F^Z3/F) - (a) = (r). 

For a p-adic field fc, let Rk denote the ring of integers in k. Let R = Rp. 

Let ; be an element in such that N^/^^^, ^e/Fad^ ^ . Let ^ Ne/Fd^, 

C = N^; /Fad ^- Let c be an element in R^ . 

Suppose I = a + for some a, /3 G Fyi. Put 

0^-^(0 :=(;'3^^)eGL(2,F^). 
Recall that K2 = H2(i?). Let 

'52 = (0^-*^^(O,c)^ er2,i3ni^2, 

where {(f>^'^-^ (l), c)* denotes the image of c) in H2- It is a norm of the regular 

element 

S = c '^■^''(C)] e rm,D,AD n k. 
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The conjugacy classes of 82 and 5 are stable. We assume that 6 is topologically unipotent. 

We depart from the previous notation and let q be the cardinality of the residue field of 
Fa- Let go be the cardinality of the residue field of F. Since Fa/F is unramified, q ^ q^. 

Let n — ordF^/3. Suppose ^ — Ne/Fd^ = ai + biVD, and ( Ne/Fad^ — 
02 + AD, where a^, 6^ € F (? = 1, 2). Let = ord^ bi. Let be the unit in 
such that 6,j Bitu'^K Let iV = min(7Vi, 7V2)- Let X = ord (ai - 02). 

B.2.3.L Stable Orbital Integral — T2^d- 

B.17. Claim. The stable orbital integral Og^ (1^2) equal to 

g^+i - 1 
9-1 

Proof. By (£3, Lemma 1. 1. 2], we have: 

0^2 ^ 



9-1 

By llF3l Lemma II. L. 11. n is equal to N. □ 

B.2.3.2. Twisted Orbital Integral — Tui^d,ad- Let k be the (unique) nontrivial qua- 
dratic character of the group / . 

B.18. Claim. The e-twisted orbital integral Os{1k) is equal to 
2K{B,B2)(~lf^ql+''^+''^ 

Proof. Fix an element eo E R^ — R^ . Without loss of generality, we may assume 
that A — eo, D = —eozu, and AD = —w. We fix uniformizers wd = -s/— eo^. ^ad — 
\J—vo for Fd, Fad, respectively. Thus, ^FoIf'^d — ^o^, and 1>Ifad/f''^ad — 

Let 

= {(.91,. 92) e GL(2,F)2 : detgi = detgs}, 
-ft^o = {(fci, fc2) e GL(2, : det fci = det fc2}- 
Let K' = GL(2, i?). For D' = £>, AZ?, let 

T^D' ={0^'(7) :7eF^,}cGL(2,F). 
We have the decompositions 

GL(2, F) = [j^^^Tn {\,.) K' = IJ^.^^/az, ( ' ) K'. 
Hence, each element g e Cq may be written as 

.9 - (ii,t2) • (0^(n7^^'^) ( ' ) , ^■'^(tn^g) ( ' ) ■ (fci' ^2), 

where (ti,i2) e T^) x Ta£), and (fci,A:2) G GL(2, i?)^, such that det(tifc2) is equal to 
det(t2fc2)- If det fci ^ detA;2, we may multiply fci by diag(a;,a;) from To, for some 
X e R^, such that det fci and det ^2 differ by eo e R^ - R^ . 

Let s(e) be if e = 1, 1 if e = eo. Let 7?. be the set of elements in Cq of the form: 
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where ji, j2 range over nonnegative integers, and e over the set {1, eo}. Then, Cg decom- 
poses as follows: 

Let T = Tiii D AD- Recall that we put 

Co {[51,52] : 31,52 e GL(2,F); det^i = detg^} C GSp(2,F). 

It is isomorphic to Cq via [gi, 52] (51, 52)- By abuse of notation, we let T and 6 denote 
also their images in Cq. 
For TO e Z, recall that 

Km ■■= {ig,h)eC'o:g~ ehe G ^"'AUR)}, e = diag(l, -1). 

Let Rt = T n K. By the same technique used in the case of Ti^a, we have: 

(B.15) 0,(1^) = ^(-1)- ^ ^ e{r) 

m>0 iU2>0 e=l,eo 

■[Rt -.TnrKor-^] [ lK^{k-^r-^5rk) dk. 

Here, r is the abbreviation of rj-^j^,^. 

Recall that ^ = ai + C = 02 + fo2\/AD, where bi = BiVD^\ Bi e R^ , 

Ni £ Z. For nonnegative integers ji and j^, let i^i = iVi — ji and i/2 = A^2 — J2- Let 
Di — D and = For r = rj-^j^^^, we have: 

where 

b[ = (Sitn^i) / (e^^) , D[ = D,e' ■ {e^vjf'\ 

h'^ = 32^"^ , L»2 = D2^'^'^ ■ 

Put Rm '■= R/ {w'^R). For a G R, let a denote its image in Rm- Following the same 
argument in PPSI p. 64], ^^^^ lx„ (fc^^r^^Jrfc) dk is equal to the cardinality of 

^rn,r ■^X — X4 ) £ Olj[Z,n„i) . — J [ X3 Xi ) — ( X3 Xi ) ^ JJ- 

Recall that X — ord (ai — 02). Transcribing Lemma II. G. 3 of IIF3I to the current 
situation, the following holds: 

B.19. Claim. The set L^.r {f = ^ji j2,e) nonempty precisely when the following 
conditions are satisfied: 

(1) < m < X. 

(2) z/1,^2 > 0. 

(3) m < vi if and only ifm < i>2- 

(4) If 1^1 < TO or z^2 < TTi, then vi = V2; we denote the common value by v. 

(5) Ifv < TO, then {Bi/eei')/B2 € R""^. 

(6) Ifv <m, then m < 2N, -v + ord A (« = 1, 2). 

Remark. The only differences between the above conditions and those in Lemma II. 
G. 3 of US are item 5 and the definition of D- (i = 1,2). 

Recall that is the cardinality of the residue field of F. 
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B.20. Claim. If Lm,r is nonempty, then 

r 1 ifm^ 0, 

^Ljn,r = \ {Qq ^ l)9o™^^ '/I <m<vi {equivalently: 1 < m < 1^2), 
[2gS"+2'' if,,<m. 

Proof. This follows from Lemma II. G. 3 of iHl. □ 



B.21. Claim. Forr = i^ji.j2.if the following holds: 

[RT:TnrKor-'] = q^+'\ 

Proof. For k = Fo or Fad, and a nonnegative integer j, put (j) := R + ru^ Rk- 
The group Rt — T (1 K is isomorphic to {Rp^^ x Rp^^^)' , where the prime indicates 
equal determinants. The computation of [Rt : T n rKor^^] is equivalent to computing 
the cardinality of the kernel in the short exact sequence 

1 - (R-p^ X R^p^J/iRpAnr X RF.Aj2rY 

^ {R-p^ X i?]^^ J / (RpAjiV X RF.Aj2r) 
^ {R-p^ X i?^,J /[(i?^, X (i?f^,(ji)>< X 

As shown in BF3I Lemma 1. 1. 2], for k = Fp,, Fad, 

[K ■■ RkUr] = [Rk ■■ 1 + ^'RkyiR"" : 1 + ^'R] = q'o- 

Hence, the cardinality of the middle term of the sequence is q^^^''^ . The image in the short 
exact sequence is isomorphic via Np^/p x Np^^/p to 

(B.16) {Np^/pR-p^xNp,^^pR-p^^)/ 

{x ■ Np^/pRp^{ji)'' X X ■ ^p^^/pRp^^{i2Y ■■ 

xeNp^^pR^^DNp^^^pR^^J. 
Since the field extensions Fp, /F and Fad /F sis ramified, we have 

^Fo/pRp^ = ^Fad/fRf^o = R""^- 

Consequently, the set ( IB. 161 ) has cardinality 1. The claim follows. □ 
Rearranging the terms in ( IB. 151 ). and noting that e) is equal to 

e (det • (£0^7)^^) = e ({eovoY^'^) - {-lY^'K 

the expression < IB.15b is the sum of the following two quantities: 

(BAD E ^i^'-"'^'"'-'' [ I + - %') E 




e=l,eo 0<ui<Ni \ m=l 

0<U2<N2 

(B.18) i-iy^'^q^'+^''^'' 

e=l,eo 0<v<N u<m<X-v 

Here, 1/ is the common value of j^i and 1^2 when i^i = j/2 < m. 

The second sum in ( IB. 17b is independent of e; hence, ( IB. 171 ) is equal to zero. 

In ( IB. 181 ), suppose Lm.r 7^ 0. Since u < m, by Claim IB. 19) we have Bi/{B2eeQ^) G 

2 2 2 

R^ . If B1/B2 lies in R^ , then since eq G ~ > ji is even or odd depending on 
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2 

(in that order) e being 1 or eq. If B1/B2 ^ , then ji is odd or even depending on (in 
that order) e being 1 or eo. Recall that k is the character of which is 1 at squares and 
-1 otherwise. Thus, is equal to k(SiB2)(-1)^^ if L„,r^.^ ^.^^ ^ 0. 

By the comments above and Claim IB7201 we conclude that 



0<u<N u<m<X-v 

= 2n{B,B,){~l)^^q^^+''^ Y (-1)" E (-^o)™ 

0<iy<N u<m<X-y 

On "r — 

0<z^<A^ 

2n{B,B,){-ir^ql+^^+^^^{{^l)^q^-^ ~ l)[q^+' - 1). 



9o 

By Lemma II. L. 1 of 1F31, X = 2N +1. Hence 



Os{Ik) = 2K{B^B2){~lf'ql+'''+''^ 



Z^+i - 1 
9-1 



□ 

B.2.3.3. Transfer Factor — T2^d, Tiii,_d,ai5- We define the transfer factor A(52, 5) to 



be 



1/2 



2 V 2Vi5 2\/AD / V 2VA / V-C'ff2((52) 
B.22. Claim. The following holds: 

A{S2,5) = \K{B,B2){-l)''^qo'-'''-''\ 

Proof. Note that by hypothesis ^ = ISSe/Fd^ = ^f'"' ^"'l C = '^e/Fad^ = 
where I S i?^. The claim then follows from a straightforward computation. □ 

B.23. Proposition. The following identity holds: 

Os,{1k,) = A{52,S)Os{1k). 
Proof. This follows from Claims IbTtIIrTsI and lR22l □ 

B.2.4. Comparison for T2.D, Tiv,a,_d- Let D be an element in - ^ U . Let 

E = Fa{VD) = F{VD). Let E be the Galois closure of E over F. Then, Gal(F/F) = 
Gal(F/F) is cycUc of order 4 if F/F is Galois, and Gal(F/F) = D4 if F/F is non- 
Galois. 

Let a be the element in Gal(F/F) defined by a^/A = -\fA, a-jD = VctF, 
-~\/D, a^^/D = -\faD. Note that a is of order 4, and it generates Gal(F/F) 
if F/F is Galois. Moreover, Gal(Fyi/F) is generated by the restriction of a to Fa- 

Let q be the cardinality of the residue field of Fa. Let q^ be the cardinality of the 
residue field of F. Since by assumption Fa/F is unramified, q — q^. We fix a uniformizer 
w for both F and Fa. 
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Let I be an element in — ^Fa^ ™ element in i?^ . Suppose I = a + (3^fD, 
where a, /3 G Fa- Let 



e T2 n n K2 



Here, lower * indicates image in Hi- 

For an element 7 = + b/-/A e , with a, 5 G F, put 7 {l^^a\ Suppose 
= 6 + with ^1, ^2 e i^A- Let 

The element (5 is regular, and 62 is a norm of (5. The conjugacy classes of 62 and S are 
stable. We assume that S is topologically unipotent. 

Let n = oidpAP, and N — ordi?^^2- Let B be the element in Rp^ such that ^2 = 

B.2.4. 1 . Stable Orbital Integral — Ti^d- 

B.24. Claim. The stable orbital integral Og^ (1^2) equal to 

{q + l)g" - 2 . 

• J ij h / 1 A IS unramijiea, 

qii+i _ I 

• if E / Fa is ramified. 

9-1 

Proof. This follows from Lemma 1. 1. 2 of llFSl . □ 



B.2.4. 2. Twisted Orbital Integral — T/v,A,n- Let k be the nontrivial quadratic charac- 
ter of the group Rp^ / Rfa- 



, ^jV ^" (g+l)g^-2 \ . -n , 

(—q) I ij h I r A IS unramified. 



B.25. Claim. The e-twisted orbital integral Os{1k) is equal to 
9-1 

• ~2k{B) {—q)^qo f — 1 if E/ Fa is ramified. 

Proof. Let 

Ca = GL(2,F^)' :={5eGL(2,F^) :detgeF><}, 

/ 1 ro^^V-^X 

For a nonnegative integer m, let u„j ~ ( [j J ^ q ) ■ Let 

V 1 ^ 

if„ = GL(2,i?F^(m))', 

if^i = C4 n u„,Kuz}- 



Here, (m) := i? + (n7™v^)i?, and the prime indicates determinant in F^ 
For a = ai + ai/^/A, 6 = 61 + 52/\/A, c = ... G F^, put 

/ ai a2/A 62 61 \ 

a b\ a2 ai hiA 62 

c rf/ C2/v4 ci/A di 6.2! A 

\ ci C2IA d2 di J 
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We define an isomorphism (pm '■ Ca ^ Ca as follows: 

<^™:("(^)-'/'((^Z"0(ii?)(o;^)("^;)(ii/"v^)(i?)(oi/(AV): 



In particular, (f>m maps K„i isomorphically onto K:^ ( IIF3I Lemma I. J. 3]). 
We have the disjoint decomposition (|F3, Lemma I. J. 1]): 

(B.19) G = U ^ Cau^K. 

Let T = Ti\_A.D- Noting that £(iim) = 1, we have: 

OsilK)^ I lK{g-'Sg)eig)dg 
Jt\g 



(B.20) 



= \^\g f lKA{h-^6h)e{h)dh. 



IT\Ca/KA 

Let 5' be the element in Ca such that (j){6') = 5. Let T' = Zca{5'). For m > 0, let 
5„, = (l):^\5) e Ca- Let T,,, = ZcA^ra) = 0™ (T). We rewrite (lOol i as follows: 

(B.21) Os{1k) = V \K\^ I l^^^f^K^){<i>„,{h')-^5c^^{h'))e{<i>^{h'))dh'. 
™>o •It,^\Ca/k^ 

Here, /i' denotes the element in Ca such that 4>m{h') — h £ Ca- 
The similitude factor of is (det h')~^; hence, 

e{(t)Uh')) = £((det/i')~^) = e{deth'). 

We change variables ^' ( i i ) ( o i/(Aro'") ) '^'^ The expression (|B.21| i becomes 

y2\K\^\Kj~l [ lK,Jh''^6'h')eiAw"')eideth')dh'. 

.n Jt'\Ca 



m>0 



Since Fa/F is unramified, e{A) is equal to one. Consequently, e{A-cu'^) = (— 1)™ 
for each nonnegative integer to. 

Let f" be the centralizer of S' in GL(2, Fa). It contains T'. Let 

iv:' = GL{2,RpJ = {fc e GL(2,i?j.^) : detfc e F^} , 
To = T' n K'. 

Suppose E/ Fa is unramified. Since 

GL(2, Fa) = |j,>o^' ' (' -0 ' GL(2, ii^^J, 
the group Ca decomposes as follows ( BF3I Lemma II. M. 3]): 

The disjoint union is over nonnegative integers j and e e Rp^/Rp^ if J > 1- Here, 
Tj^e = ( ), where is an element in T' such that det = e^^. 
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By the above decomposition of Ca, the twisted orbital integral Os[^k) is equal to 
(B.22) 

^{~^T e(det r)[T^ : T' C^rK'r-^] ■ [K^ : KJ^ f lK^{k~\~^ 5' rk)dk. 

Since Fa/F is unramified, £{rj^f) is equal to (— 1)-'. Thus, Os{1k) is equal to 
(B.23) 

E (-1)'" E (-l)' K : 7^' n rK'r-^] ■ [K^ : / (fc- V-^Vfe) dfc. 



m>0 



Recall: ,5 = c ( |i ) G T, iV = ordj.^e2- Let X = ovAp,, (^i - crCi). 
By the computation of [Tt^ : T' n r/vV-^], [A'o : i^™] /^^ l/^^^ (A;- V^i^Vfe) dk in 
Sect. II. M], and ( IB. 23b . the twisted orbital integral 05{\k) is equal to the sum of the 
following two quantities if E/ Fa is unramified: 



\rn=Q ^ l<m<N J \u=m ^ m<v<N J 

0<v<N v<m<X~u 

The sum I is equal to 
and the sum II is equal to 

I'R?^^ (g + l)(-g)^ /n-^-^+i + ^\ 

From IIF3I Sect. II. M], since 6 is topologically unipotent, X is equal to 2N . Hence, 
Os{^k) = I + II is equal to 

^ y ^1 I ^ +9o + (50+1)90 ''O 

-l- yO \ (90 + 1)90 (90 + 1)90 (90 + 1)90 

= i'"^'', in ((g + l)(-'?o''^' - 1) + 'Zo + 2go + 1) 
1 - go (go + Ijgo 

- ^ ((g+l)(-(7%)-g-l + g + 2go + l) 



-(<? - 1) ?o 

AT r(g + l)g^-2 



q-l 

This completes the proof of the claim for the case where E/Fa is unramified. 

Now, suppose E/Fa is ramified. Recall that we have fixed a uniformizer vj for both 
F and Fa- Since E/Fa is ramified, and e — i^'^, there exists an element eg G 
R^^ — Rp^ U such that D = —eow. Then, Ne/Fa^^ = ^o^' ^^d the element 
to = (j)^^'-°{y/D) £ f' has determinant eqw. 

The group Ca has a disjoint decomposition as follows: 
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where j ranges over the nonnegative integers, and e over the set {1, eo}. Here, rj e is an 

element in T" f ^ , p / \ such that det rj^ — < ' 
\ ^ ° ' ' / ' I 07 if e = eo- 

The twisted orbital integral Os{Ik) may then be expressed as the sum 

(B.26) 

where s(e) is equal to if e = 1, 1 if e = eo- 

Recall that (5 = c(^i^|^^ e Ca- Its preimage under (f) in Ca is the element 

S' = c0^-^--°(Ci + Recall that B is the element in R^^ such that ^2 = Bm^ 

(N = ordF^6)- 

For a nonnegative integer ~ N ~ j. Then, 



V«2 ?1 y ' 



where = [Be/eDvj", D' = {D / e^){eQmf3 . 

Let X = ordi?^ i — cr^i). By the same argument used in the proof of Lemma II. M. 
6 in 0F3I . the integral Ir^ {k^^rjlS' rj,^k) dk is nonzero precisely when < < 

2 

and Q < m < X. Moreover, if m > j/, then v + m < X and eg lies in BeRp^. 

2 2 

For :^ < m < X — 1^, the condition eg e BeRp^ implies that j is even if Be € i?^^ , 
and odd otherwise. Thus, e G {l,eo} depends on j. Moreover, (— l)*^'^^ is equal to 

2 

K{B){—iy , where k is the nontrivial quadratic character of the group Rp^/Rp^ ■ 

The quantities [T^ : T' n rK'r-^] and [/vo : Km] Jk,, iK^k-^r-^S'rk) dk are 
computed in [F3' Sect. II. M]. Recall that go is the cardinality of the residue field of F, 
and q — that of Fa- The twisted orbital integral Os{'^k) is equal to the sum of the 
following: 

(1) E (-1)^*^^ E 

e=l,eo Q<v<N 

(2) E (-1)^^^^ E '""^^'^'^ E (-'^o)^™, 

e=l,eo 0<1/<JV l<m<u 

(3) E E 2(-go)"g'' 

= 2K{B){-q)^ Eo<.<iv(-l)'^ E.<™<x-.(-'Zo)"- 
The first two sums are zero, for their inner sums are independent of e. The twisted orbital 
integral Os{1k) is therefore equal to the third sum, which is 



2K{B){~qf i-q^) ^ 
From HH Sect. II. M], X = 2N 



9-1 




0^(1^) = ~2K{B){-q)''q^ ( ^ ^ ) = -2n{B){-qfq^ ( ^^^^ 



□ 



150 



B. FUNDAMENTAL LEMMA 



B.2.4.3. Transfer Factor— T2,D, Tiv.a,d- Recall: I = a + p^D e R%, c e R"^ , 
lal = ii+ ^iVD- We let 62 be the element {(f)^^'-^ {l),c) ^ in T2m- It is a norm of 

(5 = c (^^1 ^1°) e TiY,A,D- Recall that n = iV = and ^2 = Sro^, 

withS e i?^^. 

Suppose E/Fa is unramified. We extend e to i?^ by letting e{x) = (— i^oidE^: Jqj. ^jj 
X € -E^ . We define the transfer factor for {62, S) as follows: 



A{62,S) 



1/2 



2VD J \DH,_iS2) 
B.26. Proposition. The following identity holds: 

OsA'i^K,)^ Ai62,S)OsilK)- 

Proof. By Lemma M. II. 1 of IIF3I . we have n — N. The proposition then follows 
from Claims lOil and lOS] □ 

Suppose E/ Fa is ramified. Let £e/f^ be the quadratic character associated with the 
extension E/ Fa- We define the transfer factor for {82, 5) as follows: 

B.27. Proposition. The following identity holds: 



Proof. Note that {lal - a'^la^l) / {2\/D) is equal to ^2 = Bru^ . Recall that D = 
—cqw, where eo S i?^^ — i?^^ . The element ^2 G may be written as ^2 = 
Be^^ (eQVj)^ . The element eq-cj — fi^/FA^^ is a norm from E^ but eo is not. More- 
over, since Rp^ HNe/FaF^ = Rp^^ the restriction of Ee/Fa to R^j^ coincides with n. 
Hence, = (-I)^k(S). 

1 /2 

The Jacobian factor {Dq{5) /Dh2 (<^2)) is equal to 

\^2VD\, = \^2\ea \D\Ta - ^l-^l-'^' - 

By Lemma II. M. 1 of [F3|, n = N. The proposition then follows from Claims |B. 241 
andH^Sl □ 
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automorphic, 83 
contragratient, 64 
cuspidal, 106-112 
discrete spectrum, 30, 83 
discretely occuring, 3 1 
elliptic, 66, 83 
£-invariant, 10 

fully induced, see representation, in- 
duced 

induced, 80, 86, 96, 124-125 
monomial, 8, 31, 86, 109-112 
normalizedly induced, 29, 87 
one dimensional, 100 
right regular, 3, 29 
unramified, 4, 8 
restricted tensor product, 36, 45 
restriction of scalars, 7, 18, 123-125 
Riesz Representation Theorem, 50 
root datum, 15-21 
root system, 31 

Satake transform, 47 

semisimple, see element, semisimple 

fT-invariant, 31 

similitude character, 6 

similitude factor, 6, 85 

splitting, 15-21 

Stone-Weierstrass Theorem, 50 
symplectic group of similitudes, see List 
of Symbols: GSp(2) 

Tamagawa measure, 30 
topologically unipotent, 128 
trace formula, see also Arthur's trace for- 
mula 
continuous part, 31 
discrete part, 3 1 
£-twisted, 5, 6 
£-twisted, 30 
geometric side, 6, 42 

elhptic part, 6 
spectral side, see also fine x-expansion, 
6, 42 
stable part, 36 
trace identity, see £-trace identity 
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transfer factor, 26, 93, 94, 97, 98, 127, 

138, 143, 147, 152 
truncation, 6, 30 

truncation parameter, see truncation 

Weil group, 8 

Weyl group, 23 

Weyl integration formula, 91 

Yoshida, 9 



